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1. Weakly Picard operators

We recall some results regarding weakly Picard operators that will be used in the
sequel (see, e.g., [15]).

Let (X, d) be a metric space and A : X → X an operator. We denote by

FA := {x ∈ X | A(x) = x}-the fixed point set of A;

I(A) := {Y ⊂ X | A(Y ) ⊂ Y, Y 6= ∅}-the family of the nonempty invariant

subset of A

A0 := 1X , A
1 := A, ..., An+1 := A ◦An, n ∈ N.

Definition 1.1. The operator A : X → X is a Picard operator if there exists x∗ ∈ X

such that:
(i) FA = {x∗};
(ii) the sequence (An(x0))n∈N converges to x∗ for all x0 ∈ X.

Definition 1.2. The operator A is a weakly Picard operator if the sequence
(An(x))n∈N converges, for all x ∈ X, and the limit (which may depend on x) is a
fixed point of A.

97



98 TEODORA CĂTINAŞ AND DIANA OTROCOL

Definition 1.3. If A is a weakly Picard operator then we consider the operator
A∞, A∞ : X → X, defined by

A∞(x) := lim
n→∞

An(x).

Theorem 1.4. [15] An operator A is a weakly Picard operator if and only if there
exists a partition of X, X =

⋃

λ∈Λ

Xλ, such that

(a) Xλ ∈ I(A), ∀λ ∈ Λ;
(b) A|Xλ : Xλ → Xλ is a Picard operator, ∀λ ∈ Λ.

2. Bernstein type operators on a square with one curved side

In [4] there are introduced some Bernstein-type operators on a square with one
curved side. In [3], [5] and [6] there have been introduced interpolation and Berstein-
type operators on triangles with some curved sides.

Given h > 0, let Dh be the square with one curved side having the vertices V1 =
(0, 0), V2 = (h, 0), V3 = (h, h) and V4 = (0, h), three straight sides Γ1, Γ2, along the
coordinate axes and Γ3 parallel to axis Ox, and the curved side Γ4 which is defined
by the function g, such that g(h) = g(0) = h (see Figure 1).
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Figure 1. The square Dh.

Let F be a real-valued function defined on Dh and (0, y), (g(y), y), respectively,
(x, 0), (x, h) be the points in which the parallel lines to the coordinate axes, passing
through the point (x, y) ∈ Dh, intersect the sides Γ2, Γ4, respectively Γ1 and Γ3. We
consider the uniform partitions of the intervals [0, g(y)] and [0, h], y ∈ [0, h], ∆x

m =
{

i
m
g(y)

∣

∣ i = 0,m
}

and ∆y
n =

{

j
n
h
∣

∣ j = 0, n
}

and the Bernstein-type operators Bxm
and Byn defined by

(BxmF ) (x, y) =
m

∑

i=0

pm,i (x, y)F
(

i
m
g(y), y

)

, (2.1)

with

pm,i (x, y) =

(

m

i

)

[

x
g(y)

]i [

1 − x
g(y)

]m−i

,

respectively,

(BynF ) (x, y) =
n

∑

j=0

qn,j (x, y)F
(

x, j
n
h
)

(2.2)
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with

qn,j (x, y) =

(

n

j

)

(

y
h

)j (

1 − y
h

)n−j
.

Theorem 2.1. [4] If F is a real-valued function defined on Dh then we have

(1) BxmF = F on Γ2 ∪ Γ4;
BynF = F on Γ1 ∪ Γ3,

(2) (Bxmeij) (x, y) = xiyj, i = 0, 1; j ∈ N;
(Byneij) (x, y) = xiyj , i ∈ N; j = 0, 1.

Remark 2.2. The interpolation properties of BxmF and BynF are illustrated in Figures
2 and 3. The bold sides indicate the interpolation sets.
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Figure 2. Interpolation
domain for BxmF.
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Figure 3. Interpolation
domain for BnyF.

Let Pmn = BxmB
y
n, respectively, Qnm = BynB

x
m be the products of the operators

Bxm and Byn. We have

(PmnF ) (x, y)=

m
∑

i=0

n
∑

j=0

pm,i (x, y) qn,j

(

i
g(y)
m
, y

)

F
(

i
g(y)
m
, j h
n

)

, (2.3)

respectively,

(QnmF ) (x, y)=

m
∑

i=0

n
∑

j=0

pm,i
(

x, j h
n

)

qn,j (x, y)F
(

i
m
g(j h

n
), j h

n

)

. (2.4)

Theorem 2.3. [4] If F is a real-valued function defined on Dh then:

(1) (PmnF )(Vi) = F (Vi), i = 1, ..., 4;
(QnmF )(Vi) = F (Vi), i = 1, ..., 4.

(2) (Pmneij) (x, y) = xiyj , i = 0, 1; j = 0, 1;
(Qnmeij) (x, y) = xiyj , i = 0, 1; j = 0, 1.

We consider the Boolean sums of the operators Bxm and Byn, i.e.,

Smn := Bxm ⊕Byn = Bxm +Byn −BxmB
y
n, (2.5)

respectively,

Tnm := Byn ⊕Bxm = Byn +Bxm −BynB
x
m. (2.6)
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3. Iterates of Bernstein type operators

Let F be a real-valued function defined on Dh, h ∈ R+.

Using the weakly Picard operators technique and the contraction principle, we
obtain the following results regarding the convergence of the iterates of the Bernstein-
type operators (2.1) and (2.2) and of their product and Boolean sum operators (2.3),
(2.4), (2.5) and (2.6). The same approach for some other linear and positive operators
lead to similar results in [1], [2], [16]-[18].

The limit behavior for the iterates of some classes of positive linear operators were
also studied, for example, in [7]-[14].

Theorem 3.1. The operators Bxm and Byn are weakly Picard operators and

(Bx,∞m F ) (x, y) = F (0, y) +
F (g(y), y) − F (0, y)

g(y)
x, (3.1)

(By,∞n F ) (x, y) = F (x, 0) +
F (x, h) − F (x, 0)

h
y. (3.2)

Proof. Taking into account the interpolation properties of Bxm and Byn (from Theorem
2.1), let be

X
(1)
ϕ|Γ2

, ϕ|Γ4

= {F ∈ C(Dh) | F (0, y) = ϕ|Γ2
, F (g(y), y) = ϕ|Γ4

}, for y ∈ [0, h],

X
(2)
ψ|Γ1

,ψ|Γ3

= {F ∈ C(Dh) | F (x, 0) = ψ|Γ1
, F (x, h) = ψ|Γ3

}, for x ∈ [0, h],

and denote by

F
(1)
ϕ|Γ2

, ϕ|Γ4

(x, y) := ϕ|Γ2
+
ϕ|Γ4

− ϕ|Γ2

g(y)
x,

F
(2)
ψ|Γ1

,ψ|Γ3

(x, y) := ψ|Γ1
+
ψ|Γ3

− ψ|Γ1

h
y,

with ϕ, ψ ∈ C(Dh).
We have the following properties:

(i) X
(1)
ϕ|Γ2

, ϕ|Γ4

and X
(2)
ψ|Γ1

,ψ|Γ3

are closed subsets of C(Dh);

(ii) X
(1)
ϕ|Γ2

, ϕ|Γ4

is an invariant subset of Bxm and X
(2)
ψ|Γ1

, ψ|Γ3

is an invariant subset

of Byn, for ϕ, ψ ∈ C(Dh) and n,m ∈ N
∗;

(iii) C(Dh) = ∪
ϕ∈C(Dh)

X
(1)
ϕ|Γ2

,ϕ|Γ4

and C(Dh) = ∪
ψ∈C(Dh)

X
(2)
ψ|Γ1

,ψ|Γ3

are partitions

of C(Dh);

(iv) F
(1)
ϕ|Γ2

, ϕ|Γ4

∈ X
(1)
ϕ|Γ2

, ϕ|Γ4

∩FBxm and F
(2)
ψ|Γ1

, ψ|Γ3

∈ X
(2)
ψ|Γ1

,ψ|Γ3

∩FByn , where FBxm
and FByn denote the fixed points sets of Bxm and Byn.

The statements (i) and (iii) are obvious.
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(ii) By linearity of Bernstein operators and Theorem 2.1, it follows that

∀F
(1)
ϕ|Γ2

, ϕ|Γ4

∈ X
(1)
ϕ|Γ2

,ϕ|Γ4

and ∀F
(2)
ψ|Γ1

, ψ|Γ3

∈ X
(2)
ψ|Γ1

, ψ|Γ3

we have

BxmF
(1)
ϕ|Γ2

, ϕ|Γ4

(x, y) = F
(1)
ϕ|Γ2

,ϕ|Γ4

(x, y),

BynF
(2)
ψ|Γ1

, ψ|Γ3

(x, y) = F
(2)
ψ|Γ1

, ψ|Γ3

(x, y).

So, X
(1)
ϕ|Γ2

, ϕ|Γ4

and X
(2)
ψ|Γ1

, ψ|Γ3

are invariant subsets of Bxm and, respectively, of Byn, for

ϕ, ψ ∈ C(Dh) and n,m ∈ N
∗;

(iv) We prove that

Bxm|
X

(1)

ϕ|Γ2
, ϕ|Γ4

:X
(1)
ϕ|Γ2

,ϕ|Γ4

→ X
(1)
ϕ|Γ2

, ϕ|Γ4

and Byn|X(2)

ψ|Γ1
, ψ|Γ3

:X
(2)
ψ|Γ1

, ψ|Γ3

→ X
(2)
ψ|Γ1

, ψ|Γ3

are contractions for ϕ, ψ ∈ C(Dh) and n,m ∈ N
∗.

Let F,G ∈ X
(1)
ϕ|Γ2

, ϕ|Γ4

. From (2.1) we have

|Bxm(F )(x, y) −Bxm(G)(x, y)| = |Bxm(F −G)(x, y)| ≤

≤

∣

∣

∣

∣

1 −

(

1 −
x

g(y)

)m

−

(

x

g(y)

)m∣

∣

∣

∣

· ‖F −G‖∞ ≤

≤

(

1 −
1

2m−1

)

‖F −G‖∞ ,

where ‖·‖∞ denotes the Chebyshev norm. So,

‖Bxm(F )(x, y) −Bxm(G)(x, y)‖∞ ≤

(

1 −
1

2m−1

)

‖F −G‖∞ , ∀F,G ∈ X
(1)
ϕ|Γ2

, ϕ|Γ4

,

i.e., Bxm|
X

(1)

ϕ|Γ2
, ϕ|Γ4

is a contraction for ϕ ∈ C(Dh).

Analogously we have

‖Byn(F )(x, y) −Byn(G)(x, y)‖∞ ≤

(

1 −
1

2n−1

)

‖F −G‖∞ , ∀F,G ∈ X
(2)
ψ|Γ1

, ψ|Γ3

,

i.e., Byn|X(2)

ψ|Γ1
, ψ|Γ3

is a contraction for ψ ∈ C(Dh).

On the other hand, ϕ|Γ2
+

ϕ|Γ4
−ϕ|Γ2

g(y) (·) ∈ X
(1)
ϕ|Γ2

, ϕ|Γ4

, ψ|Γ1
+

ψ|Γ3
−ψ|Γ1

h
(·) ∈

X
(2)
ψ|Γ1

, ψ|Γ3

are fixed points of Bxm and Byn, i.e.,

Bxm(ϕ|Γ2
+
ϕ|Γ4

− ϕ|Γ2

g(y)
(·)) = ϕ|Γ2

+
ϕ|Γ4

− ϕ|Γ2

g(y)
(·),

Byn(ψ|Γ1
+
ψ|Γ3

− ψ|Γ1

h
(·)) = ψ|Γ1

+
ψ|Γ3

− ψ|Γ1

h
(·).
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From the contraction principle, F
(1)
ϕ|Γ2

, ϕ|Γ4

(x, y) := ϕ|Γ2
+

ϕ|Γ4
−ϕ|Γ2

g(y) x is the unique

fixed point of Bxm in X
(1)
ϕ|Γ2

,ϕ|Γ4

and Bxm|
X

(1)

ϕ|Γ2
, ϕ|Γ4

is a Picard operator, with

(Bx,∞m F ) (x, y) = F (0, y) +
F (g(y), y) − F (0, y)

g(y)
x,

and, similarly, F
(2)
ψ|Γ1

, ψ|Γ3

(x, y) := ψ|Γ1
+

ψ|Γ3
−ψ|Γ1

h
y is the unique fixed point of Byn

in X
(2)
ψ|Γ1

, ψ|Γ3

and Byn|X(2)

ψ|Γ1
, ψ|Γ3

is a Picard operator, with

(By,∞n F ) (x, y) = F (x, 0) +
F (x, h) − F (x, 0)

h
y.

Consequently, taking into account (ii), by Theorem 1.4 it follows that the operators
Bxm and Byn are weakly Picard operators. �

Theorem 3.2. The operators Pmn and Qnm are weakly Picard operators and

(P∞
mnF ) (x, y) = F (0, 0) +

F (h, 0) − F (0, 0)

g(y)
x+

F (0, h) − F (0, 0)

h
y (3.3)

+
F (0, 0) − F (0, h) − F (h, 0) + F (h, h)

g(y)h
xy,

(Q∞
nmF ) (x, y) = F (0, 0) +

F (h, 0) − F (0, 0)

g(y)
x+

F (0, h) − F (0, 0)

h
y (3.4)

+
F (0, 0) − F (0, h) − F (h, 0) + F (h, h)

g(y)h
xy.

Proof. Let

Xα,β,γ,δ = {F ∈ C(Dh) | F (0, 0) = α, F (0, h) = β, F (h, h) = γ, F (h, 0) = δ}

and denote by

Fα,β,γ,δ(x, y) := α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy

with α, β, γ, δ ∈ R.

We remark that

(i) Xα,β,γ,δ is closed subset of C(Dh);
(ii) Xα,β,γ,δ is an invariant subset of Pmn and Qnm, for α, β, γ, δ ∈ R and n,m ∈

N
∗;

(iii) C(Dh) = ∪
α,β,γ,δ

Xα,β,γ,δ is a partition of C(Dh);

(iv) Fα,β,γ,δ ∈ Xα,β,γ,δ ∩ FPmn and Fα,β,γ,δ ∈ Xα,β,γ,δ ∩ FQnm , where FPmn and
FQnm denote the fixed points sets of Pmn and Qnm.

The statements (i) and (iii) are obvious.
(ii) Similarly with the proof of Theorem 3.1, by linearity of Bernstein operators and

Theorem 2.3, it follows that Xα,β,γ,δ is an invariant subset of Pmn and, respectively,
of Qnm, for α, β, γ, δ ∈ R and n,m ∈ N

∗;
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(iv) We prove that

Pmn|Xα,β,γ,δ : Xα,β,γ,δ → Xα,β,γ,δ and Qnm|Xα,β,γ,δ : Xα,β,γ,δ → Xα,β,γ,δ

are contractions for α, β, γ, δ ∈ R and n,m ∈ N
∗. Let F,G ∈ Xα,β,γ,δ. From [2,

Lemma 8] it follows that

|Pmn(F )(x, y) − Pmn(G)(x, y)| = |Pmn(F −G)(x, y)| ≤

≤

(

1 −
1

2m+n−2

)

‖F −G‖∞ .

So,

‖Pmn(F )(x, y) − Pmn(G)(x, y)‖∞ ≤

(

1 −
1

2m+n−2

)

‖F −G‖∞ , ∀F,G ∈ Xα,β,γ,δ,

i.e., Pmn|Xα,β,γ,δ is a contraction for α, β, γ, δ ∈ R. Analogously, we have

‖Qnm(F )(x, y) −Qnm(G)(x, y)‖∞ ≤

(

1 −
1

2m+n−2

)

‖F −G‖∞ , ∀F,G ∈ Xα,β,γ,δ,

i.e., Qnm|Xα,β,γ,δ is a contraction for α, β, γ, δ ∈ R.

We have that

Fα,β,γ,δ(x, y) := α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy

and

Pmn

(

α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy

)

= α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy,

Qnm

(

α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy

)

= α+
δ − α

g(y)
x+

β − α

h
y +

α− β − δ + γ

g(y)h
xy.

From the contraction principle we have that Fα,β,γ,δ is the unique fixed point of
Pmn in Xα,β,γ,δ and Pmn|Xα,β,γ,δ is a Picard operator and, respectively, Fα,β,γ,δ is

the unique fixed point of Qnm in Xα,β,γ,δ and Qnm|Xα,β,γ,δ is a Picard operator, so

(3.3) and (3.4) hold. Consequently, taking into account (ii), by Theorem 1.4 it follows
that the operators Pmn and Qnm are weakly Picard operators. �
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Theorem 3.3. The operator Smn is weakly Picard operator and

(S∞
mnF ) (x, y) = F (0, y) + F (x, 0) − F (0, 0)

+
F (g(y), y) − F (0, y) − F (h, 0) + F (0, 0)

g(y)
x

+
F (x, h) − F (x, 0) − F (0, h) + F (0, 0)

h
y

−
F (0, 0) − F (0, h) − F (h, 0) + F (h, h)

g(y)h
xy.

Proof. The proof follows the same steps as in the previous theorems but using the
following inequality

‖Smn(F )(x, y) − Smn(G)(x, y)‖∞ ≤

[

1 −

(

1

2m−1
+

1

2n−1
−

1

2m+n−2

)]

‖F −G‖∞ ,

in order to prove that Smn is a contraction. �

Remark 3.4. We have an analogous result for the operator Tnm.
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[3] P. Blaga, T. Cătinaş, G. Coman, Bernstein-type operators on triangle with one curved side,

Mediterr. J. Math., 10(2013), 10.1007/s00009-011-0156-2, in press.
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Math., 47(2002), no. 4, 101-104.

[17] I.A. Rus, Iterates of Bernstein operators, via contraction principle, J. Math. Anal. Appl.,
292(2004), 259-261.

[18] I.A. Rus, Fixed point and interpolation point set of a positive linear operator on C(D), Studia
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