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1. INTRODUCTION

In the paper we study the existence of positive solution for the second-order m-
point boundary value problem

2"(t) + f(t,x(t)) =0, t € (0,1)

m—2 (1 1)
= > (&), z(1) =) Biw(&) '
i=1 i=1
where 0 < & < & < -+ <€ < 1,0 < algl G; >0,i=12---,m—2,
m—2 m—2

Z Bi&; < 1, under the resonant condition Z G =1, Z a; £ 1.

The multi-point boundary value problems for ordlnary dlfferentlal equations arise in
different areas of applied mathematics and physics, for example, in heat flow problems.
The study of multi-point boundary value problems for linear second-order ordinary
differential equations was initiated by II'in and Moiseev [1,2]. Then Gupta [3,4,5]
considered three point boundary value problems for nonlinear ordinary differential
equations. Since then, by using various methods, such as Leray-Schauder continuation
theorem, nonlinear alternatives of Leray-Schauder, coincidence degree theory and
different fixed point theorems, the more general nonlinear multi-point boundary value
problems have been studied by several authors. We refer the reader to [6-13] and
references along this line.
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For problem (1.1) under the case f(t,z) = a(t)f(z), Ma [14] established the exis-
tence results of positive solutions by using Krasnosel’skii-Guo fixed point theorem on
cone expansion and compression. When the first order derivative is considered in the
nonlinear term, Yang, Liu and Jia [15] obtained the triple positive solutions by using
a fixed point theorem due to Avery and Peterson [16]. For problem (1.1) with the
one-dimensional p-Laplacian, Su [17] and Wang [18,19], Ma [20], Ji [21] established
the existence results of positive solutions. All these results were established under the
non-resonant conditions

m—2 m—2
@ >0, 3;>0,i=1,2 -, m=-20<> a<1,0< ) Bi<L
i=1 i=1
m—2
When the condition Z 0B; = 1 is considered, the problem studied is called bound-
i=1
ary value problem at resonance, that is , the associated linear operator Lz = —xz” is
m—2
non-invertible. In the resonance case for a; =0, i =1, 2, ---, m—2 and Z G =1,
=1

Feng and Webb [22], Ma [23] obtained the existence of solutions by using Mawhin
continuous theorem [24]. Liu [25] considered second order m-point boundary value
problem

2”(t) = f(t,z(t), 2’ (t)) +e(t), t € (0,1)

P(0)= Y e (€, #1)= Y Grelny).

Each of the following resonant conditions

m—2 n—2 m—2 n—2
MY ai=> 8=1 @)Y a=1 > Bim=1@)
i=1 j=1 i=1 Jj=1

is considered. By using Mawhin continuous theorem, he established the existence
results of solution for this resonant problem.

Though a lot of attention has been devoted to the study of positive solution
of boundary value problem with non-resonant conditions and solution of boundary
value problem with resorant conditions, only few papers deal with positive solution to
boundary value problems at resonance. Bai and Fang [26] established the existence
of positive solutions of the following second-order differential equation

{ (p(t)2' (1)) = [f(t, x(t),2'(t)), t € (0,1)

m—2 n—2
D Bi=1Y Bm=1
i=1 j=1

1=

'(0) = 0, z(1) = =(n)

by using a fixed point index theorem for semi-linear A-proper maps due to Cremins
[27]. Infante and Zima [28] obtained the existence of positive solution for problem

2"(t) + f(t,2(t)) =0, t € (0,1)

Y0) =0, 2(1) = Y asan)
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m—2
with resonance condition Z a; = 1. The result was based on the Leggett-Williams
i=1
norm-type theorem due to O’Regan and Zima [29].
To the best of our knowledge, positive solution of problem (1.1) with resonant

m—2

condition Z B; = 1 has not been considered before. The main purpose of this
i=1

paper is to fill this gap. In this paper we will give sufficient conditions to ensure the

m—2
existence of positive solution for problem (1.1) with resonant condition Z Gi = 1.
i=1
Our method is based on the Leggett-Williams norm-type theorem.

2. SOME BACKGROUND DEFINITIONS AND RESULTS

For the convenience of the reader,we present here the necessary definitions and a
new fixed point theorem due to O’Regan and Zima. Let X,Y be real Banach spaces.
A nonempty convex closed set C' C X is said to be a cone provided that

(1) az € Cfor all z € C,a > 0;

(#) z, —x € C implies x = 0.

Note that every cone C' C X induces an ordering in X given by z <y ify—z € C.

L:domL C X — Y is called a Fredholm operator with index zero if ImL is closed
and dim Ker L=codim ImL< oc. This implies that there exist continuous projections
P:X —-Xand Q:Y — Y such that ImP = KerL and Ker@ = ImL. Moreover,
since dim Im Q=codim Im L, there exists an isomorphism J : Im@Q) — KerL. Denote
by Lp the restriction of L to KerP N domL to ImL and its inverse by Kp, so
Kp:ImL — KerP NdomlL and the coincidence equation Lz = Nz is equivalent to

r=(P+JQN)z+ Kp(I —Q)Nz.

Let v : X — C be a retraction, that is, a continuous mapping such that v = z for
all z € C' and

V:=P+JQN+ Kp(I-Q)N, ¥, :=To~.

Lemma 2.1 ([29]) Let C be a cone in X and Q1,2 be open bounded subsets of X
with Qy C Qy and C N (Qa\ Q1) # 0. Assume that L : domL C X — Y is a Fredholm
operator of index zero and

(C1) QN : X =Y is continuous and bounded, Kp(I — Q)N : X — X is compact on
every bounded subset of X,

(C2) Lx # ANz for all x € C NI NdomL and X € (0,1),

(C3) v maps subsets of Qo into bounded subsets of C,

(C4) dp([I — (P+ JQN)Y]|kerr, KerL Ny, 0) # 0, where dp stands for the Brouwer
degree,

(C5) There exists ug € C\{0} such that ||z| < o(ug)||Pz| for z € C(ug) N INy,
where C(ug) = {x € C : pug < x} for some > 0 and o(ug) is such that |z + up|| >
o(ug)||x| for every x € C,

(C6) (P + JQN)v(082) C C,
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(C7) ¥, (Q:\) C C, o
then the equation Lz = Nz has a solution in the set C N (Q2\Q1).

3. MAIN RESULT
Consider the Banach spaces X = Y = C[0,1] endowed with the norm |z| =
Jnax |z(t)|. Define the linear operator L : domL C X — Y, Lx = —2(¢), t € [0,1],
st<
where
m—2 m—2

domL = {x € X|z" € C[0,1], 2/(0) = Z a; ' (&), (1) = Z Biz(&:)}-
i=1 i=1
Define the operator N : X — Y by
(Nz)(t) = f(t, (1)), t € [0,1].
It is obvious that
KerL ={x € domL : z(t) =c,t €[0,1]}.

Denote & =0, &m_1 =1, ag = am—1 = Bo = Bm—1 = 0 and the function G(s), s €
[0,1] as follow:

m—1
Z Blgl - 1 m—1 m—1
G(S) = 1*S+i:07 Z Oéifz ﬂz(flfs), gk—l S S S gk, k= 1, 2, e, m—1

m—1

1=k 1=k
2 : a;—1 i i
=0

Note that G(s) > 0, s € [0,1].
Denote the function U(t, s) as follow:

i—1
, LA-aG -

s 3t2+5
5+ — +— G(s),0<t<s<l1
1 N3 6/ G(s)ds
; Bi |
Ul(t,s) =
i—1 1
S Bels — €05 — 1)
52 =0 2 32 45
§+t_3+ — T G(s), 0<s<t<1
1— "3 6/ G(s)ds
; Bi€ |
for &1 <s<¢&,i=1, 2, ---, m—1 and positive number
1
G(s)ds 1
Kk :=min{l, min 22 min 1.

s€l0,1]  G(s) tse0,) U(t,s)
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Theorem 3.1 Assume that there exists R € (0,00) such that f :[0,1] x [0,R] — R
1s continuous and

(H1) f(t,x) > —kaz, for all (t,z) € [0,1] x [0, R],

(H2) f(t,R) <0, forallte0,1],

(H3) there exists r € (0,R), to € [0,1], a € (0,1], M € (0,1) and continuous
functions g : [0,1] — [0,4+00), h : (0,r] — [0,400) such that f(t,x) > g(t)h(x) for
[t,x] € [0,1] x (0,7] and h(x)/z* is non-increasing on (0,r] with

h(r) ! 1-M
— Ult ds > .
[ vt sgeas =
m—2
Then problem (1.1) with resonant condition Z B; = 1 has at least one positive
i=1

solution.
Proof. Firstly we claim that

ImL = {y e Y|/0 G(s)y(s)ds = 0.

1
Indeed, for each y € {y € Y|/ G(s)y(s)ds = 0}, we take
0

t.

x(t) = —/0 (t —s)y(s)ds + 122171—
o

=0

m—1 &
> [ utsis
; 0

1

m—2 m—2
It is easy to check that —z”(t) = y(¢), 2/(0) = Z ;@' (&), (1) = Z Bix (&),
i=1 i=1

which means z(t) € domL. Thus
1
{yeY| / G(s)y(s)ds =0} C ImL.
0
On the other hand, for each y(t) € ImL, there exists x(t) € domL,
m—2 m—2
(1) = —y(t), 2'(0) = Y (&), w(1) = Y Bir(&).
i=1 i=1
Integrating both sides on [0,t], we have

(1) :—/O (t — $)y(s)ds + 2/ (0)t + (0).
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Considering the boundary condition 2/(0) = Z a; 7' (&), (1) = Z Gix(&;) and

m—1
condition Z B; = 1, we conclude that
i=0

m—1
Z ﬂzgl o m 1

[ o - = o[ n “yas - [ &=
2 =0

=0

1
which equivalents to the conclusion that / G(s)y(s)ds = 0. So we have

1
ImL C {y € Y] /O G(s)y(s)ds = 0.
Thus,
ImL = {y € Y|/0 G(s)y(s)ds = 0.

Clearly, dim KerL=1 and ImL is closed. Next we see Y = Y; @ ImL,where

Vi = {ulys = /G s,y €V},
/ G(s
In fact, for each y(t) € Y, we have
1
/ G(9)[y(s) —y1]ds = 0.
0

This shows that y —y; € ImL. Since Y1 NImL = {0}, we have Y =Y, @ ImL. Thus
L is a Fredholm operator with index zero.

Then define the projections P: X — X, Q :Y — Y by
1
Px = / x(s)ds,

= [ Gls)y(s)ds.
/G(s)ds 0

Clearly, ImP = KerL,Ker@Q = ImL and KerP = {z € X : / s)ds = 0}. Note
that for y € I'mL, the inverse Kp of Lp is given by

(Kp)y = / B(t, 5)y(s)ds
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where
i1 L
> Brls — &) (5 = 1)
k=
+ = <8, &1 <s<¢

m—1
1= B
=0

52
2

2 >kl — &5~ )

%—i—t—s—i—kzo — s 2>, §io1 <5 <&
1—2@‘5@‘
i=0

Considering that f can be extended continuously on [0,1] x (—o0, +00), condition
(C1) of Lemma 2.1 is fulfilled.
Define the cone of nonnegative functions

C={zeX:xz(t)>0, te [0,1]},

and
U ={zeX:r>|z|>M|x|tel0,1]}

Qo ={zreX:|z| <R}
Clearly, £2; and )5 are bounded and open sets, furthermore
O ={xeX:r>|z|>M|z|,t€0,1]} C Q CNQ\Q #0.

Let J = I and (yz)(t) = |z(t)| for x € X. Then v is a retraction and maps subsets of
Q5 into bounded subsets of C, which means that (C3) of Lemma 2.1 holds.

Next we confirm that (C2) of Lemma 2.1 holds. For this purpose, suppose that
there exists g € C' N 90 NdomL and Ay € (0,1) such that Lzyg = \gNxg. Then

0 (t) + Mo f(t,20) = 0
for all t € (0,1). Let t; € [0,1] be such that z(t;) = R. This gives
0= 2"(t1) = —Xof(t1, z0(t1)),

which contradicts to (H2). Thus (C2) holds.
For z € KerL N s, define

1
H(z ) = = Aal =~ [ G(5)f(s,lalds,
/ G(s)ds 0
0
where z € KerLN Qs and A € [0,1]. Suppose H(x,\) = 0. In view of (H1) we obtain
A\ 1
= Nel + ——=— [ G(5) . kel

G(s)ds
0
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1
> Ae| %/ G(s)rlclds = Ae|(1— r) > 0.

G(s)ds "°
0
Hence H(xz,A) = 0 implies ¢ > 0. Furthermore, if H(R, \) = 0, we get
A\ 1
0<R(1-X= 17/ G(s)f(s,R)ds
G(s)ds 0

0
contradicting (H2). Thus H(x,A) # 0 for z € Qs and A € [0, 1]. Therefore

dp(H(x,0), KerL N $,0) =dp(H(x,1), KerL N Q,0) = dp(I, KerL N Qy,0) = 1.
This ensures

dp([I = (P + JQN)Y]|kerr, KerL N Q9,0) = dp(H(z,1), KerL N Q9,0) # 0.
Let # € Q5\Q; and t € [0, 1]. From condition H1, we see

/ (t)]dt + —— / (s 5)|)ds
/

/ / () £ (7, (7)) drlds

_/01 |:c(t)|dt+/01 U(t,s)f(s,\;z:(s)\)dsz/o |z(s)|ds—l-§/01 Ut 9)|a(s)|ds

_ /0 (1 — kU (1, 8)))a(s)|ds > 0.

Hence 0., (€2)\Q; C C. Moreover, since for = € 8(22, we have

+/O k(t, 8)[f (s, |a(s)]) —

(P+JQN’}/.Z‘—/ |z(s)|ds + ——— /G s))ds
> [ <1—%G(s>>|x<s>|ds
0
/OG(s)ds
Zoa

which means (P + JQN)v(9Q2) C C. This ensures that conditions (C6), (CT7) of
Lemma 2.1 hold.
At last, we confirm that (C5) is satisfied. Taking ug(¢) =1 on [0,1], we see

ug € C\{0},C(up) = {z € C|z(t) > 0 on[0,1]}
and we can take o(ug) = 1. Let x € C(ug) N 08, we have
z(t) >0, t€[0,1], 0 < ||z|]| <7 and z(t) > M|z| on [0,1].
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Therefore, in view of (H3), we obtain for all x € C'(ug) N 9Ny,

(w)(tO):/O x(s)ds—i—/o Ulto, s) f(s, (s))ds

1
> M| + / Ulto. $)g(s)h(x(s))ds

! z(s
= M||z| +/0 U(to,s)g(s)hi ( ))x“(s)ds

h(r) [*
> Ml + "5 [0t 91906100 ol
0

> Mjzl| + (1 = M)z = [|l=[-
So ||z|| < o(ug)|| Vx| for all x € C(ug) N OQy, which means that condition (C5) of

Lemma 2.1 holds.

Thus by Lemma 2.1, we confirm that the equation Lz = Nz has a solution z, which
m—2

implies that problem (1.1) with resonance condition Z Bi = 1 has at least one
i=1
positive solution.

4. EXAMPLE

In this section we give an example to illustrate the main results of the paper.
Consider the multi-point boundary value problem

1 1 1
"(t) + (—t2 +-t+ > (22 — 42+ 3)V22 — 62 +10=0, t € (0,1)

8]

3 33
(5.1)
1 1 1 1 1 1 2 1
/ / /
=7 (- —2 (= D=-2(= L
2'(0) 4x<4>+4x<2>,m() 3J;<4>+3x<2>
1 1 2 1 1
wherealzazzi,51:5,52:?51:1,52_52]“1
7 1
— < -
6,0_8<4
23 1 1 1
Gs)=<{ = -5 =< z
B)=1 21735 15°<3
1
1—s7§§s§1
By a simple computation, we have
1 1
5 15
G(s)ds = <, k= 2 U(0,s)ds =1
e =5 n= g0 [ U0
6 1
WetakeR:g7’r‘: 72‘,‘0:07(],:1’]\4:5311(1
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It’s easy to check that

1 5 15 ) 6
- < <2 <22 - > 1.
3fg(t)712<287t6[0,1]7:13 4o +3 > x,x€[0,5]
We see that 15
(1) flt,z)> ~55% for all (¢,2) € [0,1] x [0, R],
(2) f(t,R) <0, for all t € [0,1],
1 2 — 1
3) f(t.2) > gt)h(z) for all [t,2] € [0,1] x (o, 2} and hff) _ VT f” 0 s
non-increasing on <0, ;} with
h ! 29 (1 2 1-M
ﬂ/ U(O,s)g(s)dszm/ U(O,s)ds:ﬁzlz .
re 0 3 0 3 Me

Thus all the conditions of Theorem 3.1 are satisfied. This ensures that resonance
problem (5.1) has at least one solution, positive on [0,1].
Remark 4.1. To our best knowledge, the early methods for positive solutions about
second-order m-point boundary value problems such as in [14, 15] and [17, 18, 19, 20,
21] for p = 2 are not applicable to this problem. We generalize the results of positive
solutions for problem (1.1).

Acknowledgement. The work is sponsored by the Anhui Provincial Natural
Science Foundation (10040606Q50).

REFERENCES

[1] V.A.1l’in, E.I. Moiseev, Nonlocal boundary value problem of the first kind for a Sturm-Liouville
operator in its differential and finite difference aspects, Differ. Eq., 23(1987), 803-810.
[2] V.A. Il'in, E.I. Moiseev, Nonlocal boundary value problem of the second kind for a Sturm-
Liouville operator, Differential Eq., 23(1987), 979-987.
[3] C.P. Gupta, Solvability of a three-point nonlinear boundary value problem for a second order
ordinary differ-ential equation, J. Math. Anal. Appl., 168(1992), 540-551.
[4] C.P. Gupta, A sharper condition for the Solvability of a three-point second order boundary value
problem, J. Math. Anal. Appl., 205(1997), 586-579.
[5] C.P. Gupta, A generalized multi-point boundary value problem for second order ordinary dif-
ferential equation, Appl. Math. Comput., 89(1998), 133-146.
[6] R. Ma, Positive solutions of a nonlinear three-point boundary valve problem, Electron. J. Diff.
Egs., 34(1999), 1-8.
[7] L. Yang et.al., Multiplicity results for second-order m-point boundary value problem, J. Math.
Anal. Appl., 324(2006), 532-542.
[8] R.I. Avery et. al., Twin solutions of boundary value problems for ordinary differential equations
and finite difference equations, Comput. Math. Appl., 42(2001), 695-704.
[9] X. He and W. Ge, Triple solutions for second-order three-point boundary value problems, J.
Math. Anal. Appl., 268(2002), 256-265.
[10] X. Xian, D. O’Regan, Multiplicity of sign-changing solutions for some four-point boundary value
problem, Nonlinear Anal., 69(2008), 434-447.
[11] R.P. Agarwal, D. O’'Regan, Some new existence results for differential and integral equations,
Nonlinear Anal., 29(1997), 679-692.
[12] J. Henderson, Double solutions of three-point boundary-value problems for second-order equa-
tions, Electron. J. Diff. Egs., 115(2004), 1-7.



(13]
14]
(15]
[16]

(17]

18]
(19]
20]
(21]
(22]
23]
[24]
[25]
[26]
27]
(28]

29]

SECOND ORDER MULTI-POINT BOUNDARY VALUE PROBLEM 411

R.P. Agarwal, D. O’Regan, P.J.Y. Wong, Positive Solutions of Differential, Difference and
Integral Equations, Kluwer Academic Publishers, Boston, 1999.

R. Ma, Existence of Solutions of nonlinear m-point boundary-value problems, J. Math. Anal.
Appl., 256(2001), 556-567.

L. Yang, X. Liu, M. Jia, Multiplicity results for second order m-point boundary value problem,
J. Math. Anal. Appl., 324(2006), 532-542.

R.I. Avery, A.C. Peterson, Three positive fixed points of nonlinear operators on ordered Banach
spaces, Comput. Math. Appl., 42(2001), 313-322.

B. Su et. al., Three positive solutions for multi-point one-dimensional p-Laplacian boundary
value problems with dependence on the first order derivative, Math. Comput. Model., 45(2007),
1170-1178.

Y. Wang et. al., Multiple positive solutions for multi-point boundary value problems with one-
dimensional p-Laplacian, J. Math. Anal. Appl., 327(2007), 1381-1395.

Y. Wang et. al., Existence of multiple positive solutions for one-dimensional p-Laplacian, J.
Math. Anal. Appl., 315(2006), 144-153.

D. Ma et. al., Existence and iteration of monotone positive solutions for multi-point boundary
value problems with p-Laplacian operators, Comput. Math. Appl., 50(2005), 729-739.

D. Ji et. al., Positive solutions for one-dimensional p-Laplacian boundary value problems with
sign changing nonlinearity, Nonlinear Anal., (Preprint).

W. Feng and J.R. Webb, Solvability of three point boundary value problems at resonance, Non-
linear Anal., 30(1997), 3227-3238.

R. Ma, Euxistence results of a m-point boundary value problem at resonance, J. Math. Anal.
Appl., 294(2004), 147-157.

J. Mawhin, Topological degree methods in nonlinear boundary value problems, in: NSFCBMS
Regional Conference Series in Mathematics, Amer. Math. Soc., Providence, RI, 1979.

B. Liu, Solvability of multi-point boundary value problem at resonance (IV), Appl. Math. Com-
put., 143(2003), 275-299.

C. Bai, J. Fang, FEuxistence of positive solutions for three-point boundary value problems at
resonance, J. Math. Anal. Appl., 291(2004), 538-549.

C.T. Cremins, A fized-point index and existence theorems for semi-linear equations in cones,
Nonlinear Anal., 46(2001), 789-806.

G. Infante, M. Zima, Positive solutions of multi-point boundary value problems at resonance,
Nonlinear Anal., 69(2008), 2458-2465.

D. O’Regan, M. Zima, Leggett- Williams norm-type theorems for coincidences, Arch. Math.,
87(2006), 233-244.

Received: June 9, 2011; Accepted: December 12, 2011.



412

YANG LIU AND ZHANG WEIGUO



