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Abstract. Given a function defined on a square with one curved side, we consider some Bernstein-
type operators as well as their product and Boolean sum. Using the weakly Picard operators tech-
nique and the contraction principle, we study the convergence of the iterates of these operators.
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1. WEAKLY PICARD OPERATORS

We recall some results regarding weakly Picard operators that will be used in the
sequel (see, e.g., [15]).
Let (X, d) be a metric space and A : X — X an operator. We denote by
Fy:={z e X | A(x) = z}-the fixed point set of A;
I(A) ={Y C X | AY) CY, Y # (}-the family of the nonempty invariant
subset of A
AV =1y, AV:= A, .., A" :=A0A" neN.

Definition 1.1. The operator A : X — X is a Picard operator if there exists x* € X
such that:

(i) Fia = {2"};

(ii) the sequence (A™(xo))nen converges to x* for all zg € X.

Definition 1.2. The operator A is a weakly Picard operator if the sequence
(A™(z))nen converges, for all x € X, and the limit (which may depend on x) is a
fixed point of A.
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Definition 1.3. If A is a weakly Picard operator then we consider the operator
A>®, A*: X — X, defined by

A%(z) := lim A™(z).
Theorem 1.4. [15] An operator A is a weakly Picard operator if and only if there

exists a partition of X, X = |J X\, such that
A€EA

(a) Xy € I(4), VA € A
(b) Aly, : Xa — X is a Picard operator, YA € A.

2. BERNSTEIN TYPE OPERATORS ON A SQUARE WITH ONE CURVED SIDE

In [4] there are introduced some Bernstein-type operators on a square with one
curved side. In [3], [5] and [6] there have been introduced interpolation and Berstein-
type operators on triangles with some curved sides.

Given h > 0, let Dy, be the square with one curved side having the vertices V; =
(0,0), Vo = (h,0), V5 = (h,h) and V4 = (0, k), three straight sides I'1, I's, along the
coordinate axes and I's parallel to axis Oz, and the curved side I'y which is defined
by the function g, such that g(h) = ¢g(0) = h (see Figure 1).

V,(0.h) (x,h) Vg(h,h)
r3
r
I’2 4
0.y) x.y) (9y).y)
r1
V,(0,0) (x.0) V,(h,0)

Figure 1. The square Dy,.

Let F be a real-valued function defined on Dj, and (0,y), (9(y),y), respectively,
(z,0), (x,h) be the points in which the parallel lines to the coordinate axes, passing
through the point (z,y) € Dy, intersect the sides T's, T'y, respectively I'y and I's. We
consider the uniform partitions of the intervals [0, g(y)] and [0, k], y € [0,h], AZ, =
{Lg(y)] i=0,m} and AY = {%h| j =0,n} and the Bernstein-type operators B,
and BY defined by

i=0
with
m = 1 = m—1
Pm.i (2,y) = (z) [g_y)} {1_9(@/)} ’
respectively,

(BLF) (w,9) =) dnj (2,9) F (2, 1h) (2.2)
§=0
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with

i ) = (1) (B -1

J

Theorem 2.1. [4] If F is a real-valued function defined on Dy, then we have

(1) BEF =F onTyUTy;
BYF =F on T UT}3,

(2) (Bheij) (x,y) =2y, i=0,1;j€EN;
(Byeij) (x,y) =a'y’, i €N; j=0,1.

Remark 2.2. The interpolation properties of B F' and BYF' are illustrated in Figures
2 and 3. The bold sides indicate the interpolation sets.

V,(0,h) V,(h,h) V,(0.h

r, 4
I_1
V,(0,0) V,(h,0) V,(0,0) V,(h,0)
Figure 2. Interpolation Figure 3. Interpolation
domain for BZ F. domain for By F.
Let P, = B}, BY, respectively, Qnm = BYB} be the products of the operators
B and BY. We have
(P F) (2,9) =3 pmi (2,9) @n 5 (Z% y) F(l%ﬂ%) (2.3)
i=0 j=0
respectively,
(Qan) (‘Tu y) = Z me,i (CL‘,]%) dn,j (ZE, y) F(#g(]%)vj%) . (2'4)
i=0 j=0

Theorem 2.3. [4] If F is a real-valued function defined on Dy, then:
(1) (PanF)(Vi) = F(V3), =14
(Qan)(‘/l) :F(V;)v i=1,..,

(2) (Pmnel]) (%y) = xlyja 1= 07 17 j = 717
We consider the Boolean sums of the operators B, and BY, i.e.,

Smn = B% @ BY = B® + BY — B* BY (2.5)

m n?

4.
0

respectively,
Tom =B ® B} =BY+ B — BYB_,. (2.6)
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3. ITERATES OF BERNSTEIN TYPE OPERATORS

Let F' be a real-valued function defined on Dy, h € Ry.

Using the weakly Picard operators technique and the contraction principle, we
obtain the following results regarding the convergence of the iterates of the Bernstein-
type operators (2.1) and (2.2) and of their product and Boolean sum operators (2.3),
(2.4), (2.5) and (2.6). The same approach for some other linear and positive operators
lead to similar results in [1], [2], [16]-[18].

The limit behavior for the iterates of some classes of positive linear operators were
also studied, for example, in [7]-[14].

Theorem 3.1. The operators B, and BY are weakly Picard operators and

(B (o) = F (0.9) 4 T 2200, (3.1)
(BEF) (2.9) = F (2,0) 4 T2 DF@0), (3.2

Proof. Taking into account the interpolation properties of BZ, and BY (from Theorem
2.1), let be

xW ={FeC(Dyn) | F(0,9) = ¢lr,, F(9(y),y) = ¢lp,}, fory e [0,h],
4%"1*21%7‘1‘4
Xﬁ)plﬁwm ={F eC(Dy) | F(z,0) = ¢lr,, Fx,h) = ¢lp,}, for x €0,

and denote by

elr, — #lr
F(l) — 4 2
elrys elr, (#,9) = ¢, + 9(y) L
2) , Ylp, — ¥Ip
Fi vty (@) 1= 0, + =y,
with ¢, 9 € C(Dp).
We have the following properties:
. 1 2
(i) XEP\)rzvsalm and ngl)rlwaFS are closed subsets of C'(Dy,);
(i) X fpl‘)r olr is an invariant subset of B¥, and X Sjl)p e is an invariant subset
2’ 4 1’ 3
of BY, for ¢,v € C(Dy) and n,m € N*;
o (1) _ ®) s
(i) C(Dp) = wGCL%Dh,)XWIFz’WIFAL and C(Dp) = ’l[}ECL%Dh,)XwIFl’wIFS are partitions
of C(Dh);
: € ) ) 2
(iv) F@|r27%0|r4 € prywm NFpz and Fw‘l"ﬂw'l"a € XWFFWF3 NFpgy, where Fga

and Fpy denote the fixed points sets of B}, and BY.

The statements (i) and (i4i) are obvious.
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(74) By linearity of Bernstein operators and Theorem 2.1, it follows that

) S (2) @)
YE oty ley € Kol ole, VG e, € Xy, gy, W have
z (1) (D
BrF o oln, (@0) = Fop o (@:9),
y ;(2) _ 2
Ban‘Fl’wlFs (557 y) - Fw\rl’wh"s (ZE, y)
So, X W and X2 are invariant subsets of B, and, respectively, of BY, for
‘P|F27‘P|r‘4 ’I,ZJ‘F17’¢'|F3 m 4
©, € C(Dy) and n,m € N*;
(iv) We prove that
o x W @) y .y (2) (2)
Ble(cpl\)rgwp\m -XWF2"/"F4 - Xﬁ"|r27¥’|r4 and Ban(wz\)rl’dJWS -Xw‘l—‘17w|r‘3 - Xw\rlxw\m

are contractions for ¢, ¢ € C(Dy,) and n,m € N*.
Let F,G e X1 . From (2.1) we have

S"IF2:‘P‘F4

1By (F)(2,y) = By (G)(x,y)| = B, (F = G)(z,y)| <

<p-(-55) - (@) [1r-oies
< (1- 5= ) 1P = Gl

where ||-||, denotes the Chebyshev norm. So,

1B (F) (2, 9) = Bi(G)(,9) o < <1 - 2m_1) IF =Gl VF.G € X))

S"|r27§0|r47

ie, Bhl o is a contraction for ¢ € C(Dp,).
#lry s elry
Analogously we have

1
2n71

|BL(F) (2, y) — BYG) (9. < (1 - ) \F—Gll.. V.G e X2

Ylpy¥lpy”

e, Bil is a contraction for v € C(Dy).
1//\1‘1,#’\{‘3

ol — ol 1 Plp, — |
On the other hand, <,0|F2 + W() € XS@\)FQ#"M’ 2/1|r1 + %() €

x® are fixed points of BY, and BY, i.e.,

elp, — ¢lr,
9(y) 9(y)

ETR L S S L L)

. elp, = #lr,
B2 (¢lp, + () = olp, + 12 (),
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. .. (1) L elr,—¢lr, . .
From the contraction principle, F¢|r27¢|r4 (x,y) = 90|F2 Ty v s the unique

and Bfn|X(1)

#lry s ®lry

(Bac,ooF) (I y) :F(O y)+ F(g(y)vy) _F(Ovy)x

9(y)

fixed point of BY, in X/

is a Picard operator, with
‘r27¥7‘r4

My is the unique fixed point of BY

and, similarly, Fffl)rlerg (z,y) = Ylp, +
in x®

Wiey Vg and B is a Picard operator, with

w\pl,w\p3
F(z,h) — F(x,0)
I v

Consequently, taking into account (ii), by Theorem 1.4 it follows that the operators
B? and BY are weakly Picard operators. (]

(BR™F) (x,y) = F (x,0) +

Theorem 3.2. The operators P, and Qny, are weakly Picard operators and
F(h,0)— F(0,0 F(0,h) — F(0,0
(h0) = F.0)  F(O.h) = F(0.0)

(Pon ) (z,y) = F(0,0) + e - (3.3)
| F(0,0) = F(0,h) = F(h,0) + F(h, h)
9(y)h .
Qo F) (z,y) = F(0,0) + F(h’())g(_y;?(o’o)x L EON ; F(O’my (3.4)
| F(0,0) = F(0,h) = F(h,0) + F(h, h)
9(y)h v

Proof. Let
Xa,pq6 ={F € C(Dy) | F(0,0) =, F(0,h) = 3,F(h,h) =7, F(h,0) =6}

and denote by

0—« 0 -« a—F—-350+7v
Foprs(z,y) i=a+ T+ +
#i1:8(@0) 9(y) n Y 9(y)h

with «, 8,7,6 € R.
We remark that

(1) Xa g,4,6 is closed subset of C'(Dp);
(ii) Xa,8,4,6 is an invariant subset of P, and Qnm, for a, 5,7,0 € Rand n,m €
N*;
(iii) C(Dyp) = BU 5Xa’ﬁ’7’5 is a partition of C'(Dy);
.87,
(iv) Fapro € Xapys N Fp,, and Fo gy € Xapy60Fg,,, where Fp, and

Fg,,,, denote the fixed points sets of P, and Q.

The statements (¢) and (i) are obvious.

(4¢) Similarly with the proof of Theorem 3.1, by linearity of Bernstein operators and
Theorem 2.3, it follows that X, g, s is an invariant subset of P, and, respectively,
of Qnm, for a, 8,7v,6 € R and n,m € N*;
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(iv) We prove that

Prnlx : Xa,8v,0 = Xapy,s and Qumlx : Xa,8,7,6 = Xa,8,7,6

a,B3,7,6 a,B3,7,6

are contractions for a,3,7,6 € R and n,m € N*. Let F,G € X, 3,,5. From [2,
Lemma 8] it follows that

| P (F) (@, y) = P (G) (2, y)| = [P (F = G) (2, )| <

< (1- 2>||F Gl
So,

1
P ()00 = (@) < (1= gims ) IF = Gl V.G € Koo

ie., Pmn|Xa,B,'y,6 is a contraction for a, 3,,6 € R. Analogously, we have

1
1@ (F)(z:9) = Q@) = (1= gt ) IF = Gl YFLG € Ko

e., Qnm|Xa s is a contraction for a, 3,7, € R.
We have that

0—« 08—« a—ﬁ—(5—|—7x

Foprs(x,y) =a+ x+ +
prra(@:v) 9(y) n Y 9(y)h
and
e B—a a—B—-56+7 )
Pon |l o+ T+ + T
( 9(y) n Y 9(y)h Y
0—« f—a a—fB—-50+7y
=oa+ T+ + Ty,
9(y) nY 9(y)h Y
0—« 8-« a—03-50+7v >
nm | o+ xr + + T
© < 9(y) n Y 9(y)h Y
0—« 00—« a—0B—350+~
=+ T + + xY.
9(y) n Y 9(y)h Y

From the contraction principle we have that F, 3. s is the unique fixed point of
P in Xo 4,6 and Pm”|Xa,a,w,a is a Picard operator and, respectively, Fy g5 is
the unique fixed point of Qpnm in Xo g,y,5 and Qnm|xa s is a Picard operator, so
(3.3) and (3.4) hold. Consequently, taking into account (i%), by Theorem 1.4 it follows
that the operators P, and @, are weakly Picard operators. (I
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Theorem 3.3. The operator Sy, is weakly Picard operator and

+ x
9(y)
N F(z,h) — F(:E,O)f—LF(O,h) +F(0,0)y
_ F(0,0) = F(0,h) = F(h,0) + F(h,h)
9(y)h

Proof. The proof follows the same steps as in the previous theorems but using the
following inequality

1 1 1
1S (F)0:3) = Sonn( @)} < |1~ (g + g5 — gtz ) | 1F = Gl

in order to prove that S,,, is a contraction. [l

Remark 3.4. We have an analogous result for the operator Ty, .
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