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Abstract. In this paper we prove the generalized Hyers—Ulam—Rassias stability of Jordan derivations
on Hilbert C* — modules associated with the following generalized Jensen type functional equation
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1. INTRODUCTION AND PRELIMINARIES

A classical question in the theory of functional equations is the following: “When
is it true that a function, which approximately satisfies a functional equation & must
be close to an exact solution of £7” If the problem accepts a solution, we say that the
equation £ is stable. Such a problem was formulated by Ulam [54] in 1940 and solved
in the next year for the Cauchy functional equation by Hyers [19]. It gave rise the
stability theory for functional equations. The result of Hyers was extended by Aoki
[2] in 1950, by considering the unbounded Cauchy differences. In 1978, Th.M. Rassias
[50] proved that the additive mapping T, obtained by Hyers or Aoki, is linear if, in
addition, for each x € E the mapping f(tx) is continous in ¢ € R. Gavruta [16] gen-
eralized the Rassias’ result. Following the techniques of the proof of the corollary of
Hyers [19] we observed that Hyers introduced (in 1941) the following Hyers continuity
condition: about the continuity of the mapping for each fixed, and then he proved
homogenouity of degree one and therefore the famous linearity. This condition has
been assumed further till now, through the complete Hyers direct method, in order
to prove linearity for generalized Hyers—Ulam stability problem forms (see [27]). Be-
ginning around the year 1980. The stability problems of several functional equations
and approximate homomorphisms have been extensively investigated by a number of
authors and there are many interesting results concerning this problem (see [4], [7],
[11], [12], [13], [15], [17], [23], [25], [26], [28], [29], [31], [321-(37], [42], [49], [51], [52]).
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J.M. Rassias [45] following the spirit of the innovative approach of Hyers [19], Aoki
[2] and Th.M. Rassias [50] for the unbounded Cauchy difference proved a similar
stability theorem in which he replaced the factor ||z||? + |y||” by |=||? - ||y||¢ for
p,q € R with p+ ¢ # 1 (see also [44], [46] for a number of other new results).

In 2003 Cadariu and Radu applied the fized point method to the investigation of the
Jensen functional equation [5] (see also [6], [7], [14], [21], [39], [43], [47], [48]). They
could present a short and a simple proof (different of the “direct method”, initiated by
Hyers in 1941) for the generalized Hyers—Ulam stability of Jensen functional equation
[5], for Cauchy functional equation [7] and for quadratic functional equation [6].

The following functional equation

Qlz+y) +Qz —y) =2Q(x) + 2Q(y), (1.1)
is called a quadratic functional equation, and every solution of equation (1.1) is said to
be a quadratic mapping. F. Skof [53] proved the Hyers—Ulam stability of the quadratic
functional equation (1.1) for mappings f : E; — Es, where E] is a normed space and
E, is a Banach space. In [8], S. Czerwik proved the Hyers—Ulam stability of the
quadratic functional equation (1.1). C. Borelli and G.L. Forti [3] generalized the
stability result of the quadratic functional equation (1.1). Jun and Lee [20] proved
the Hyers—Ulam stability of the Pexiderized quadratic equation

f@+y)+g(@ —y) = 2h(x) + 2k(y)
for mappings f, g, h and k. The stability problem of the quadratic equation has been
extensively investigated by some mathematicians [24].

Recently P. Gavruta and L. Gavruta used a new method for investigation of Hyers—
Ulam—Rassias stability of a nonlinear functional equation, Volterra integral operator
and Fredholm operator. This method generalized the fized point method [17].

Hilbert C* - modules provide a natural generalization of Hilbert spaces arising when
the field of scalars C is replaced by an arbitrary C*—algebra. This generalization,
was introduced by I. Kaplansky in [22] (see also [18]).

Definition 1.1. A pre-Hilbert A - module is a (right) A—module M equipped with
a sesquilinear form (.,.) : M x M — A with the following properties:

(1) (x,x) >0 for any x € M,

(2) (x,x) =0 implies that z = 0,

(3) (y,z) = (x,y)* for any z,y € M,

(4) (z,ya) = (x,y)a for any x,y € M and any a € A.
The mapping (.,.) is called an A—wvalued inner product.
Definition 1.2. A pre-Hilbert A—module M is called a Hilbert C*—module if it is
complete with respect to the norm ||z = ||(z, z)||2.
Definition 1.3. A linear mapping d : M — M is called a derivation on the Hilbert
C*—module M if it satisfies the condition d({z,y)z) = (d(x),y)z + {(x,d(y))z +
(x,y)d(z) for every x,y,z € M.

Definition 1.4. A linear mapping d : M — M is called a Jordan derivation on the
Hilbert C*—module M if it satisfies the condition d((z, z)y) = (d(x), z)y+(z, d(x))y+
(x,x)d(y) for every x,y € M.
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In this paper, for a fixed positive integer n > 2, we introduce a new functional
equation, which is called an generalized Jensen type functional equation and whose
solution is said to be an generalized Jensen type mapping,

2Zf xj—&— Z Z;) —|—fo1 —2nf§:mZ (1.2)
i=1,i#j
We investigate the Hyers—Ulam—Rassias stability of Jordan derivations on Hilbert
C*—modules.
Throughout this paper assume that ng € N is a positive integer. Suppose that
= {2z € C: |z| = 1} and that Tl = {e"; 0 <0 < 2T} We have T' = Tl

Moreover, in this paper, M denotes a "Hilbert C*— module with norm II1]-
Let X and Y be vector spaces. For a given mapping f : X — Y and for a fixed
positive integer n > 2, we define

Duf(@1,- o _2Zf’”+ Z ;) —&-Zufmz —2nf(Zuxi).

i=1,i#7

forall u € T and all 2y,--- ,2, € X.

2. STABILITY OF JORDAN DERIVATIONS ON HILBERT C*— MODULES:
DIRECT METHOD

In this section, using an idea of Gavruta [16], we used direct method to prove the
stability of Jordan derivations on Hilbert C*— modules in the spirit of Hyers, Ulam
and Rassias.

Lemma 2.1. Let X and Y be real vector spaces. A mapping f : X — Y satisfies
(1.2) for all x1,--- ,x, if and only if the mapping f is additive.

Proof. Putting 1 = --- = x,, = 0in (1.2), we get that f(0) = 0. Let j and k be fixed

integers with 1 < j < k <n.Setting z; =0 for all 1 <i <mn,i# jkin (1.2), we have
Tk

2f( |+ ax) + 2f (2 + o) T f@g) + flaw) = 4f (2 + @) (2.1)

for all z;,z € X. Replacing z; by 2x; and xj by 2z; in (2.1), respectively, we get
2f(x; 4+ 2x) + 2f 2z + x) + f(225) + f(2zx) = 4f (225 + 224) (2.2)

for all z;,z, € X. Putting z = 0 in (2.2), we conclude that f(2z;) = 2f(x;) for all
x; € X, there for we obtain that

f(xj + 2xk) + f(QIj + Ik) + f(:z:j) + f(:Ek) = 4f(93j + CCk) (2.3)
for all z;,z), € X. Replacing z; by x; — zxin (2.3), we have
f@j +mp) + (225 — 2x) + [ — ) + f(ar) = 4f(z;) (2.4)

for all z;,x; € X. Letting «; = 0 in (2.4), we conclude that f(—xx) = —f(z) for all
x; € X. This means that f is an odd function. Replacing x; by —z) in (2.4), and
using the oddness of f, we obtain that

f(xj — o) + f2x5 + ) + f(x5 +28) — flzr) = 4f(25) (2.5)
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for all z;,z € X. Replacing x; and z; by 5 and x; in (2.5), respectively, and using
the oddness of f, we get

—flx; —ar) + fz; + 221) + f(z; +x) — flz;) =4f(xr) (2.6)
for all =,z € X. Adding (2.5) to (2.6) and using (2.3),we get that
flaj +x) = fx;) + flaw)

for all 2;, ), € X. Therefore, f: X — Y is an additive mapping.
The converse is obviously true. O

Now we prove the generalized Hyers—Ulam —Rassias stability of Jordan derivations
on Hilbert C*— modules for the functional equation D, f(z1,--- ,xy,) = 0.

Theorem 2.2. Let X be a real vector space and Y be a Banach space. Suppose
that f : X — Y be a mapping satisfying f(0) = 0 for which there is a function
@ : X" —[0,00) such that

. 1 k k
. 1 .
90](1'):22?50(07707\2 SC',O,"',O)<OO, (28)
k=0 j th
and
[D1f(z1, s an)lly < (@1, @) (2.9)
for all x1,--- ,x, € X. Then there exists a unique generalized Jensen type additive
mapping L : X — Y such that
1 _
15~ L@)ly < 575(20) (2:10)

forallx € X.

Proof. For convenience, set

@J(I) = @(07 507, €T ,707"' 70)

j th

for all z € X and all 1 < j < n. For each 1 < k < n with k& # j, let 2 = 0 and
xj = 2x in (2.9), then we get the following inequality

12f(2) — f22)lly < @;(22) (2.11)

for all z € X. Replacing = by 2¥z in (2.11) and dividing both sides of (2.11) by 2¥F+1,
we get

1 1 1
|5 f@ 1) — 2 £(@)|| < srmes@ta)
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for all x € X and all k € N. Therefore, we have

e+t - shseal, < 3 [ in - S,
k

% :Z l 2l+1

for all x € X and all integers k& > m > 0. It follows from (2.8) and (2.12) that the

sequence {f(gizx)} is a Cauchy sequence in Y for all € X, and thus converges by the
completeness of Y. So we can define the mapping L : X — Y by

Le) = jim 120

(2.12)

)

for all x € X. Letting m = 0 and taking the limit as kK — oo in (2.12), we obtain the
desired inequality (2.10).
It follows from (2.7) and (2.9) that

. 1
IDaL(ar, - )y = lim | Daf @, 24,y

hm (2F21, -, 2%2,) =0

< 0 op P
for all z1,--- ,z, € X. Therefore the mapping L : X — Y satisfies the equation (1.2).
Hence, by Lemma 2.1, L is a generalized Jensen type additive mapping.
To prove the uniqueness of L, let L' : X — Y be another generalized Jensen
type additive mapping satisfying (2.10). By Lemma 2.1, the mapping L’ is additive.
Therefore it follows from (2.10) that

1 /
IL@) - K@)l = lim —[|7(25) - T'(2%)]),

k
1 1o~ 1 I+k+1
<5l gr 2 e )
= = lim il 2%z =0
2 koo 2 ¥
I=k
So L(z) = L'(z) for all z € X. It completes the proof. O

Theorem 2.3. Let f : M — M be a mapping satisfying f(0) = 0 for which there
exists a control function ¢ : M™ — [0,00) satisfying (2.7), (2.8) and

[Dpf (@1, an)|| < e, an) (2.13)
forallue Ty andallzy, -+ 2, € M. Letv : M? — [0,00) be a function such that

lim —¢( z,28y) =0 (2.14)

k—oo 2
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and
[f(<z,z>y)— < flz),z>y- <a.f(z)>y
for all x,y € M, then there exists a unique Jordan derivation H : M — M such that
1 _
1F(2) = H(z)|| < 5#(22) (2.16)
for all x € M.

Proof. By the same reasoning as in the proof of Theorem 2.2, there exists a unique
generalized Jensen type additive mapping H : M — M. The mapping H : M — M
is defined by H(z) = limp—o 57 f(2%2) for all z € M.
By the assumption, we have
‘DHH(O7 307\3;/07 70)H
j th

1 "
< lim ope(0,00-,0,282,0,--,0) =0
i th

for all z € M and all g € T, . Then

H(ju) = pH(2)
for all z € M and all u € T!, . By a similar method to the proof of [10], one can show
that the mapping H : M —’M is C—linear. It follows from (2.14) and (2.15) that
|H(< z,z>y)— < H(z),z >y— <z, H(z) >y— <z, > H(y)|

. 1
= khj& 2ﬁ||f(< oy, 2kx > 2ky)— < f(2Fx), 2% > 2Fy

— < 2k, f(2Fx) > 2Fy— < 28, 2Fa > f(2Fy)||

= oY
for all z,y € M. So

H(<z,x>y) =< H(z),x >y+ <z, H(x) >y+ <z,x>H(y)

(2%, 2ky)

for all x,y € M. Therefore the mapping H : M — M is a Jordan derivation. O

Theorem 2.4. Let € > 0 and {pi }res be real numbers such that py > 0 for all k € J,
where J C {1,2,--+ ,n} and |J| > 3. Let f : M — M be a mapping for which there
is a function v : M? — [0, 00) satisfying (2.14), (2.15) and

1Dy f (@, )l < € T T llzall, (2.17)
keJ
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forallzy,--- ,x, € M and all p € T, . Then the mapping f : M — M is a Jordan
derivation. ’

Proof. Tt follows from (2.17) that f(0) = 0. Since |J| > 3, letting = 1 and 2 = 0
forall 1 <k <mn, k#1,7, in (2.17), we get

Z; X
20 (5 + ) +2f (i + ) + f @) + fw)) = 4f (@ + ;)
for all z;,x; € M. By the same reasoning as in the proof of Lemma 2.1, the mapping

f is additive. So by letting 2; =  and x = 0 for all 1 < k < n, k # 4, in (2.17),
we get that f(ur) = pf(z) for all x € M and all g € T, . By a similar method to
the proof of [10], the mapping f is C—linear. Hence, it follows from (2.14) and (2.15)
that

[f(<z,2>y)— < f(x),2>y— <z f(x) >y— <z,2> f(y)]

— 3 1
N klggo 23k

< f(2Fx), 2% > 2Fy— < 2Pz, f(2F2) > 2Fy— < 2Fx 2R > f(2Fy)||

IIf(< 2kx,2kx > Qky)f

— k. ok
< klggoﬁ (2%z,2%)

for all z,y € M. So
f(z,z>y) =< f(x),2>y- <z f(x) >y- <z2> f(y)
for all z,y € M. Therefore, the mapping f : M — M is a Jordan derivation. O

Corollary 2.5. Let {¢;}ics and {p;}icy be real numbers such that €; > 0 and
0<pi<lforallieJ={1,2,---,n}. Let f: M — M be a mapping for which
there is a function

1D f (1, s za)ll < Y eillwll, (2.18)
i=1
If(<z2>y)= < fla),z>y— <z f(x) >y
- <z > fyl < (el +ellylP),  (2.19)
for all pw € TY, and all x,y,z1, -+ ,2, € M. Then there exists a unique Jordan
derivation H : M — M such that
P
— . Di
1) = H@)| < 5=seilla
for all x € M and for all i € J.
Proof. The result follows from Theorem 2.3 by taking
n
pi

o1, ) = el

i=1

and
Y(z,y) = (er[lz]|"m + €slyl[”)
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for all z,y, 21, ,x, € M. It follows from (2.18) that f(0) = 0. O

3. STABILITY OF JORDAN DERIVATIONS ON HILBERT C*—MODULES: FIXED POINT
METHOD

In this section, by using the idea of P. Gavruta and L. Gavruta [17], we prove
the generalized Hyers—Ulam—Rassias stability of Jordan derivations on Hilbert C*—
modules for the functional equation D, f(x1,--- ,z,) = 0.

We apply the following theorem:

Theorem 3.1. (Banach) Let (X,d) be a complete metric space and T : X — X a
contraction, i.e. there exists o € [0,1) such that

d(Tz,Ty) < ad(z,y), Vr,ye X.
Then there exists a unique a € X such that Ta = a. Moreover, a = lim,_..,T"x,
and

1
d(a,z) < Td(ame), forany z € X.
-

Theorem 3.2. Let f : M — M be a mapping satisfying f(0) = 0 for which there
exists a control function ¢ : M™ — (0,00) such that

: 1 k k
khﬁrgo 27@(2 Ti,ce,2 xn) =0, (3.1)
HDl»bf(xla"' ,:En)” < 50(1'17"' axn)a (32)

for all p € TY, and all z1,-++ , 2, € M. Let ¢ : M? — [0,00) be a function such
that ’
(2F2,2Fy) =0 (3.3)

li !
fibo OF
and

||f(< x,x>y)— <f(l’),.’£>y* <£L’,f($) >y
—<zz> fy)ll <¥(z,y) (3.4)

for all x,y € M. If for some 1 < j < n, there exists a Lipschitz constant 0 < £ < 1
such that )
e e <9 e - e
(p<0’ 707, x ,a07 ,O) = EQD(Oa 703 23’"0’ 70)
j th
j th
for all x € M, then there ezists a unique Jordan derivation H : M — M such that

1f(z) = H(z)|| <

2_2[:30(7 y Uy AT,
j th

0,---,0) (3.5)

for all x € M.

Proof. For convenience, set



APPROXIMATE JORDAN DERIVATIONS ON HILBERT C*— MODULES 421

for all x € M and all 1 < 5 < n. Consider the set
v oo sty IO )
cem  ;(27)
and introduce the metric on X
—h
Loty — sup 190~ R
cem  pi(27)
Then (X, d) is complete. Now we consider the linear mapping J : X — X such that

Jg(z) := $g(2) for all z € M. For any g,h € X, we have
g h) < ¢ = 1@ 0@ 0y
v;(22)
|392) — Ln(2a)| 1,
p;(4z) T2
|3920) — Ln(2a)|
©;(22)

= d(Jg, Jh) < LC.
Therefore, we see that
d(Jg, Jh) < Ld(g,h), Vg.h € X.
This means J is a strictly contractive self-mapping of X', with the Lipschitz constant
L.
Letting =1, ; = 2z and for each 1 < k < n with k # j, 2, = 0 in (3.2), we get
|21 szl .
0;(27) - '

for all x € M. So
|#@ - 450
¢;(22)

for all z € M. Hence d(f,Jf) < %

By Theorem 3.1, there exists a unique mapping H : M — M such that
H(2z) =2H(z) (3.7

for all x € M, i.e., H is a unique fixed point of J. Moreover,

H(z)= lim if (2™x) (3.8)

m—oo 2Mm

1
for all x € M. So, We can conclude that d(H, f) < ﬁd(f, Jf), which implies the
inequality
1
H) < .
This implies that the inequality (3.5) holds.
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It follows from (3.1), (3.2) and (3.8) that

H2ZH Li + Z x;) +ZH (z;) —2nH Zml

i=1,i#7
:Ag;—wziyﬂm1%+ S o, +§:fﬂwz—mﬁQ: z,)|
i=1,i#j
Sm}gnoo i@(z T1,- »men)
for all ¢, -+, 2z, € M. So
ZZH x3+ Z 2 +2sz ) = 2nH( le
i=1,i#j

forall 1, ,z, € M. By Lemma 2.1, the mapping H : M — M is Cauchy additive,
ie, H(x +y) = H(z) + H(y) for all z,y € M.

By a similar method to the proof of [10], one can show that the mapping

H: M — M is C—linear.

It follows from (3.3) and (3.4) that

|1H(< z, x>y)— < H(z),z>y— <z, H(x)>y— <z,z> H(y)|
= hm 23k||f(< okx, 2kx > 2ky)— < f(2Fx), 2% > 2Fy
— < 2k, f(2Fx) > 2Fy— < 28 2Fa > f(2Fy)||

< lim. 23k1/}( z,2"y)

for all z,y € M. So
H(<z,z>y) =< H(z),z >y— < z,H(x) >y— < z,z > H(y)

for all z,y € M.
Thus H : M — M is a Jordan derivations on Hilbert C*—modules satisfying (3.5),
as desired. O

Corollary 3.3. Let 8 > 0, {€;}ics and {p;}ics be real numbers such that €; > 0 and
0<p; <1lforaliecd={1,2---,n}. Let f: M — M be a mapping satisfying
£(0) =0 for which

IDuf (@, x| <O+ el (3.9)
=1

[f(<z,2>y)— < flz),z>y— <z f(z) >y
— <z, 2> fYl < (ellz]" + esllyl[P=),  (3.10)

for all p € T4 and all x,y,21, -+ ,x, € M. Then there exists a unique Jordan
derivation H : M — M such that
1 opi

(@) = HE@) € 5=+ 5
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for allx € M and for all i € J.

Proof. The proof follows from Theorem 3.2 by taking

Pi

n
@(x1,~ s a-rn) =0+ Z€1||m1|
=1

and
U(x,y) = (&||z]P" + e |lyll”*)
for all x,y,z1, - ,x, € M. We can choose L = = to get the desired result. [
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