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Abstract. In this paper, we consider the split feasibility problem (SFP) in infinite-dimensional
Hilbert spaces, and study the relaxed implicit extragradient-like methods for finding a common
element of the solution set I' of the SFP and the set Fix(S) of fixed points of a nonexpansive
mapping S. Combining Mann’s implicit iterative method and Korpelevich’s extragradient method,
we propose two implicit iterative algorithms for finding an element of Fix(S) N I". On one hand, for
S = I, the identity mapping, we derive the strong convergence of one implicit iterative algorithm
to the minimum-norm solution of the SFP under appropriate conditions. On the other hand, we
also derive the weak convergence of another implicit iterative algorithm to an element of Fix(S)N I
under mild assumptions.
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1. INTRODUCTION

Let H be a real Hilbert space, whose inner product and norm are denoted by
(-,-) and || - ||, respectively. We will denote by z, — x (respectively, x,, — x), the
strong (respectively, weak) convergence of the sequence {z,} to z. Let H; and Hsy be
two infinite-dimensional real Hilbert spaces and let C' and @ be the nonempty closed
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convex subsets of H; and Ha, respectively. The split feasibility problem (SFP) is to
find a point x* with the property:

z*eC and Az*€Q. (1.1)

It was first considered by Censor and Elfving [7], in finite-dimensional Hilbert spaces,
for modeling inverse problems which arise from phase retrievals and in medical image
reconstruction [3]. It has been found that the SFP can also be used to model intensity-
modulated radiation therapy (IMRT) [8] - [11]. In the recent past, a wide variety of
iterative methods have been used in signal processing and image reconstruction and
for solving the SFP; see, e.g., [12] - [10] and the references therein. A special case of
the SFP is the following convex constrained linear inverse problem:

find x € C such that Ax = b. (1.2)

It has been extensively investigated in the literature using the projected Landweber
iterative method; see, e.g., [14], [18] and the references therein. Comparatively, the
SFP has received much less attention so far, due to the complexity resulting from
the set . Therefore, whether various versions of the projected Landweber iterative
method [18] can be extended to solve the SFP remains an interesting open topics. The
original algorithm given in [7] involves the computation of the inverse A=! (assuming
the existence of the inverse of A), and thus, did not become popular. A seemingly
more popular algorithm that solves the SFP is the CQ algorithm of Byrne [4], [3]
which is found to be a gradient-projection method (GPM) in convex minimization (it
is also a special case of the proximal forward-backward splitting method [12]). The
CQ algorithm only involves the computation of the projections Pc and Pg onto the
sets C' and @, respectively, and therefore it is implementable in the case where P¢
and Py have closed-form expressions (for example, C' and @ are closed balls or half-
spaces). However, it remains a challenge how to implement the C'Q algorithm in the
case where the projections Po and/or Pg fail to have closed-form expressions, though
theoretically we can prove the (weak) convergence of the algorithm. Very recently,
Xu [30] gave a continuation of the study on the C'Q algorithm and its convergence.
He applied Mann’s algorithm to the SFP and purposed an averaged C'@Q algorithm
which is proved to be weakly convergent to a solution of the SFP. He also established
the strong convergence result, which shows that the minimum-norm solution can be
obtained.

On the other hand, Korpelevich [17] introduced the extragradient method for com-
puting a solution of a variational inequality. She also proved that the sequences gen-
erated by this method converge to a solution of a variational inequality. Motivated
by the idea of an extragradient method, Nadezhkina and Takahashi [19] introduced
an iterative algorithm for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of a variational inequality. Meanwhile,
Nadezhkina and Takahashi [20] provided a strong convergence theorem inspired by
the extragradient method as well.

Furthermore, assume that the SEP is consistent, that is, the solution set I" of the
SFP is nonempty. Let H be a real Hilbert space and f : H — R be a function. Then
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the minimization problem

. 1 2
min f(z) = iHAx — PoAx|| (1.3)
is ill-posed. Xu [30] considered the following Tikhonov’s regularization problem:
1 1
i = —||Az — PoAz|* + = 2 1.4
min fu(2) i= 5| Az — PoAz|® + Sallal? (1.4)

where « > 0 is the regularization parameter. The regularized minimization (1.4) has
a unique solution which is denoted by x,. The following result is not hard to prove.
Proposition 1.1. (see [30], [5]) There hold the following statements:

(1) the gradient

Via(z) =V f(x)+al =A"(I - Pg)A+al

is (a + || A]|?)-Lipschitzian and a-strongly monotone;
(ii) the mapping Po(I — AV f,) is a contraction with coefficient

V1=A2a = M|JA2+a)?) (£VI—ar <1 - %a)\),

where 0 < A < W;

(iii) if the SFP is consistent, then the strong lim,_,o 2, exists and is the minimum-
norm solution of the SFP.

It is worth noting that xz, is a fixed point of the mapping Po(I — AV f,,) for any
A > 0 satisfying 0 < A < W, and can be obtained through the limit as n — oo
of the sequence of Picard iterates

zo = Po(I = AV fq)xy.

Secondly, letting a — 0 yields x, — Tmin in norm. It is a very subtle work that Ceng,
Ansari and Yao [5] very recently combined these two steps to get Tmi, in a relaxed
extragradient algorithm. The following result shows that for suitable choices of A and
«, the minimum-norm solution x.;, can be obtained by the relaxed extragradient
algorithm.

Theorem 1.1. (see [5], Theorem 3.1) Define a sequence {x,} through the following
Mann’s type extragradient algorithm:

rog =x € Hi chosen arbitrarily,
Yn = PC(xn - )\nvfan (.Z‘n)), (15)
Tn+1 = ﬂnxn + YnYn + 6nPC(33n - /\nvfocn (yn))a Yn > 0,

where V fo, = anl + A*(I — Pg)A, and the sequences {an}, {6n}, {7}, {0n} and
{A\n} satisfy the following conditions:
(i) 0 < X, < (IIAIIgW for all (large enough) n;
(i) an, — 0 and A\, — 0;
(ZZZ) ‘;f:;o)\a%)‘;(in = 00, |
: nt1—An|tAn|ani1—on
(“)) - a§1+1>‘i+15n11

() {Bn}s {n}, {6n} C [0,1] and By + yn + 0, = 1 for alln > 0;

— 0;
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(vi) #HHAHZ < AnAn for all (large enough) n.

Then, both the sequences {x,} and {y,} converge in norm to the minimum-norm
solution of the SFP.

At the same time, they also proposed a Mann’s type extragradient-like algorithm if
the SFP is consistent (i.e., the solution set I" of the SFP is nonempty) and Fix(S)NI" #
(), where S : C — C'is a nonexpansive mapping.

Theorem 1.2. (see [5], Theorem 3.2]) Let S : C — C be a nonerpansive mapping
such that Fix(S) NI # 0. Assume that 0 < A < W, and let {x,} and {y,} be the

sequences in C' generated by the following Mann type extragradient-like algorithm:

29 =x € C chosen arbitrarily,
Yn = (1 - ﬁn)mn + 5nPC(xn - Avfan (xn))7 (16)
Tn+1 = Ynn + (1 - ’Yn)SPC(yn - )\vfan (yn))a Vn Z 07

where the sequences of parameters {ca,}, {Bn} and {yn.} satisfy the following condi-
tions:

(i) 5% g o < 007

(i1) {8} C [0,1] and 0 < liminf,, . B, < limsup,_, ., On < 1;

(iii) {yn} C [0,1] and 0 < liminf, o v, < limsup,,_ . 7 < 1.

Then, both the sequences {x,} and {yn} converge weakly to an element z € Fix(S)NI.

In this paper, our purpose is to study the relaxed implicit extragradient-like meth-
ods for finding a common element of the solution set I' of the SFP and the set Fix(.5)
of fixed points of a nonexpansive mapping S in the setting of infinite -dimensional
real Hilbert spaces. Combining Mann’s implicit iterative method and Korpelevich’s
extragradient method, we propose two implicit iterative algorithms for finding an el-
ement of Fix(S) N I". On one hand, we propose an implicit iterative algorithm in the
case when S = I the identity mapping and the SFP is consistent (i.e., the solution
set I" of the SFP is nonempty). That is, define a sequence {x,,} through the following
Mann’s type implicit extragradient-like algorithm:

o =z € H; chosen arbitrarily,

Yn = PC(xn - Anvfan (xn))a (1 7)

Tpn+1 = 6711'71 + 'YnPC(xn+1 - Anvfan (xn+1)) '
+6nPC(xn+l - )\nvfan (yn))a vn > 0>

where V f,, = oI + A*(I — Pg)A, and the sequences {a,,}, {fn}, {7}, {0n} and
{An} satisfy the following conditions:
)0 <A, < AT ez for all (large enough) n
ii) o, — 0 and A, — 0;
i

1)En 00‘)‘5

[Ang1— >\ [4+An |an+l Oén|
iv) ad A2 0nt1 -0

v) {Bn}, {'Yn} {5 } C[0,1] and B, + vn + 6, = 1 for all n > 0;
(vi) % < YA, for all (large enough) n

=

(i
(
(i
(
(

It is proven that the sequence {z,} generated by (1.7) converges in norm to the
minimum-norm solution of the SFP. On the other hand, we propose another Mann’s
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type implicit extragradient-like algorithm in the case when S : C' — C' is a nonexpan-
sive mapping such that Fix(S)N T # §. For 0 < A < W, define the sequences {z, }

and {y,} in C through the following Mann type implicit extragradient-like algorithm:

g =x € C' chosen arbitrarily,
Yn = (1 = Bn)rn + BaPo(yYn — AV fa, (Yn)), (1.8)
Tn+l = TnTn + (1 - 'Yn)SPC(:L‘n+1 - Avfan (yn))7 Vn > 07

where the sequences of parameters {«,}, {0,} and {v,} satisfy the following condi-
tions:

(1) S5 an < oo

(ii) {B,} € [0,1] and 0 < liminf,, . B, < limsup,,_.. B, < 1;

(iii) {v} € [0,1] and 0 < liminf,, o yn < limsup,_,. vn < 1.

It is also shown that both the sequences {z,} and {y,} generated by (1.8) converge
weakly to an element z € Fix(S) N I'. It is worth emphasizing that our results
are novel in the Hilbert spaces setting. Our results represent the supplementation,
improvement, extension and development of the corresponding results in [30], [5] to
a great extent.

Compared with the above Theorems 1.1 and 1.2, our results improve, extend,
supply and develop them in the following aspects:

(i) The relaxed implicit extragradient-like methods of this paper are superior to the
relaxed extragradient methods in Theorems 1.1 and 1.2 because the relaxed implicit
extragradient-like methods under consideration are essentially the predictor-corrector
methods, which comprise one predictor step and another corrector step.

(ii) The iterative algorithm (1.5) is extended to develop the Mann’s type implicit
extragradient-like algorithm (1.7) with S = I the identity mapping.

(iii) The iterative algorithm (1.6) is extended to develop the Mann’s type implicit
extragradient-like algorithm (1.8).

(iv) The relaxed implicit extragradient-like methods of this paper combine Mann’s
implicit iterative method with Korpelevich’s extragradient method to be designed.

(v) Under the same conditions imposed on the sequences of parameters as in The-
orem 1.1, the sequence {x,} generated by (1.7) converges in norm to the minimum-
norm solution of the SFP.

(vi) Under the same conditions imposed on the sequences of parameters as in
Theorem 1.2, both the sequences {z,} and {y,} generated by (1.8) converge weakly
to an element z € Fix(S)N I

2. PRELIMINARIES

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Throughout the paper, unless otherwise specified, we denote
by x, — x (respectively, x,, — x), the strong (respectively, weak) convergence of the
sequence {x, } to z. In addition, we use wy,(z,) to denote the weak w-limit set of the
sequence {z, }; namely,

ww(xy) :={z : z,, = x for some subsequence {x,,} of {z,}}.
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Let C be a nonempty, closed and convex subset of H and V : C — H be a
(possibly nonself) p-contraction mapping with coefficient p € [0,1), that is, there
exists a constant p € [0,1) such that |[Vz — Vy|| < pllz — y||, Yo,y € C. Now we
present some known results and definitions which will be used in the sequel.

The metric (or nearest point) projection from H onto C'is the mapping Po : H — C
which assigns to each point € H the unique point Pox € C satisfying the property

— P = inf ||z —y|| =: d(=, C).
lz = Poxl| = inf flo -yl =: d(z,C)

The following properties of projections are useful and pertinent to our purpose.
Proposition 2.1. (see [15]) Given any « € H and z € C. We have:

(i)z=Pex & (x—z,y—2) <0, Yy e,

(i) 2 = Por & |lo— 2| < |lz =yl = |ly — 2I1*, Yy € C;

(iii) (Pox — Poy,z —y) > ||Pox — Poyl|?, Yo,y € H, which hence implies that Pc
is nonexpansive and monotone.
Definition 2.1. A mapping T : H — H is said to be:

(a) nonexpansive if

[Tz =Tyl <z —yll, Vz,y €H;
(b) firmly nonexpansive if 27" — I is nonexpansive, or equivalently,

(x —y, Tz —Ty) > ||[Tx — Ty|?>, Vr,yeH;
alternatively, T is firmly nonexpansive if and only if T" can be expressed as
1
2

where S : H — H is nonexpansive; projections are firmly nonexpansive.
Definition 2.2. Let T be a nonlinear operator whose domain is D(T) C H and
whose range is R(T) C H.

(a) T is said to be monotone if

(x —y,Tx —Ty) >0, Va,ye D(T).

T=_(I+5),

(b) Given a number § > 0, T is said to be [-strongly monotone if
(@ =y, Tz —Ty) > Bllz —y|*, Va,y € D(T).
(¢) Given a number v > 0, T is said to be v-inverse strongly monotone (v-ism) if
(x —y,Tx — Ty) > v||Tz — Ty||*>, Vz,y € D(T).

Example 2.1. (see [28]) Let V : C — H be a p-contraction with p € [0,1) and
T : C — C be a nonexpansive mapping. Then
(i) I =V is (1 — p)-strongly monotone:

(I =V)a = =V)yo—y) > (1 =p)llz —yl*, Va,yeC;
(ii) I — T is monotone:

(I-Tx—-I-T)y,z—y) >0, Va,yeC.
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It can be easily seen that the projection Pg is 1-ism. Inverse strongly monotone
(also referred to as co-coercive) operators have been applied widely in solving practical
problems in various fields, for instance, in traffic assignment problems; see [1], [16].
Definition 2.3. A mapping T : H — H is said to be an averaged mapping if it can
be written as the average of the identity mapping I and a nonexpansive mapping,
that is,

T=(1-a)l+aS

where a € (0,1) and S : H — H is nonexpansive. More precisely, when the last
equality holds, we say that T is a-averaged. Thus firmly nonexpansive mappings (in
particular, projections) are %—averaged maps.

Proposition 2.2. (see [4]) Let T : H — H be a given mapping.

(i) T is nonexpansive if and only if the complement I — T is %—ism.

(ii) If T is v-ism, then for v > 0, T is %—ism.

(iii) T is averaged if and only if the complement I — T is v-ism for some v > 1/2.
Indeed, for @ € (0,1), T is a-averaged if and only if I — T is i—ism.

Proposition 2.3. (see [4], [13]) Let S,T,V : H — H be given operators.

)T =(1-a)S+aV for some a € (0,1) and if S is averaged and V is
nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonex-
pansive.

(iii) H T = (1 — a)S 4+ oV for some a € (0,1) and if S is firmly nonexpansive and
V' is nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if
each of the mappings {7T;}Y, is averaged, then so is the composite 71 o ...0 Ty. In
particular, if T is ag-averaged and T3 is ag-averaged, where a1, as € (0,1), then the
composite T7 o Ty is a-averaged, where a = a1 + as — ajs.

The following result is useful when we prove the weak convergence of a sequence.
Proposition 2.4. (see [21]) Let K be a nonempty closed convex subset of a real
Hilbert space H. Let {x,} be a bounded sequence which satisfies the following prop-
erties:

(i) every weak limit point of {z,} lies in K;

(ii) limy,— oo |20 — || exists for every z € K.

Then {x,} converges weakly to a point in K.

The following so-called demiclosedness principle for nonexpansive mappings will

often be used.
Lemma 2.1. (see [2], Demiclosedness principle) Let C' be a nonempty closed convex
subset of a real Hilbert space H and let T : C — C' be a nonexpansive mapping with
Fix(T) # 0. If {z,} is a sequence in C converging weakly to = and if {(I — T)xp}
converges strongly to y, then (I — T)x = y; in particular, if y = 0, then x € Fix(T).

The following lemma plays a key role in proving strong convergence of the sequences
generated by our algorithms.

Lemma 2.2. (see [26], Lemma 2.1) Let {a,} be a sequence of nonnegative real
numbers satisfying the condition

nt1 < (1 - Sn)an + Sptn, VN >0,
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where {s,}, {tn} are sequences of real numbers such that
(i) {sn} C [0,1] and Y7 s, = o0, or equivalently

[T =50 = lim JJ(1=sx)=0;
n=0 noee k=0

(#) limsup,,_, . t, <0, or

(i) S0 Sntn is convergent.
Then, lim,, o a, = 0.

It is easy to see that the following lemma holds.
Lemma 2.3. (see [15]) Let H be a real Hilbert space. Then

A2+ (1= N)yl* = Alz|* + (1 = Myl = A1 = Nllz —yl*,  Vo,y € H, YA€ [0,1].

The following elementary fact on real sequences is well-known but useful.
Lemma 2.4. (see [22] p. 80) Let {an}, {bn} and {5,} be sequences of nonnegative
real numbers satisfying the inequality

ant1 < (14 0p)an +bypy, Vn > 0.

If > o 6n < o0 and .2 by, < 00, then lim, .o a,, ezists. If in addition {a,} has
a subsequence which converges to zero, then lim, . a, = 0.

Corollary 2.1. (see [25], p. 303) Let {an} and {b,} be two sequences of nonnegative
real numbers satisfying the inequality

Ap+1 < an + b'ru vn > 0.

If EZO:O b, converges, then lim,,_ . a, exists.

3. RELAXED IMPLICIT EXTRAGRADIENT-LIKE METHODS

Throughout this paper, we assume that the SFP is consistent, that is, the solution
set I' of the SFP is nonempty. Let H be a real Hilbert space and f : H — R be a
function. Then the minimization problem

. 1 2
min f(z) := 5 ||Az — PoAx|
is ill-posed. Xu [30] considered the following Tikhonov’s regularization problem:
. 1 2, 1 2
min fo(2) := 3| Az — PoAz|” + s allz]" (3.1)

where a > 0 is the regularization parameter. The regularized minimization (3.1) has
a unique solution which is denoted by x,. The following result is easy to prove.
Proposition 3.1. (see [30]) If the SFP is consistent, then the strong lim,_.o z, exists
and is the minimum-norm solution of the SFP.

Let Zmin be a minimum-norm solution of the SFP; namely, xy,i, € I’ has the
property

@minll = min{|a*| : 2" € I'.

Tmin can be obtained by two steps. First, observing that the gradient

Via(z) =V f(x)+al =A*(I — Pgo)A+al
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is (o + ||A|?)-Lipschitzian and a-strongly monotone, we know that the mapping
Pc(I — AV f,) is a contraction with coefficient

VI —22a - MNAP+ o)) (< VIi—ar<1- %a)\),

where
@
0<A< A T (3.2)
Indeed, observe that
|Po(I = AV fo)(2) — Po(I = AV fo)(y)|I?
< =AVfa)(x) = (I = AV ) (@)]?
= Iz =yl ~2\(V/o(e) = Vult)oz =) + R¥IVEulo) - VL@

(1= 2Xa + (A + @)?) [« =y
(1 = 2da + Ay - (1417 +a))lle — ol
1 =Aa)flz —y]*

IRNVAVANI

It is worth noting that z,, is a fixed point of the mapping Po (I — AV f,) for any A > 0
satisfying (3.2), and can be obtained through the limit as n — oo of the sequence of
Picard iterates

2341 = Po(I = AV )25

Secondly, letting o — 0 yields £, — Zmin in norm. It is interesting to know whether
these two steps can be combined to get =i, in a relaxed implicit extragradient-
like algorithm. The following result shows that for suitable choices of A and «, the
minimum-norm solution x,;, can be obtained by the relaxed implicit extragradient-
like algorithm.

Theorem 3.1. Define a sequence {x,} through the following Mann’s type implicit
extragradient-like algorithm:

To =1z € H; chosen arbitrarily,

Yn = PC(zn - Anvfoz,,, (In));

Tnt1 = ﬁnl'n + ’YnPC(er»l - Anvfan (xn+1))
+0nPo(Znt1 — MV fa, (Yn)), Yn >0,

where Vf,, = anl + A*(I — Pg)A, and the sequences {an}, {Bn}, {1}, {0n} and
{A\n} satisfy the following conditions:
(i) 0 < A, < (”A”;*W for all (large enough) n;
(i) o, — 0 and X\, — 0;
(iit) 307 o a2 N\, 6, = 005
) Pt = A FAn|ang1 —am|
(“)) - (xiJrl)\iJrl?n_L =

(v) {8}, {7y}, {0n} C [0,1] and By +n + 0n =1 for alln > 0;
(vi) %3—#”74”2 < YAy for all (large enough) n.

(3.4)

— 0;

Then, both the sequences {x,} and {y,} converge in norm to the minimum-norm
solution of the SE'P.

Note that a, = n7%, Ay =n % and §, = n ¢ with 0 < § < 0 < e < 1 and
35 + 20 + € < 1 satisfy conditions (i)-(iv).
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Proof. For any ) satistying (3.2), z,, is a fixed point of the mapping Po(I—AV f,). For
each n > 0, let z,, be a unique fixed point of the contraction T, := Po(I — A,V fa, ).
Then, z, := 24, , and so 2, — Tmin in norm. So, it is sufficient to prove that

|Tns1 — 2nl| — 0.

Noting that T}, has a contraction coefficient (1 — %O{n/\n), we have
1
Iy — 2nll = [ Tnzn — Tnzal < (1 - 5(1”)\”)”%” — zn||- (3.5)
Analogously, we have
1
[Pc(I = AV fa, )tns1 — Znl| = [[Thans1 — Thza| < (1= gan)‘n)”xwrl = zn||. (3.6)

We now estimate

= [|Tnzn — Th-12n—1]|

< ||Tnzn - Tnznfln + ||Tnzn71 - Tnflznfln

S (]- - %anAn)Hzn - Zn71|| + HTnanl - Tnflznflnv

lzn — zn—1|

which hence implies that
2
Qp A

However, since V f is Lipschitzian and {z,} is bounded, we have

||Tn2n—1 - n—lzn—IH - ||PC(I - /\nvfozn)zn—l - PC(I - )\n—lvfan,l)zn—ln
<N = AVfa,)zn-1 — (I = A-1Vifa, )zl
= ”)\nvfan(zn—l) - )\n—lvfocn_l(zn—l)”
= [[(An = An=1)V fa, (2n-1) + An—1(Vfa, (2n-1) = Vfa, , (zn-1))|
< |>\n - )\nflmvf(znfl) + anznfln + >\n71|an - an71|||zn71||
< (|)\n - An—l‘ + )\n—1|an - an—1|)Ma

||Zn - anl‘l S HTnanl - Tn712n71”~ (37)

(3.8)
where M = sup,,» max{||Vf(zn—1) + anzn_1||,[|zn-1l|} < oo. Utilizing conditions
(i), (vi), and inequalities (3.5)-(3.8), we obtain

[Zn1 — 20l = [18n(zn — 20) + Y0 (Po(I = AV fa, ) Tni1 — 2n)
+5n(PC(1'n+1 - Anvfozn (yn)) - Zn)”
< ﬁn”xn - ZnH + ’Yn”PC(I - )‘nvfan)anrl - ZnH
+5n||PC(xn+1 - )\nvfan (yn)) - PC(Zn - )\nvfan (Zn))”
< Ballzn — zull + 0 (1 - %O‘n)‘n)||xn+1 — 2nl|
+0n [ (Tnt1 = AnV fan (Un)) = (20 — AV fa,, (20)) |l
S ﬁn”xn - ZnH +’yn<1 - %an)\n)||mn+l — Zn |
+0nl[|Tn+1 — 2nll + AV fa, (Yn) = V fa, (20)l]
< Bllzn — znll +n(1 - %an)‘n)nxn-&-l — 2|
+0n[[|Tn+1 — 2nll + Anlon + HAH2)||?J7L — Zzn|l]
< Bullzn — zull + v (1 — %O‘nAn)Hxn-&-l — zn|
+5n[H33n+1 - Zn” + /\n(an + HAH2)(1 - %O‘n)‘n)nxn - Zn”]
= [ﬂn =+ 5n>‘n(0‘n =+ ||A||2)(1 - %O‘n/\n)]”mn - Zn”
+(1 = Bn — %an'Yn)\n)Hmn-&-l — 2nls
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and hence
Brt0nAn(an+|AI*) A1—Lans)
ntn = 2nfl < ﬂa-‘r an’Yn/\n - B
" S A (an+AII2) (1= San
- ﬁﬁ%invn/\n + (ag +H men = ")]”xn |

[
_ AnYnAn 6nan(1_*an/\n) _
S = 2@ Tamn T Girtammd@ns A N zn = 2nll o
— _ Uén’Yn)\n OnQpn _ ap Andn _
= =5y zonyp i) t BT TarrA @ AT~ 3BT Tanr @ TAT % = 2l
2 X6 . O .
<[1- 5T la W;An)(am—\lAH?)] ZTp — 2zn||  (using condition (vi))
a, Andn
<[1- 2(6ﬂ,+%anvzmn)(an+HAH2)]”x” — Zn—1ll + 120 — 201l
A dn
<= s tampra@ram e = sl + 55 1Tzt = Toazna |
ay Anln 2M ([ An—An—1|+An—1lan—an—_1])
<= s rtamm @A e = 21l + S
=1~ a2 — 2
2(Bn+ 3 annAn) (an +[A]2) I17m " #n—l
+ OéiAn(sn . 4M(ﬂn+%an7n>\n)(an+”AHZ)(p\n_An—lH‘An—l‘o‘n_o‘n—l‘)
2Bt LantnAn) (@n+1A]%) FES VM
= (1 - Sn) Tp — Zn71|| + Sptn,
(3.9)
where s,, := o Andn and
T 2(Brt 3 anynAn) (an+A]2)
M (B + %an’Yn)\n)(an + ||A||2)(|)‘n — An—1| + An—ifan — an 1)
ty = —0

32
a3 A20,

(due to conditions (ii) and (iv)). Taking into account conditions (ii), (v) and (vi), we
have for all (large enough) n

s aZXnd,
n 2(/871+220¢n7n>‘n)(an+“AH2)
< # —On, __an
- an'YnAn(anJFHA” ) Tn a7l+HA]!|2
< m : 2>\n(an + [|A[]*) = §an)‘n
< _an \2
= 2\a, +HAH2

So, it follows that s,, € [0, 1] for all (large enough) n. In the meantime, we also derive
from (v)

a%)\ndn > a%)\nén
2(Bn + am¥nAn)(an + [|A2) ~ (2 + andn)(on + [|A]%)
Thus, it follows from conditions (ii), (iii) that > - s, = co. By applying Lemma
2.2 to (3.9) we conclude that ||zn4+1 — 2n|| — 0; hence, z, — Tmin in norm. Taking

into account the strong convergence of both {z,} and {z,} to Zmin, we deduce from
(3.5) that

Sp =

lyn — 2nll < l|2n — 2nll — 0.

Therefore, 4, — Tmin in norm. This completes the proof. O
Remark 3.1. (see [5], Remark 3.1) In Theorem 3.1, put a, = n =0 X\, =n"7 and
5n:n’€where57%7 0—%&11(16—1. Thenlt1seasytoseethat0<5<o§

€ <1land3§+20+e= 13 < 1. Thus, conditions (i)-(iv) in Theorem 3.1 are satisfied.
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In particular, if liminf,,_, 7, > 0 additionally, then it is clear that condition (vi) is
also satisfied.
Remark 3.2 It is worth pointing out that the Mann type implicit extragradient-like
algorithm in Theorem 3.1 is essentially the predictor-corrector algorithm. Indeed, the
first iterative step ¥, = Po(Tn—AnV fa,, (2r)) is the predictor one, and the second im-
phCit iterative step Tn+1 = ﬂn$n+7npc (I*/\nvfan)xn+1+5nPC(xn+1*)‘nvazn (yn))
is actually the corrector one. Obviously, both the iterative algorithms in [30] (The-
orem 5.5) and [5] (Theorem 3.1) are extended to develop Mann’s type implicit
extragradient-like algorithm in Theorem 3.1. Therefore, although those algorithms
in [30] (Theorem 5.5) and [5] (Theorem 3.1) are explicit, Mann’s type implicit
extragradient-like algorithm in Theorem 3.1 is superior to them to a certain extent.
Under the assumptions of Theorem 3.1, the sequence {\,} is forced to tend to
zero. If we keep it as a constant, then we have weak convergence as shown below.
Theorem 3.2. Let S : C — C be a nonexpansive mapping such that Fix(S)N T # (.
Assume that 0 < A < W, and let {z,} and {y,} be the sequences in C' generated
by the following Mann type implicit extragradient-like algorithm:

x9 =x € C' chosen arbitrarily,
Yn = (1 - ﬂn)xn + ﬁnPC’(yn - Avfan (yn))7 (310)
Tnt1l = YnTn + (1 - ’YH)SPC(xwal - )\vfan (yn))a vn > Oa

where the sequences of parameters {ca,}, {Bn} and {vn.} satisfy the following condi-
tions:
(i) D07 o < 005
(i1) {8} C [0,1] and 0 < liminf,, . B, < limsup,_, ., On < 1;
(iii) {yn} C [0,1] and 0 < liminf, o v, < limsup,,_ . v < 1.
Then, both the sequences {x,} and {y,} converge weakly to an element z € Fix(S)NI .
Proof. First of all, in terms of conditions (ii) and (iii), without loss of generality
we may assume that {3,} C [a,b] for some a,b € (0,1) and {3,} C [c,d] for some
¢, d € (0,1). Now we assert that Po(I — AV f,) is (-averaged for each A € (0, m),
where
2+ Ao+ J14])
¢= P

Indeed, it is easy to see that Vf = A*(I — Pg)A is W—ism, that is,

1
A2

(Vf(z) - Viy),z—y) > IVf(z) = V)l

Observe that

(a+ [[AIPHV falz) = Va(y),z —y)

= (a+ [ A]»)[allz —y|I> + (Vf(z) = VI(y),z —y)]

=a?|lz —yl]* + (Vf(z) = VI(y),z —y)

+allAlP ||z — ylI* + [|AIP(V f(z) = V(y),z —y)

> oz —y||? + 2a(V f(x) = V(y),z —y) + [|[Vf(z) = VI (y)|?
= |a(z —y) + Vf(z) = V()|

= |V fa(z) = Va(y)|?
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Hence, it follows that Vf, = al + A*(I — Pg)A is m—ism. Thus, AV [, is
W—ism according to Proposition 2.2 (ii). By Proposition 2.2 (iii) the comple-
ment I — AV f, is w-averaged. Therefore, noting that P¢ is %—averaged and
utilizing Proposition 2.3 (iv), we know that for each A € (0, ﬁ), Po(I — AV fy)
is (-averaged with

Lo Mot A7) 1 Aa+[41*) _ 2+ Mo+ A7)

= ]. .
¢ 2 2 2 2 4 €01
This shows that Po(I — AV f,) is nonexpansive. Furthermore, for A € (0, 0 142||2)’
utilizing the fact that lim,, #”14“2 = W we may assume that
2
O<Ac —2 _ Wn>0.
o + || Al?

Consequently, it follows that for each integer n > 0, Po(I — AV f,, ) is (,-averaged
with
1 Man+[AI1P) 1 Mom +[A417) _ 24 Mo + [14]%)

P el S i [ VA J1).
=gt 2 2 2 4 €01

This immediately implies that Po(I — AV f,,,) is nonexpansive for all n > 0.

Next we divide the remainder of the proof into several steps.
Step 1. {z,} is bounded.

Indeed, take a fixed p € Fix(S) N I" arbitrarily. Then, we get Sp = p and Po(I —
AV f)p=p for X € (0, W) Hence, we have

(1= Bp)(@n —p) + BulPc(l — Avfan)yn — 7

1= Bn)llzn = pll + BullPe(I = AV fa, )yn — pl|

1- ﬂn)”xn _pH + ﬁnHPC(I - )‘vfan)yn - PC(I - )\Vf)pH

1= Bo)llzn = pll + Bulll Pe(I = AV fa,)yn — Po(I = AV fa, )p||
|Pc(I = AV fa,)p — Po(I = AV f)p]]

L= Bu)ll@n = pll + Bulllyn — pll + [[(1 = AV fa,)p = (I = AV f)pl]
(1 - ﬂn)”xn *pH + 611[”yn *pH + )‘an||p|H7

which implies that

llyn — ol

A LA T IA

n

1_ﬁn

b
lyn = pll < lln —pl + Aanpll < |z = pll + 7= Aanlpll- (3.11)

Thus, we obtain that

[#ne1 =2l = llm(yn —p) + (1 = W) [SPc(I = AV fa, )an+1 = pl|
< Yallyn = pll + (L =) 1SPc(I = AV fa,, ) Tny1 — pl|
< Wllyn —pll + (X = W) Pe(I = AV fa, )Tns1 — Dl
=Yollyn =l + (1 = )| Pc(I = AV fo, )Tni1 — Po(I = AV f)p||
< Yallyn = pll + (1 =) [[[Pc(I = AV fa,)2pi1 — Po(I = AV fa, )pll
+I1Pc(l = AV fa,)p — Po(I = AV f)pl|]
< Yallyn = pll + (1 =) [[|#n1 = pll + |1 = AV fa,)p — (I = AV f)pl]]
= Mllyn — 2l + (1 = w)lllzns1 — pll + Aan|lp]];
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which together with (3.11) implies that

[Zni1 =l < [lyn — pll + =22 Ao |p)]
<|lzn —pl + 17_1,>‘O‘n||p|| =+ IZCAO@LHPH
<z — pll + 2max{ 125, 5 Aan|lpll.

Since ZZOZO a, < 00, according to Corollary 2.1 we conclude that

lim ||z, —p|| exists for each p € Fix(S) N I (3.12)
n—oo

Therefore, {x,} is bounded and so are {y,}, {Vf(zn)} and {Vf(yn)}.

Step 2. limp_ oo ||tn — 2n|| = limp_oo |Zn — Ynl] = limp—oo [[on — Sy

limy,— o0 ||Tnt1—n| = 0, where u,, = Poc(I—-AV fa, )Tnt1 and v, = Po(I=AV fo, )yn
Indeed, observe that

||yn—pH2 = [|(1 ﬁn)(xn_p)"‘ﬁn(vn_p)HQ
= (1= Bn)llzn — p||2 + Ballvn — p”2 = Bn(1 = Bu)llzn — Un||2
< (1= Bu)llzn = plI* + Balllyn — pll + Aenllpll]® = Ba(1 = Ba) |20 — va]?
= (1= Ba)llzn = plI* + Ballyn — plI* + anBu@Apllyn — pll + anX?[Ip[1?)
_/Bn(l - 5n)Hxn - Un||27
and hence

lyn =PI < ll2n = pl* + ant225- @Alpllya — pll + anX2|lp|*) = Ballzn — vnl?
< lzn — p” +ap My — ﬂn||$n—7fn|\27
(3.13)
where My = sup,,»o{ 125~ (2Alpll[|yn — pll + anX?[p||*)} < oo.
Also, observe that

[Znt1 =pI* = [ (yn —p) + (1 = 70)(Sup — p)|?
= Ynlyn — p||2 + (1 =) [|Sun —p||2 _7n(1_7n)||yn_sun”2
S'Vn”yn_p”Q ( 'Yn)”un —p”2 —%(1—%)”%—5%“2
< Yallyn —pl* + (1 = v)[|Z041 — D]
FAan|[p]* = (1 = vn)lyn — Suanll®
= Yallyn = pl? + (1 = ) [lzns1 — pl?
+an APl |2n+1 = pll + @ X?|p]1?)]
_fYn(l - 'Yn)”yn - SunHZa

which together with (3.13) yields that

[Znt1 =Pl < llyn = pII? + =22 Al |20 11 — pll + anA?||p]?)
—(1 =) llyn — Sun”2
< lyn = pI? + anMa — (1 — ) lyn — Sunl?
< |z, —pH2 + an My — Bz, — Un||2 +an My — (1 =) |lyn — SunH2
= |20 = plI? + an(Mi + Ma) = Bullzn — vall* = (1 =72 lyn — Sun|?,

where My = supn>0{1 2 QN|pll|lzns1 — pll + @nA?||pl|?)} < co. Hence, it follows
that

Bullzn = vall* + A=y lyn = Sunll® < llwn —plI = @01 —pl|* +on (M1 +Mo). (3.14)
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Since lim, .00, = 0, 0 < liminf, .8, < limsup, ., 0n < 1 and 0 <
liminf,, e v < limsup,,_, . ¥» < 1, we deduce from the existence of lim,,_, ||z, —p||
that

lim ||z, —v,|| = lim ||y, — Su,| = 0. (3.15)

Thus, utilizing (3.10) we get

lm ||y, — 2| = lim G,|lv, — x| =0,
n—oo n—oo
tim 21 — ol = Tim (1~ 3 [Sttn — ]l = 0.
n—oo n—oo

and so
2041 = Znll < lZn1 = ynll + lyn —nll =0 asn — oc.
Furthermore, note that

[Svn —vnll < ([Svn — Sunll + [|Stun — ynll + 1y — vall
< lon — unll + [[SUn — ynll + |y — vnll
= ||Pc(I = AV fa,, )yn — Pc(I — AV fo, ) Tn11]|
FStn = ynll + (1 = Bn)llzn — vnll
< yn = Zoga | + [1Sun — ynll + (1 = Bn) |0 — val|-
This implies that
lim ||Sv, — v, = nh—>Holo lun — vn] =0, (3.16)

and so
ln — znll < Jtun — vnll + |[[on, — 2n|| = 0 as n — oco.
Step 3. wy(z,) C Fix(S)NT.

Indeed, suppose that & € wy(2y,) and {z,,} is a subsequence of {z,} such that
Tn, = . Set T = Po(I — AV f). Then for each A € (0, W), T is nonexpansive.
As a matter of fact, we have seen that Vf = A*(I — Pg)A is W—ism and A\Vf =
AA*(I — Pg)A is W—ism. Hence, by Proposition 2.2 (iii) the complement I — AV f

2
is %—averaged. Therefore, noting that Pg is %—averaged and applying Proposition

2.3 (iv), we know that for each A € (0, W), T = Po(I — AV ) is a-averaged, with

L AARE L AIAIR 24 AlAP
2 2 2 2 4
Consequently, it is clear that T' is nonexpansive.
Now observe that

€ (0,1).

|2n — Topll < |lzn — unll + [Jun — Ty ||
= || — un|| + | Pc(I = AV fa, ) ¥nt1 — Po(I = AV fa,|
<Mwn = unll + |Pc(I = AV fa, )Tns1 — Po(I = AV fo, ) 2n |
+||Pc(] — )\Vfan)l'n — Pc(I — /\Vf):z:nH
<Mwn — unll + |21 — Zoll + Aan |24

So, from ||z, — un|| — 0, ||Tn+1 — n|| — 0, @, — 0 and the boundedness of {z,} it
follows that
lim ||z, — Tz,| = 0. (3.17)
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Taking into account x,; — & and utilizing Lemma 2.1, we obtain & € Fix(7). But
Fix(T') = I'; we therefore have & € I". Furthermore, since z,,, — & and lim,, oo ||tn —
Tyl = limy, oo [t — vp || = limy oo [|Svy — vy]| = 0, it is known that v,, — & and
limy, oo [|SVn; — vn, || = 0. Thus, from Lemma 2.1 we get & € Fix(S). Therefore, we
have & € Fix(S) N I'. This shows that there holds the relation

ww(zy) CFix(S)NT. (3.18)

Step 4. Both the sequences {z,} and {y,} converge weakly to an element z €
Fix(S)NnT.

Indeed, according to (3.12) and (3.18) we apply Proposition 2.4 to Fix(S) N I’
to show that {z,} converges weakly to a point z € Fix(S) N I". Moreover, from
|z — ynl| — 0 it follows that y, — z. This completes the proof. O
Remark 3.3. Theorem 3.2 improves, extends and develops [30] (Theorem 5.7) in the
following aspects:

(a) The iterative algorithm in [30] (Theorem 5.7) is extended to develop the Mann’s
type implicit extragradient-like algorithm in Theorem 3.2.

(b) The technique of proving weak convergence in Theorem 3.2 is very different
from that in [30] (Theorem 5.7) because our technique depends on the demiclosedness
principle for nonexpansive mappings in Hilbert spaces.

(c) The problem of finding an element of Fix(S) N I" is more general than the one
of finding a solution of the SFP in [30] (Theorem 5.7).

4. CONCLUDING REMARKS

In this paper, we considered the split feasibility problem (SFP) in infinite-
dimensional Hilbert spaces, and studied the relaxed implicit extragradient-like meth-
ods for finding a common element of the solution set I' of the SFP and the set Fix(.S)
of fixed points of a nonexpansive mapping S. Two implicit iterative algorithms for
finding an element of Fix(S) N I" which are combinations of Mann’s implicit iterative
method and Korpelevich’s extragradient method are presented. Whenever S = [
(the identity mapping), strong convergence of one algorithm to the minimum-norm
solution of the SFP is obtained under very appropriate conditions. Whenever S # I,
weak convergence of the other algorithm is also obtained under quite mild conditions.
As mentioned, in this paper, I' = Fix(T), where T = Px(I — AV ) is a nonexpan-
sive mapping. Thus finding a point in Fix(S) N I" is equivalent to finding a point in
Fix(S) N Fix(T') for two nonexpansive mappings S and 7. On the other hand, Xu
and Ori [27] introduced an implicit iteration process for finding a common fixed point
of a finite family of nonexpansive mappings in infinite-dimensional Hilbert spaces.
Subsequently, Zeng and Yao [32] proposed another implicit iteration scheme with
perturbed mapping for the approximation of common fixed points of a finite family of
nonexpansive mappings in infinite-dimensional Hilbert spaces. Obviously, the relaxed
implicit extragradient-like methods of this paper are superior to the two implicit iter-
ative algorithms in [27], [32] because the relaxed implicit extragradient-like methods
under consideration comprises one predictor step and another corrector step and thus
are quite reasonable in the practical implementation.



RELAXED IMPLICIT EXTRAGRADIENT-LIKE METHODS 343

Acknowledgments. In this research, the first author was partially supported by
the National Science Foundation of China (11071169), the Innovation Program of
Shanghai Municipal Education Commission (09ZZ133) and the Ph.D. program Foun-
dation of Ministry of Education of China (20123127110002). The second author was
partially supported by the grant NSC 99-2221-E-110-038-MY3. For the third author
this work was supported by a grant of the Romanian National Authority for Scientific
Research, CNCS-UEFISCDI, project number PN-II-ID-PCE-2011-3-0094.

REFERENCES

(1] D.P. Bertsekas, E.M. Gafni, Projection methods for variational inequalities with applications to
the traffic assignment problem, Math. Program. Stud., 17(1982), 139-159.
[2] F.E. Browder, Fized point theorems for noncompact mappings in Hilbert spaces, Proc. Natl.
Acad. Sci. USA, 43(1965), 1272-1276.
[3] C. Byrne, Ilterative oblique projection onto convex subsets and the split feasibility problem,
Inverse Problems, 18(2002), 441-453.
[4] C. Byrne, A unified treatment of some iterative algorithms in signal processing and image
reconstruction, Inverse Problems, 20(2004), 103-120.
[5] L.C. Ceng, Q.H. Ansari, J.C. Yao, Relazed extragradient methods for finding minimum-norm
solutions of the split feasibility problem, Nonlinear Anal., 75(4)(2012), 2116-2125.
[6] Y. Censor, A. Gibali, S. Reich, Algorithms for the split variational inequality problem, Numer.
Algorithms, 59(2012), 301-323.
[7] Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projections in a product
space, Numer. Algorithms, 8(1994), 221-239.
[8] Y. Censor, T. Bortfeld, B. Martin, A. Trofimov, A unified approach for inversion problems in
intensity-modulated radiation therapy, Phys. Med. Biol., 51(2006), 2353-2365.
[9] Y. Censor, T. Elfving, N. Kopf, T. Bortfeld, The multiple-sets split feasibility problem and its
applications for inverse problems, Inverse Problems, 21(2005), 2071-2084.
[10] Y. Censor, A. Motova, A. Segal, Perturbed projections and subgradient projections for the
multiple-sets split feasibility problem, J. Math. Anal. Appl., 327(2007), 1244-1256.
[11] Y. Censor, A. Segal, Iterative projection methods in biomedical inverse problem, in: Mathemat-
ical Methods in Biomedical Imaging and Intensity-Modulated Therapy (Y. Censor, M. Jiang,
A K. Louis - Eds.), Edizioni della Norale, Pisa, Italy, 2008, 65-96.
[12] P.L. Combettes, V. Wajs, Signal recovery by prozimal forward-backward splitting, Multiscale
Model. Simul., 4(2005), 1168-1200.
[13] P.L. Combettes, Solving monotone inclusions via compositions of nonexpansive averaged oper-
ators, Optimization, 53(2004), 475-504.
[14] B. Eicke, Iteration methods for convezly constrained ill-posed problems in Hilbert spaces, Numer.
Funct. Anal. Optim., 13(1992), 413-429.
[15] K. Goebel, W.A. Kirk, Topics in Metric Fized Point Theory, in: Cambridge Studies in Advanced
Mathematics, vol. 28, Cambridge University Press, 1990.
[16] D. Han, H.K. Lo, Solving non-additive traffic assignment problems: a descent method for co-
coercive variational inequalities, European J. Oper. Res., 159(2004), 529-544.
[17] G.M. Korpelevich, An extragradient method for finding saddle points and for other problems,
Eko. i Mat. Metody, 12(1976), 747-756.
[18] L. Landweber, An iterative formula for Fredholm integral equations of the first kind, Amer. J.
Math., 73(1951), 615-624.
[19] N. Nadezhkina, W. Takahashi, Weak convergence theorem by an extragradient method for non-
expansive mappings and monotone mappings, J. Optim. Theory Appl., 128(2006), 191-201.
[20] N. Nadezhkina, W. Takahashi, Strong convergence theorem by a hybrid method for nonexpansive
mappings and Lipschitz continuous monotone mappings, SIAM J. Optim., 16(2006), 1230-1241.
[21] Z. Opial, Weak convergence of the sequence of successive approzimations for nonexpansive
mappings, Bull. Amer. Math. Soc., 73(1967), 595-597.



344

(22]
23]

[24]

(25]
[26]
27]
(28]
29]
(30]
(31]
(32]

(33]

LU-CHUAN CENG, MU-MING WONG, ADRIAN PETRUSEL AND JEN-CHIH YAO

M.O. Osilike, S.C. Aniagbosor, B.G. Akuchu, Fized points of asymptotically demicontractive
mappings in arbitrary Banach spaces, Pan. Amer. Math. J., 12(2002), 77-88.

B. Qu, N. Xiu, A note on the CQ algorithm for the split feasibility problem, Inverse Problems,
21(2005), 1655-1665.

M.IL. Sezan, H. Stark, Applications of convex projection theory to image recovery in tomography
and related areas, in: H. Stark (Ed.), Image Recovery Theory and Applications, Academic,
Orlando, 1987, 415-462.

K.K. Tan, H.K. Xu, Approzimating fized points of monexpansive mappings by the Ishikawa
iteration process, J. Math. Anal. Appl., 178(1993), 301-308.

H.K. Xu, T.H. Kim, Convergence of hybrid steepest-descent methods for variational inequalities,
J. Optim. Theory Appl., 119(2003), 185-201.

H.K. Xu, R.G. Ori, An implicit iteration process for monexpansive mappings, Numer. Funct.
Anal. Optim., 22(2001), 767-773.

H.K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math. Anal. Appl.,
298(2004), 279-291.

H.K. Xu, A variable Krasnosel’skii-Mann algorithm and the multiple-set split feasibility prob-
lem, Inverse Problems, 22(2006), 2021-2034.

H.K. Xu, Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces,
Inverse Problems, 26(2010), 17 pp.

Q. Yang, The relaxzed CQ algorithm for solving the split feasibility problem, Inverse Problems,
20(2004), 1261-1266.

L.C. Zeng, J.C. Yao, Implicit iteration scheme with perturbed mapping for common fized points
of a finite family of nonexpansive mappings, Nonlinear Anal., 64(2006), 2507-2515.

J. Zhao, Q. Yang, Several solution methods for the split feasibility problem, Inverse Problems,
21(2005), 1791-1799.

Received: September 28, 2011; Accepted: February 2, 2012.



