
Fixed Point Theory, 14(2013), No. 1, 117-124

http://www.math.ubbcluj.ro/∼nodeacj/sfptcj.html

NEARLY INVOLUTIONS ON BANACH ALGEBRAS.
A FIXED POINT APPROACH

MADJID ESHAGHI GORDJI

Department of Mathematics, Semnan University, P. O. Box 35195-363, Semnan, Iran
E-mail: madjid.eshaghi@gmail.com

Abstract. Using fixed point methods, we investigate the Hyers–Ulam–Rassias stability and super-
stability of involutions on Banach algebras. Moreover, we show that under some conditions on an

approximate involution, the Banach algebra has a C∗−algebra structure.
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1. Introduction

The stability problem of functional equations started with the question concerning
stability of group homomorphisms proposed by S.M. Ulam [34] during a talk before
a Mathematical Colloquium at the University of Wisconsin, Madison. In 1941, Hyers
[18] gave a first affirmative answer to the question of Ulam for Banach spaces as
follows:

If E and E
′

are Banach spaces and f : E −→ E
′

is a mapping for which there is
ε > 0 such that
‖f(x+ y)− f(x)− f(y)‖ ≤ ε for all x, y ∈ E, then there is a unique additive mapping
L : E −→ E

′
such that ‖f(x)− L(x)‖ ≤ ε for all x ∈ E.

Hyers’ theorem was generalized by Rassias [30] for linear mappings by considering
an unbounded Cauchy difference.

The paper of Rassias [31] has provided a lot of influence in the development of
what we now call the generalized Hyers–Ulam stability or as Hyers–Ulam–Rassias
stability of functional equations. In 1994, a generalization of the Rassias theorem was
obtained by Gǎvruta [14] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Rassias’ approach. For more details about the results
concerning such problems, the reader refer to [3]–[23], [27, 28] and [32] .

In 1991 J.A.Baker [1] used the Banach fixed point theorem to give Hyers–Ulam
stability results for a nonlinear functional equation. In 2003, V.Radu [29] applied
the fixed point alternative theorem for Hyers– Ulam–Rassias stability. D. Mihet
[25] applied the Luxemburg–Jung fixed point theorem in generalized metric spaces to
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study the Hyers– Ulam stability for two functional equations in a single variable and L.
Gavruta [15] used the Matkowski’s fixed point theorem to obtain a new general result
concerning the Hyers–Ulam stability of a functional equation in a single variable.
In 2003 Cădariu and Radu applied the fixed point method to the investigation of
the Jensen functional equation [5]. They could present a short and a simple proof
(different of the “direct method ”, initiated by Hyers in 1941) for the generalized Hyers–
Ulam stability of Jensen functional equation [5], for Cauchy functional equation [2].

In this paper, by using fixed point methods, we prove that if there is an approx-
imately involution f : A → A on Banach algebra A, then there exists an involution
I : A → A which is near to f . Moreover, under some conditions on f , the algebra A
has a C∗−algebra structure with involution I.

Throughout this paper assume that n0 ∈ N is a positive integer. Suppose that
T1 := {z ∈ C : |z| = 1} and that T1

1
no

:= {eiθ; 0 ≤ θ ≤ 2π
no
}. It is easy to see that

T1 = T1
1
1
. Moreover, we suppose that A is a Banach algebra. For a given mapping

f : A → A, we define

Dµf(x, y) = 2µ̄f(
x + y

2
) + 2µ̄f(

x− y

2
)− 2f(µx)

for all µ ∈ T1
1

no

and all x, y ∈ A.

We refer the reader to [26] for more information on C∗−algebras.

2. Main results

Before proceeding to the main results, we recall the following theorem by Margolis
and Diaz.

Theorem 2.1. (The alternative of fixed point [24, 33]). Suppose that we are given a
complete generalized metric space (Ω, d) and a strictly contractive mapping T : Ω → Ω
with Lipschitz constant L. Then for each given x ∈ Ω, either

d(Tmx, Tm+1x) = ∞ for all m ≥ 0,
or other exists a natural number m0 such that
? d(Tmx, Tm+1x) < ∞ for all m ≥ m0;
? the sequence {Tmx} is convergent to a fixed point y∗ of T ;
? y∗is the unique fixed point of T in the set Λ = {y ∈ Ω : d(Tm0x, y) < ∞};
? d(y, y∗) ≤ 1

1−Ld(y, Ty) for all y ∈ Λ.

Theorem 2.2. Let f : A → A be a mapping, for which there exists a function
φ : A2 → [0,∞) such that

‖Dµf(x, y)‖ ≤ φ(x, y), (2.1)

‖f(xy)− f(y)f(x)‖ ≤ φ(x, y), (2.2)

lim
m

2−mf(2m lim
n

2−nf(2nx)) = x (2.3)
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for all µ ∈ T1
1

no

and all x, y ∈ A. If there exists an L < 1 such that φ(x, y) ≤ 2Lφ(x
2 , y

2 )
for all x, y ∈ A, then there exists a unique involution I : A → A such that

‖f(x)− I(x)‖ ≤ L

2− L
φ(x, 0) (2.4)

for all x ∈ A. Moreover, if

|‖xf(x)‖ − ‖x‖2| ≤ φ(x, x) (2.5)

for all x ∈ A, then A is a C∗−algebra with involution x∗ = I(x) for all x ∈ A.

Proof. Putting µ = 1, y = 0 in (2.1), we get

‖4f(
x

2
)− 2f(x)‖ ≤ φ(x, 0) (2.6)

for all x ∈ A. Hence,

‖1
2
f(2x)− f(x)‖ ≤ 1

4
φ(2x, 0) ≤ L

2
φ(x, 0) (2.7)

for all x ∈ A. Consider the set X := {g | g : A → B} and introduce the generalized
metric on X:

d(h, g) := inf{C ∈ R+ : ‖g(x)− h(x)‖ ≤ Cφ(x, 0) for all x ∈ A}.

It is easy to show that (X, d) is complete. Now we define mapping J : X → X by

J(h)(x) =
1
2
h(2x)

for all x ∈ A. By definition of d and inequality φ(x, y) ≤ 2Lφ(x
2 , y

2 ), one can show
that

d(J(g), J(h)) ≤ L

2
d(g, h)

for all g, h ∈ X. It follows from (2.7) that

d(f, J(f)) ≤ L

2
.

By Theorem 2.1, J has a unique fixed point in the set X1 := {I ∈ X : d(f, I) < ∞}.
Let I be the fixed point of J . Also, we have limn d(Jn(f), I) = 0. It follows that

lim
n

1
2n

f(2nx) = I(x) (2.8)

for all x ∈ A. It follows from d(f, I) ≤ 1
1−L

2
d(f, J(f)) that

d(f, I) ≤ L

2− L
.

This implies the inequality (2.4). By inequality φ(x, y) ≤ 2Lφ(x
2 , y

2 ), we have

lim
j

2−jφ(2jx, 2jy) = 0 (2.9)



120 MADJID ESHAGHI GORDJI

for all x, y ∈ A. It follows from (2.1), (2.8) and (2.9) that∥∥∥2I(
x + y

2
) + 2I(

x− y

2
)− 2I(x)

∥∥∥
= lim

n

1
2n
‖I(rn−1(x + y)) + I(2n−1(x− y))− I(2nx)‖

≤ lim
n

1
2n

φ(2nx, 2ny) = 0

for all x, y ∈ A. So

2I(
x + y

2
) + 2I(

x− y

2
) = 2I(x)

for all x, y ∈ A. Hence, I is Cauchy additive. By putting y = x in (2.1), we have

‖2µ̄f(
2x

2
)− 2f(µx)‖ ≤ φ(x, x)

for all x ∈ A. This implies that

‖I(2µx)− 2µ̄I(x)‖ = lim
n

1
2n
‖f(2µ2nx)− 2µ̄f(2nx)‖ ≤ lim

n

1
2n

φ(2nx, 2nx) = 0

for all µ ∈ T1
1

no

, x ∈ A. It follows by the last equation and additivity of I that

I(µx) = µ̄I(x) for all µ ∈ T1
1

no

and all x ∈ A. Now, we show that I is conjugate linear.

We have to show that I(λx) = λ̄I(x) for all λ ∈ C, x ∈ X. To this end, let λ ∈ C.
If λ belongs to T1, then there exists θ ∈ [0, 2π] such that λ = eiθ. We set λ1 = e

iθ
no ,

thus λ1 belongs to T1
1

no

and I(λx) = I(λno
1 x) = λ̄no

1 I(x) = λ̄I(x) for all x ∈ X.

If λ belongs to nT1 = {nz ; z ∈ T1} for some n ∈ N, then by additivity of I,
I(λx) = λ̄I(x) for all x ∈ X.
Let t ∈ (0,∞) then by archimedean property of C, there exists a positive real number
n such that the point (t, 0) lies in the interior of circle with center at origin and radius
n. Putting t1 := t +

√
n2 − t2 i, t2 := t −

√
n2 − t2 i. Then we have t = t1+t2

2 and
t1, t2 ∈ nT1. It follows that

I(tx) = I(
t1 + t2

2
x) =

t̄1
2

I(x) +
t̄2
2

I(x) = t̄I(x) = tI(x)

for all x ∈ X.
On the other hand, there exists θ ∈ [0, 2π] such that λ = |λ|eiθ. It follows that

I(λx) = I(|λ|eiθx) = |λ|I(eiθx) = |λ|e−iθI(x) = λ̄I(x)

for all x ∈ X. Hence I : A → A is conjugate C−linear. It follows from (2.2) that

‖I(xy)− I(y)I(x)‖

= lim
n

∥∥∥ 1
2n

I((2nx)y)− (I(y)I(x))
∥∥∥

≤ lim
n

1
22n

φ(2nx, 2nx) ≤ lim
n

1
2n

φ(2nx, 2nx)

= 0
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for all x, y ∈ A. This means that

I(xy) = I(y)I(x)

for all x, y ∈ A. On the other hand by (2.3)

I(I(x)) = lim
m

2−mf(2m lim
n

2−nf(2nx)) = x

for all x ∈ A. Hence I : A → A is an involution satisfying (2.4). To prove the
uniqueness property of I, let I ′ : A → A be an involution satisfies (2.4). according to
(2.4),

‖I(x)− I ′(x)‖ = lim
n
‖ 1
2n

f(2nx)− 1
22n

I ′(2nx)‖ ≤ lim
n

1
2n

(
L

1− L
)φ(2nx, 0) = 0

for all x, y ∈ A. This means that I = I ′.
Now, suppose I satisfies (2.5). Then we have

|‖xI(x)‖ − ‖x‖2|

= lim
n
|
∥∥∥ 1

22n
(2nx)

1
22n

f(2nx)
∥∥∥− 1

24n
‖2nx‖2|

≤ lim
n

1
24n

φ(2nx, 2nx) ≤ lim
n

1
2n

φ(2nx, 2nx)

= 0

for all x ∈ A. Hence A is a C∗−algebra with involution x∗ = I(x) for all x ∈ A. �

We prove the following Hyers–Ulam–Rassias stability problem for involutions on
Banach algebras.

Corollary 2.3. Let p ∈ (0, 1) and θ ∈ [0,∞) be real numbers. Suppose f : A → A
with f(1) = 1, satisfies

‖Dµf(x, y)‖ ≤ θ(‖x‖p + ‖y‖p),

‖f(xy)− f(y)f(x)‖ ≤ θ(‖x‖p + ‖y‖p),

lim
m

2−mf(2m lim
n

2−nf(2nx)) = x

for all µ ∈ T1
1

no

and all x, y ∈ A. Then there exists a unique involution I : A → A

such that

‖f(x)− I(x)‖ ≤ 2p−1θ

2− 2p−1
‖x‖p

for all x ∈ A. Moreover, if

|‖xf(x)‖ − ‖x‖2| ≤ 2θ‖x‖p

for all x ∈ A, then A is a C∗−algebra with involution I.

Proof. It follows from Theorem 2.2 by putting φ(x, y) := θ(‖x‖p + ‖y‖p) for all x, y ∈
A, and L = 2p−1. �

As a consequence of Theorem 2.2, we obtain the superstability of involutions on
Banach algebras as follow.
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Corollary 2.4. Let p ∈ (0, 1) and θ ∈ [0,∞) be real numbers. Suppose f : A → A
satisfies

‖Dµf(x, y)‖ ≤ θ(‖x‖p‖y‖p),

‖f(xy)− f(y)f(x)‖ ≤ θ(‖x‖p‖y‖p),

lim
m

2−mf(2m lim
n

2−nf(2nx)) = x

for all µ ∈ T1
1

no

and all x, y ∈ A. Then f is an involution on A. Moreover, if

|‖xf(x)‖ − ‖x‖2| ≤ θ‖x‖2p

for all x ∈ A, then A is a C∗−algebra with involution f .
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[16] P. Gǎvruta, L. Gǎvruta, A new method for the generalized Hyers-Ulam-Rassias stability, Int.

J. Nonlinear Anal. Appl., 1(2010), 11–18.
[17] M.E. Gordji, H. Khodaei, Solution and stability of generalized mixed type cubic, quadratic and

additive functional equation in quasi–Banach spaces, Nonlinear Anal., 71(2009), 5629–5643.



NEARLY INVOLUTIONS ON BANACH ALGEBRAS 123

[18] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA,
27(1941), 222–224.

[19] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of Functional Equations in Several Variables,
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