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1. INTRODUCTION

Fractional differential equations have been proved to be valuable tools in the mod-
elling of many phenomena in various fields of engineering, physics and economics.
It draws a great application in nonlinear oscillations of earthquakes, many physical
phenomena such as seepage flow in porous media and in fluid dynamic traffic model.
Actually, fractional differential equations are considered as an alternative model to
integer differential equations. For more details, one can see the monographs of Di-
ethelm [12], Kilbas et al. [15], Lakshmikantham et al. [16], Miller and Ross [17],
Podlubny [21] and Tarasov [28]. Recently, fractional differential equations (inclu-
sions) and optimal controls in Banach spaces are studied by many researchers such
as Agarwal et al. [1, 2, 3], Ahmad and Nieto [4, 5], Balachandran et al. [6, 7], Bai
[8], Benchohra et al. [9], El-Borai [10], Chang and Nieto [11], Henderson and Ouahab
[13], Herndndez et al. [14], N’Guérékata [19], Mophou and N’Guérékata [20], Wang
et al. [29, 30, 31, 32, 33, 34, 35, 36], and Zhou et al. [37, 38, 39, 40].

The aim of this paper is to obtain existence, uniqueness and data dependence
results for the solutions of Cauchy problems for some fractional differential equations
in Banach space. To do this we not utilize the techniques used in the papers quoted
above but use the Picard and weakly Picard operators technique due to Rus [22, 23,
24, 25, 26]. To our knowledge, Picard and weakly Picard operators technique have
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been used to study the existence results for the solutions of some integer differential
equations [18, 27].

Throughout this paper, (X, ] - ||) will be a Banach spaces, and J := [0,T], T > 0.
Let C(J, X) be the Banach space of all continuous functions from J into X with the
norm ||z||¢ := sup{||z(t)|| : t € J} for € C(J, X). Consider the following Cauchy
problem of fractional differential equation

cDix(t) = f(t,x(t)), t € J, (1.1)
z(0) =z € X, ’
where ¢D9 is the Caputo fractional derivative of order ¢ € (0,1), the function f :

J x X — X satisfies some assumptions that will be specified later.
Let us recall the following definitions of fractional calculus. For more details see [15].

Definition 1.1. The fractional integral of order q with the lower limit zero for a
function f is defined as

1t f(s)
19f(t) = / ds, t>0, ¢ >0,
TO= 1) Jy s ‘

provided the right side is point-wise defined on [0,00), where T'(+) is the gamma func-
tion.

Definition 1.2. The Riemann-Liouville derivative of order q with the lower limit
zero for a given function f :[0,00) — R can be written as

L LN (C)
L
DU(t) = w7 ———ds, t >0 —1 )
T F(n—Q)dt"/o (t — s)atl-n 5, t>0,n <g<n
Definition 1.3. The Caputo derivative of order q for a function f :[0,00) — R can
be written as
n—1 tk

°DIf(t) = LDq[f(t)—Zk'f(k)(O)], t>0,n—1<g<n.

k=0

Next, we recall the definition of a solution and equivalence result of the fractional
Cauchy problem. For more details see [1].

Definition 1.4. A function x € C(J, X) is said to be a solution of the fractional
Cauchy problem (1.1) if x satisfies the equation °Diz(t) = f(t,z(t)) a.e. on J, and
the condition x(0) = xg.

Lemma 1.5. A function x € C(J,X) is a solution of the fractional integral equation

I -
z(t) =x0+ = / (t — 5)T 1 f(s)ds,
I'(q) Jo

if and only if x is a solution of the following fractional Cauchy problem

°Dix(t) = f(t), 0<qg<1, teJ,

x(0) = xo.

As a consequence of Lemma 1.5, we have the following result which is useful in

what follows.



FRACTIONAL DIFFERENTIAL EQUATIONS 221

Lemma 1.6. A function x € C(J,X) is a solution of the fractional integral equation

1! o1
x(t):xo+m/o (t — 8)T1 £ (s, 2(s)) ds, (1.2)

if and only if x is a solution of the fractional Cauchy problem (1.1).

In the present paper we consider suitable Bielecki norms in some convenient spaces
and obtain existence, uniqueness and data dependence results for the solutions of the
fractional Cauchy problem (1.1) via Picard and weakly Picard operators technique.

2. PRELIMINARIES

Let (X,d) be a metric space and A : X — X an operator. We shall use the
following notations:

P(X) = {Y C X | Y #0};

Fi={z € X | A(x) = x}—the fixed point set of A;

1(4) = {Y € P(X) | A(Y) € V'

Oa(z) = {x, A(x), A%(x), - , A"(z), - - - }—the A—orbit of z € X;

H:P(X)x P(X)— Ry U{+o0};

H(Y,Z) = max (sup,cy infyez d(a, b), supye  infaey d(a, b)) —the Pompeiu-Haus-
dorff functional on P(X).

Definition 2.1. (Rus [23]). Let (X,d) be a metric space. An operator A : X — X
is a Picard operator if there exists x* € X such that Fa = {a*} and the sequence
(A™(x0))nen converges to x* for all zg € X.

Definition 2.2. (Rus [24]). Let (X,d) be a metric space. An operator A : X — X
is a weakly Picard operator if the sequence (A™(xo))nen converges for all xg € X and
its limit (which may depend on xg) is a fixed point of A.

If A is a weakly Picard operator, then we consider the operator

A® X - X, A®(x) = lim A™(x).

n—oo

The following results are useful in what follows:

Theorem 2.3. (Rus [22]) Let (Y,d) be a complete metric space and A,B:Y — Y
two operators. We suppose the following:

(i) A is a contraction with contraction constant o and Fa = {x%}.

(i1) B has fized points and x% € Fp.

(i4i) There exists n > 0 such that d(A(zx), B(x)) <, for allx €Y.
Then d(z%, z%) < L.

11—«

Theorem 2.4. (Rus [25]) Let (X,d) be a complete metric space and A, B : X — X
two orbitally continuous operators. We suppose the following:
(i) There exists o € [0,1) such that

d(A*(x), A(x))
d(B*(x), B(x))

< ad(z, A(x))
< ad(z, B(z))

forallz e X
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(i) There exists n > 0 such that d(A(x), B(x)) <n for all x € X.
Then H(Fa,Fp) < - where H denotes the Pompeiu-Hausdorff functional.

11—

Theorem 2.5. (Rus [24]) Let (X, d) be a metric space. Then A: X — X is a weakly
Picard operator if and only if there exists a partition X = Jycp Xx of X such that
(i) X» € I(4),
(ii) A |x,: Xx — X is a Picard operator, for all A € A.

Consider a Banach space (X, ||-||), let |||z and ||-||¢ be the Bielecki and Chebyshev
norms on C(J, X) defined by

— -7t —
l2llz = max [l2(t)[[e™""(r > 0) and [|z]lc = max[|lz(¢)]
and denote by dp and d¢ their corresponding metrics.
We consider the set
9 (J, X) = {x € O, X) : a(ty) — a(ts)|| < Lity — t2]79" for all t1,t, € J}
where L > 0, ¢* € (0,q), and
CLUJ, X) = {z € C(J, X) : [|a(t1) — x(t2)|| < L[t — t2|? for all t,t5 € J}
where L > 0, and
CL(J,Br) = {z € C(J,Bg) : |z(t1) — x(t2)|| < Llt1 —t2|* for all t1,t5 € J}

where Bg = {x € X : ||z|| < R} with R > 0.
Ifd € {dc,dp}, then (C(J, X),d), (CT 7 (J,X),d), (C%(J,X),d) and (C%(J, Bg),d)
are complete metric spaces.

3. MAIN RESULTS VIA PICARD OPERATORS

In the sequel, we use [|¢|/z»(s) to denote the LP(J,R;) norm of ¢ whenever ¢ €
LP(J,R;) for some p with 1 < p < oo. Let ¢; € (0,q), ¢« = 1,2,3 and the functions
mée La(JRy),ne€ Loz (J,Ry), pe€ Las(J,Ry) and I € C(J,Ry).

For brevity, let

M=l o N =all g o V=Tl Bo = max{i(n)},
qg—1 qg—1 qg—1

= € (~1,0), v = € (-1,0), v= € (~1,0).

f== € (L0, v =g € (-1,0), v={— €(-10)

Consider the fractional integral equation (1.2). We have

Theorem 3.1. Suppose the following conditions hold:

(C1) feC(Jx X, X).

(C2) There exists a constant g1 € (0,q) and function m € Lﬁ(J, R, ) such that
£t 2)|| <m(t) for allz € X and allt € J.

(C3) There exists a constant L > 0 such that L > %.

(C4) There ezists a function ! € C(J,Ry) such that || f(t,u1)— f(t,u2)|| < I(t)|lur—
usl| for allu; € X (i=1,2) and allt € J.

Ly T(+A(—a1)

(C5) There exist constants g1 and T such that IR (&)" < 1.
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Then the fractional Cauchy problem (1.1) has a unique solution z* in C7~ 7 (J, X),
and this solution can be obtained by the successive approximation method, starting
from any element of C{~ 9 (J, X).

Proof. Consider the operator
A (CI%7Q1(J7X)7 H ’ ”B) - (C(l],iql(Jﬂ X)? ” ’ HB)
defined by
1 t
Alz)(t) == +—/ t—s)1f (s, 2(s)) ds.
(@)(t) = o F(q)o( )7 (s,2(s))

It is easy to see the operator A is well defined due to (C1).
Firstly, we check that Az € C(J, X) for every z € C7 7 (J, X).
For any ¢ > 0, every z € C}" " (J, X), by (C2), Holder inequality,

[A(2)(t +6) — A(z) D)

< 1o [t = s mss
+ ﬁ /:H(t +6—8)7 m(s)ds
< o (/Otut—s) 45— s }d) (/Ot<m<s>>ids)m

q1

1 t+6 1y I—a t+5 L
+F(q)</t [(t+6 — 5)7] ds> (/t (m(s)) d3>

: F]XD </ot(t —s)’ = (t+0- S)Bd8>1ql + r]é) </tt+§(t +5— s)ﬁds> o

2M M
< — =27  s#80-aq) 4 7 sOA+60-a)
- g +p)a L(g)(1+p)t-o
< M sa4m)0-a).

L(g)(1+p)t—o
It is easy to see that the right-hand side of the above inequality tends to zero as
§ — 0. Therefore Az € C(J, X).
Secondly, we show that Az € C7 ' (J, X).
Without lose of generality, for any ¢ < to, t1,t2 € J, applying (C2) and Holder

inequality, we have
[A(z)(t2) — Az)(t1) |

71 - — )17 f(s,2(s))ds : —8)17 f(s,2(s))ds
< | [ 1= = = s atenas + [ = 9 st

1 " q—1 1 . q—1

< 0= NS (el s [ (o)

1 " q— q—1 L " — $) Ym(s)ds
< @/ [(t1 —8)T7 " — (ta — s) ]m(s)ds+r(q) /n (t2 — ) (s)d
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sty [ ([t

B ) R RN o

1-q1
<ti+5 _ té"t‘ﬁ + (tQ _ tl)lJrﬁ)

1—

<M
T T +p)t-a
M

M A A )
+r(q)(1+ﬂ)1w1 (ta —t1) :
2M 2M
< T — |80 —a) < b — to]d 01
STu+ga " STgargra "

Similarly, for any t; > to, t1,t2 € J, we also have the above inequality. This implies
that Az is belong to C7~ % (J, X) due to (C3).

Thirdly, A is continuous.

For that, let {x,} be a sequence of Bp such that x, — =z in Bg. Then,
f(s,2n(8)) — f(s,2(s)) as n — oo due to (C1). On the one other hand using (C2),
we get for each s € [0,t], || f(s,zn(s)) — f(s,2(s))|| < 2m(s). On the other hand,
using the fact that the functions s — 2(¢ — 5)9~1m(s) is integrable on [0, ¢], by means
of the Lebesgue Dominated Convergence Theorem yields

/0 (t = )T/ (5,2a(3)) — F(5,2(5))|ds — 0.

For all t € J, we have
JA@)(®) — A@) D) < ﬁ / (t = )7L (5, 2n(5)) — F(5,2(5)) | ds.

Thus, Ax, — Az as n — oo which implies that A is continuous.
Moreover, for all z,z € C{ % (J, X), using (C4) and Holder inequality we have

IA) (1) — A1) < ﬁ / (t— 5)T Y £(5,2(5) — f(s, 2(5))|ds
L t —8)I N (s)||z(s) — z(s)|ds
< g | =T e — 2(9)ld
I -1 _ —7s] 7S
< g =9 max U9} [la(e) =)l s
LO ‘ q—1_7s
< @Hx—ZHB/O(t—s) ¢ ds

1—
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It follows that

[A@)O) ~ AG@ ™ < o ma

Ly TUHA0-a) rgi\a
(£)" o =211z
-

for all t € J. So we have

Ly TUHA0-a1) g\ a
— < = _
|A(z) — A(2)||B < NOREE (T> llz— 2|5

for all z, z € C{""(J, X). The operator A is of Lipschitz type with constant

LO T(1+ﬁ)(1*‘h) (ql)ql
I(q) 1+ )t
and 0 < L4 < 1 due to (C5). By applying the Contraction Principle to this operator

La= (3.1)

T

we obtain that A is a Picard operator. This completes the proof. O
Example: Consider the fractional Cauchy problem
Dix(t) = x(t), g = %,

{ﬂ@zOeX, (3.2)

on [0,1). Set Lo=1,T =1, ¢ = %, then 3 = —%. Indeed

Lo TO+H0-a) (ql

@ gLy TOAA-a) g \a
N@u+mkm‘ﬁ <= (%) <1

T D(g+1) 148 \ 7

1
1 1\3
which implies that we must choose a suitable 75 > 0 such that ﬁé ( Z ) <1
2 1 3

Noting that I'(2) = @7 for 7o = 18 > 3\1/% we have the condition (C5) in Theorem
3.1.

Theorem 3.2. Suppose the following conditions hold:

(C1) feC(Jx X,X). o B

(C2) There exists a constant M > 0 such that || f(t,z)|| < M for all x € X and
allt e J.

(CS') There exists a constant L > 0 such that L > %,

(C4') There exists a constant Lo > 0 such that || f(t,u1) — f(t,us)|| < Lo|lu1 — us|
forallu; e X (i=1,2) and allt € J.

(C5) There exist constants q1 and T such that L5 = %% (%)ql < 1.

Then the fractional Cauchy problem (1.1) has a unique solution x* in C’%(J,X),

and this solution can be obtained by the successive approximation method, starting
from any element of CL(J, X).

Proof. Consider the following continuous operator
A (CLIX), |- 18) = (CE(J, X). | - |8)
defined by

mmw=m+ﬁ5£u—Q“7@umm.
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As the proof in Theorem 3.1, applying the given conditions one can verify that

_ _ Lo TUHAA=a1) o\
Alz)— A < e _
) - A < g g (7)) le—ls

-

for all z, z € C%(J,X). So, the operator A is a Picard operator. The proof is

completed. O
Similarly as above, we can prove

Theorem 3.3. Suppose the following conditions hold:
(C') feC(J x Bg,X).
(C2") There exists a constant M(R) > 0 such that || f(t,z)|| < M(R) for allz € Br

M(R)T? -
and all t € J with R > ||zo|| + 24

(C8") There exists a constant L >0 such that L > I%J(vqﬁ%

(C4") There ezists a constant Lo > 0 such that || f(t,u1) — f(t,u2)|| < Lo|lus — uz|
for allu; € Bg (i=1,2) and allt € J.

(C5') There exist constants q1 and T such that L7 = L(g) % (&) < 1.

Then the fractional Cauchy problem (1.1) has a unique solution x* in C%(L Br),
and this solution can be obtained by the successive approxrimation method, starting
from any element of C’%(J7 Bg).

Consider the following new fractional Cauchy problem

“Dia(t) = glt,x(t)), t € J, 5

z(0) =yo € X, '
where g € C(J x X, X). By Lemma 1.6, a function 2 € C(J, X) is a solution of the
fractional integral equation

I -1
z(t) = yo + N0 /o (t—9)"""g(s,x(s))ds, (3.4)

if and only if x is a solution of the fractional Cauchy problem (3.3).
Now, we consider both fractional integral equation (1.2) and (3.4). We have

Theorem 3.4. Suppose the following:

(D1) All conditions in Theorem 3.1 are satisfied and x* € C7~ 7 (J, X) is the unique
solution of the fractional integral equation (1.2).

(D2) With the same function m as in Theorem 3.1, ||g(t, z)|| < m(t) for allz € X
and all t € J.

(D3) With the same function | as in Theorem 3.1, ||g(t,u1) — g(t, u2)|| < 1(t)||u1 —
usl|| for all u; € X (z =1,2) and allt € J.

(D4) L > W.

(D5) There exists a constant g2 € (0,q) and function n € Lé(J, Ry) such that
1f(t,u) — g(t,u)|| <n(t) for allu € X and allt € J.
Then, if y* is the solution of the fractional integral equation (3.4),

NTA+M(A—a2)
2" —y*|p < o = vl + rgrar=
B = 1—Ly
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where Ly is given by (3.1) with T = 19 > 0 such that 0 < La < 1.

Proof. Consider the following two operators
A, B (Cm (LX), - lls) = (CL" (L, X), || - lI8)

defined by
A()(t) = 20 + ﬁ / (t— )77V f (s,2(s)) ds,
B(@)(t) = yo + ﬁ / (t— 5)171g (s, 2(s)) ds,
on J. We have
I .
A@)0 - B O] < o -l + 5 / (t— )Y f (5,2(5)) — g (5. 2(5)) [ ds
< ||$0—y0\|+ﬁ / (t— )7 \n(s)ds
- NT+(1—g2)

g — + =,
|| 0 yOH F(q)(l-l-'y)l_qz

for t € J. It follows that

A B NTO+7)(1—=g2)
z)— B(@)|s < ||lzo —woll + 5————.
|| ( ) ( )”B_ || 0 yOH F(q)(l—l—v)l_@
So we can apply Theorem 2.3 to obtain (3.5) which completes the proof. O

Remarks. (a) All the results obtained in Theorem 3.1 hold even if the condition
(C2) is replaced by the following:

(C2-E) There exists a constant ¢; € [0,¢) and function m € Lﬁ(J, R4 ) such that
It 2)|| <m(t) for all z € X and all ¢ € J.

In fact, we only need extend the space LP(J,R;)(1 < p < o0) to LP(J,R1)(1 <
p < o0) where LP(J,R;)(1 < p < o0) be the Banach space of all Lebesgue measurable
functions ¢ : J — Ry with ||¢[|z»(sy < 0o and the norm || - ||z»(s) is defined by

</J(¢<t>>ﬁdt C l<p<oo,
it { sip (6(0)}, p= o0,

mes(N)=0 * ¢ey_j

lollLecry =

where mes(J) is the Lebesgue measure of .J.

(b) The results obtained in this section can be generalized to study existence,
uniqueness and data dependence for the solutions of the following problems.

(i) Problem with linear modification of the argument

¢Diz(t) = f(t,xz(A), 0 <A <1, t€J,
z(0) =z € X.
(ii) Nonlocal problems

{ °Dix(t) = f (t,z(t)), t € J,
2(0) = o + G(a),
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where G : C(J, X) — X is the nonlocal term.
(iii) Integro-Differential equations of mixed type

{ °Dix(t) = F (t,w(t), f(f Kl(t,s)x(s)ds,fOT Kg(t7s):1c(s)d5> ,ted,
z(0) = xo,

where F € C(J x X3,X), K; € C(D;,R) (i=1,2), D1 = {(t,s) e R?: 0<s<t<
TV, Do = J x J.

4. MAIN RESULTS VIA WEAKLY PICARD OPERATORS
Now, we consider another fractional integral equation
1 t
z(t) =x(0) + — / (t—s)T1f (s,2(s)) ds (4.1)
L'(q) Jo
on J, where f € C(J x X, X) is as in the fractional Cauchy problem (1.1). We have

Theorem 4.1. Suppose that for the fractional integral equation (4.1) the same condi-
tions as in Theorem 3.1 are satisfied. Then this equation has solutions in C¥~ 1 (J, X).
If S ¢ C7"(J,X) is its solutions set, then card S= card X.

Proof. Consider the operator
Ay (C(ll,_ql(J’X)7 ” : HB) - (Cg_ql(JvX)’ H ’ HB)
defined by

Au(x)(t) = 2(0) + ﬁ / (t— )7 (s,2(s)) ds.

This is a continuous operator, but not a Lipschitz one. We can write
CI(1,X) = | Xa Xa={2€Cl (], X):2(0)=0a}.
aeX

We have that X, is an invariant set of A, and we apply Theorem 3.1 to A.|x,. By
using Theorem 2.5 we obtain that A, is a weakly Picard operator.
Consider the operator

A CTTM(J,X) — CT (I, X), AZ(z) = lim A} (x).

From A"t (2) = A,(A%(z)) and the continuity of A,, A (z) € Fa,. Then
AX(CT (], X)) =Fa, =S and S # 0.
So, card S= card X. O

Theorem 4.2. Suppose that for the fractional integral equation (4.1) the same con-
ditions as in Theorem 3.2 are satisfied. Then this equation has solutions in C%(J, X).

IfS C C%(J,X) is its solutions set, then card S= card X.
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Proof. As the proof in Theorem 4.1, we need to consider the continuous operator (but
not a Lipschitz one)
Au (CHIX), | 1B) — (CHL,X), || - )

defined by

_ 1 ¢

Au(z)(t) = 2(0) + = / (t —s)17 1 f (s,2(s)) ds.

I'(q) Jo
We can write CL(J, X) = Uaei( Xoy Xo = {m € CL(J.X): x(O)ﬁz oz}. We have
that X, is an invariant set of A, and we apply Theorem 3.2 to A.|x,. By using
Theorem 2.5 we obtain that A, is a weakly Picard operator. Consider the operator
—00 — 00 . —_n —n+1 — "N
A, C’%(J,X) — C%&], )E), A, (z) = hmnﬁoiA* (z). From A, " (z) = A.(A,(2))
and the continuity of A,, A, (z) € F3 . Then A:O(C’%(J, X)) =F; =Sand S # 0.
So, card S= card X. O
Similarly as above, we can prove

Theorem 4.3. Suppose that for the fractional integral equation (4.1) the same condi-
tions as in Theorem 8.3 are satisfied. Then this equation has solutions in C%(J7 Bg).

IfS C C’%(J7 BpR) is its solutions set, then card S= card Bg.

In order to study data dependence for the solutions set of the fractional integral
equation (4.1) we consider both (4.1) and the following fractional integral equation

1 t —5)97 g (s,2(s)) ds
w7 | =g st a

on J where g € C(J x X, X). Let S; be the solutions set of this equation.

z(t) = z(0) +

Theorem 4.4. Suppose the following conditions:
(E1) There exists a function | € C(J,Ry) such that

1t ur) = f(&u) | < UE)[[ur — well and |lg(t, ur) — g(t, uz)|| < UE)[[ur — uell
forallu; € X (i=1,2) and allt € J.
(E2) There exists a constant q1,q3 € (0,q) and functions m € Lot (J,R}), p €
1
L (J,Ry) such that
1f(t2) || < m(t) and [lg(t, z)|| < u(t)

forallz € X and ollt € J.
(E3) There exists a constant L > 0 such that

> 2max{M,V}
" T(g)min{(1+8)t~a, (1 +v)l-e}
(E4) There exists a constant g2 € (0,q) and functions n € Lé(LL Ry)

for allu € X and allt € J.

LoT?
(E5) o < 1.
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Then
NTA+M A —a2)
T(q)(1+v)t—92
Hio(8,81) < 751 o
T T(g+D)
where by H., we denote the Pompeiu-Hausdorff functional with respect to || -|c on
CI 1 (J, X).

Proof. Consider the operator
B, (CT (LX), |- lI) — (CL" (4, X), || - |B)
defined by

B, (z)(t) = xz(0) + - ] /0 (t—s)71g(s,x(s))ds, for t € J.

I(g)

Because of (E1)-(E3), A.,B. : (CI""(J,X),| - lg) — (CFT(J,X),| -|B) two
orbitally continuous operators. Moreover, we have

l42@n - @l < 575 [ (¢ — A ) (9) — o(5) s
< @ sl
for all 2 € C479(J, X). Similarly,
IB2@)0) = B.@)Ol] < FrIB(@) =zl
for all z € C7" 7 (J, X). It follows that
42(@) = A.@)le < 7 1A @) ol
I1B2(0) = Bufo)llc < g I1B@) — ol

Because of (E4),

|4+ (z) = B.(2)l 0

I -1
@/O(t—s) n(s)ds

NTO+1(1—g2)
I(q)(1+ )t
for all z € C7 7 (J, X).
By (E5) and applying Theorem 2.4 we obtain

NT+v)(1—a2)

T(g)(1+y)' 2
Hy o (Fa,, Fp,) < T LT

T T(g+1D)

and the theorem is proved. U
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Theorem 4.5. Suppose the following conditions:
(E1') There exists a constant L. > 0 such that

1f(t,ur) = ft u)l| < Luflur = wel| and [lg(t, u1) = g(t, u2)|| < Lufur = uo|

forallu; € X (i=1,2) and allt € J.
(E2 ) There exists a constant M, > 0 such that

[f(t2)]| < M. and |g(t,2)|| < M.

forallz € X and ollt € J. B
(E3') There exists a constant L > 0 such that
L> %
~I(g+1)
(E4{') There exists a constant n. > 0 such that

”f(tvu) - g(t’u)H < s

forallue X and ollt € J.
L,T9
(E5/) m < 1.
Then we have

1. T7
— Y CES)
Hyjo(S,81) < T
- Tt
where by H .|, we denote the Pompeiu-Hausdorff functional with respect to | -||c on

C%(LLX).
Proof. Consider the operator
defined by
I )
_— t—s)7"g(s,x(s))ds, fort € J.
w1 | =9 st

Applying (E1)-(E3'), A, B, : (C} (4. X), || - |lz) — (CL" " (4. X), || |z) two or-
bitally continuous operators. Moreover, we have
LT

B.(2)(t) = x(0) +

[ AL (2)(t) = Au(z)(@)|| < m”z*(ﬂﬁ) —zlle,
—2 — LTt
[B.(z)(t) — Bu(2)(®)]| < WHB*(%)—W&
for all z € CL(J, X). It follows that
-2 - LT
[AL () = A(@)]lc < WHA*(@ -l
1B () - Bo@lle £ e |[B(a) — ollc-

I'(g+1)
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Because of (E4’), we obtain
— — 1 ¢ N1
A.(z) — B.(x < —/ t—s)lnds < |
A -Belle < g [ -9) ey
for all z € CL(J, X).

By (E5’) and applying Theorem 2.4 we obtain the result and the theorem is proved. O
Similarly as above, we can prove

Theorem 4.6. Suppose the following:
(E1") There exists a constant L, > 0 such that

1t ur) = (8 ug)l| < Lufur = uel| and [lg(t, ur) = gt u2)[| < Luflur — us|

for allu; € Br (i=1,2) and all t € J.
(E2") There exists a constant M,(R) > 0 such that

[t 2)|| < Mu(R) and ||g(t, 2)|| < M.(R)
for all x € Br and all t € J with
M. (R)T?
R > ||+ =————.
> [le0)] +
(E3") There exists a constant L > 0 such that
L> 72M*(R).
~I(g+1)
(E4{') There exists a constant n. > 0 such that
1f () = g(t w)ll < .

for alluw € Bg and all t € J.
(B5) LI < 1.

D(q+1)
Then
n*Tq
5 T(g+1
Hyo(S8.81) < — e
RN CEEY)
where by F”‘HC we denote the Pompeiu-Hausdorff functional with respect to || - ||c on
C%(J, BgR).
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