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Abstract. In this manuscript, three new KT-types cyclic orbital contractions are defined and some
related best proximity point theorems are given. Also, the notion of KT-type cyclic orbital Meir-
Keeler contraction is defined and some fixed point theorems for this class of mappings are proved.
The results of this manuscript generalize some theorems, on the same subject, of several authors,
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1. INTRODUCTION AND PRELIMINARIES

Let A and B be two non-empty subsets of a metric space (X,d) and T : AU B —
AU B be a mapping. A self-mapping T is called a cyclic map if T(A) C B and
T(B) C A. We denote the set of all fixed points of T {z* € AU B : z* = Tx*}, by
Fix(T).

A point € AU B is called a best prozimity point of T if d(x, Tx) = d(A, B) where
d(A, B) = inf{d(a,b) : a € A,b € B}. It is clear that a fixed point z € AU B of a
cyclic map T is a best proximity point of T' if the sets A and B have a non-empty
intersection.

The notions of cyclic contraction and best proximity points were introduced and
studied by Kirk-Srinavasan-Veeramani in [6]. Recently, many authors have focused
on these topics, (see for instance [2, 3, 8, 1, 9, 4, 10, 5, 7] and the reference therein).

In 2003, Kirk-Srinavasan-Veeramani [6] proved the following fixed point theorem
as a generalization of Banach contraction principle:
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Theorem 1.1. Let A and B be two non-empty closed subsets of a complete metric
space (X,d). Suppose that T : AUB — AU B is a map satisfying T(A) C B and
T(B) C A and there exists k € (0,1) such that d(Tz,Ty) < kd(z,y) for all z € A
and y € B. Then, T has a unique fized point in AN B.

In this manuscript, new cyclic orbital contractions called KT-types are defined and
some related best proximity point theorems are given about them. Also, the notion
of KT-type cyclic orbital Meir-Keeler contraction is defined and some fixed point
theorems are proved.

2. KT-TYPES CYCLIC ORBITAL CONTRACTIONS

Definition 2.1. (See [4]) Let A and B be non-empty subsets of a metric space (X, d).
A cyclicmap T : AUB — AU B is said to be a cyclic orbital contraction if for some
x € A there exists a k, € (0,1) such that

d(T?"z, Ty) < k,d(T*"'2,y) (2.1)
for all n € N and y € A.
We generalize the definition above as follows:

Definition 2.2. Let A and B be non-empty subsets of a metric space (X,d) and
T:AUB — AU B be a cyclic map. If there is x € A and there exists a k, € (0, 3)
such that either

d(T?"x, Ty) < kp[d(T* 'a, T?"22) + d(Ty,y)] or (2.2)
d(T?"x, Ty) < ko [d(T*" " ,y) + d(Ty,y)] or (2.3)
ATz, Ty) < ko [d(T?" ", y) + d(T*" 22, Ty)] (2.4)

holds for all n € IN and y € A, then T is said to be a cyclic orbital contraction of type
KTy, KT,, KTj3, respectively.

Theorem 2.3. (See [4]) Let A and B be two non-empty closed subsets of a complete
metric space (X,d) and T : AUB — AU B be a cyclic orbital contraction. Then
AN B is non-empty and T has a unique fized point.

Inspired by Theorem 2.3 we will prove now the following theorem.

Theorem 2.4. Let A and B be non-empty closed subsets of a complete metric space
(X,d) and T : AUB — AU B be a KT;-type cyclic orbital contraction. Then AN B
is non-empty and T has a unique fized point.

Proof. Assume that there exists © € A satisfying (2.2). Then taking = instead of y,
we have
d(T?*z,Tz) < ky[d(Tx,x) + d(Tz, )]
and so
d(T?z,Tx) < t,d(Tx,x), where t, = 2k, € (0,1).
Similarly we have
A(T%2, T2) = d(T(Lx), T(L2)) < tud(Tu,u) < (t,)(t) (T, 2),

u u
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where t,, € (0,1) and
AT, T0) = d(T*(T2). T T2) < (L)(t)A(Tu,0) < (6)%(E)d(Ta,2).

u u

Therefore for any n € IN, we have
d(T" Mz, Tm2) < (t,)" ' (t,)d(Tz,z), t, € (0,1),n € N.

Consequently,
oo
Zd T”Jrlx Tn SZ T],‘ 3?)<007 tl.6(071),7’l€]N-
n=1 n=1

Thus, {T"z} is a Cauchy sequence. Hence, there exists a z € AU B such that
Tz — z. Notice that {T?"z} is a sequence in A and {T?" "'z} is a sequence in
B. Both sequences tend to the same limit z. Since A and B are closed, we conclude
z € AN B. Hence, AN B # ().

We claim that Tz = z. Since d(T?"x,T2) < ky.[d(T?" 12, T?"2z) + d(T2, 2)], then
taking the limit we obtain d(z,Tz) < ky.[d(z,2) 4+ d(T'z,z)]. Using that k, € (0, 1),
we get d(T'z,z) = 0 and thus Tz = z.

To prove the uniqueness of z, assume that there exists w € AU B such that z # w
and Tw = w. Since T is a cyclic map, we get w € AN B. So, d(z,w) = d(Tz,Tw) =
d(T(Tz),Tw) = d(T?z,Tw) < k.[d(Tz,2) + d(Tw,w)] = 0, which concludes that
z = w. Hence z is the unique fixed point of T O

We will present now a data dependence result for the fixed points of a KTi-type
cyclic orbital contraction. Usually, the data dependence phenomena holds if for two
7very closed” operators, the fixed points of it are not ”too far” one from the other.
In our case, a term depending on the ”special” point x € X appears.

Theorem 2.5. Let A and B be non-empty closed subsets of a complete metric space
(X,d) and T,S : AUB — AU B such that:

(i) T is a KTy -type cyclic orbital contraction (with constant kZ);

(i) there exists x5 € Fiz(S)NA;

(i) there exist n > 0 such that d(Tx, Sx) <, for each x € AN B.
Then d(x%, x%) < 2kid(Tx,x) + (1 + kX)n, where a7, is the unique fized point of T

Proof. By Theorem 2.4 we know that Fiz(T) = {z%}. Since there exists x € A
satisfying (2.2), we have:
d(ah,z%) < d(T?z,x%) +d(T?x,2%) = d(T?x, Tx%) + d(T?z, x%)

< d(T%z,Txy) + d(T?x, Tx%) + d(Tz, S(z%))

< ki (d(Tz,x) + d(Txy, 7)) + ki (d(Tz, 2) + d(Txg, 25)) +1

= 2k3d(Tw,x) + (14 k7).
Thus

(a7, x%) < 2kid(Tx, ) + (1+ k).
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Notice that, if x € X is a fixed point for 7', then we obtain the classical data
dependence of the fixed points, i.e.,
d(z}, z5) < (1 +k3)n.

We present now a well-posedness result for the fixed point problem related to a KT;-
type cyclic orbital contraction. Again, a term involving d(Tx,x) (where x € X is the
special point from the definition of a KT mapping) appears.

Theorem 2.6. Let A and B be non-empty closed subsets of a complete metric space
(X,d) and T : AUB — AU B such that:

(i) T is a KTi-type cyclic orbital contraction (with some constant kX, where
xeX);

(ii) there exists a sequence {xptnen C A such that d(x,,Tx,) — 0 as n — +oo.

Then d(xn, z%) — 2kid(Tz, x) as n — +oo (where x7 is the unique fized point of T').

Proof. Let {x,} C A be such that d(z,,Tz,) — 0 as n — +o00. Consider again the
point z € A satisfying (2.2). Then we have:
d(xn, 2%) < d(xp, Txy) + d(Tay, T2 x) + d(T?2, 25)
=d(xp, Tx,) + d(T?x, Tx,,) + d(T?x, Txh)
<d(zp,Tx,) + ki (d(Tx,x) + d(Tp, 20)) + ki (d(Tz,2) + d(Txh, 2%))
= (14 k})d(zn, Tay) + 2k;d(Tx, x) — 2kid(Txz, x) as n — 4o0.
(]

Note that, as before, if x € X is a fixed point for T, then we obtain the usual
well-posedness results for the fixed point of T, i.e., d(zy,,z%) — 0 as n — +o0.

Remark 2.7. If T : AUB — AUB is a KTs-type cyclic orbital contraction or a KT;-
type cyclic orbital contraction, then similar existence, uniqueness, data dependence
and well-posedness results for the fixed point problem can be analogously obtained.

Let us illustrate the application of Theorem 2.4.

Example 2.8. Consider the usual metric space (R, d), where d(x,y) = |z — y|. Let
A =[-1,0] and B = [0, 1] be subsets of R. Define
-2 ifzed

T = { —é if e B
Then, it is clear that T(A) C B and T(B) C A. On the other hand, T%"z = — % and
Tty = L for every z € A.
Therefore, for every y € [0,1],Ty = —y. Thus, d(T*"z,Ty) = | — 3% + y| and
d(T* 1z, y) = |55 — y| = d(T?"x, Ty). There is no k, € (0,1) in such a way that
T is a cyclic orbital contraction and thus Theorem 2.3 applies. On the other hand,
we have d(T?*" 'z, z) = |3 + z|, d(T*" 'z,y) = |3% + y|,d(Ty,y) = 2|y|, therefore
the KT;-type cyclic orbital contraction conditions (i = 1,2, 3) are satisfied for some
z € Aand k, € (0, %) Therefore by Theorem 2.4, T has a unique fixed point, which
isz=0.
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Corollary 2.9. Let T be a self map on a complete metric space (X, d). If for some
x € X, there exists a k, € (0, %) satisfying one of the following conditions

AT 2, Ty) < ko [d(T*" ', T*"22) + d(Ty,y)|,n € N;y € X (2.5)
ATz, Ty) < ko [d(T*" ' 2,y) + d(Ty,y)),n € N;y € X (2.6)
d(T?"z, Ty) < ky[d(T?" z,y) + d(T?" 22, Ty)l;n € N;y € X (2.7)

then, T has a unique fized point.

Remark 2.10. Notice that the statement (2.1) in Definition 2.1 could not be gener-
alized to the following condition:

AT 2, Ty) < ko [d(T*",y) + d(Ty,z)};n € N;y € A (2.8)

since both T?"z and y lies in A, the statement (2.8) fails to be cyclic. To avoid such
cases, throughout this manuscript we define and use the notion of ”opposite parity”
as follows:

p,q € N are opposite parity if either TPx € A, T2z € Bor TPz € B, Tix €
A holds.

3. CycLic MEIR-KEELER CONTRACTIONS

Definition 3.1. (See [4]) Let (X,d) be a metric space, and A and B be non-empty
subsets of X. Assume that T': AU B — AU B is a cyclic map such that, for some
x € A, and for each € > 0, there exists a § > 0 such that
d(T*"'z,y) < d(A,B) + ¢+ implies d(T*"x,Ty) < d(A,B) +e,n€N,yc A
(3.1)
Then T is said to be a cyclic orbital Meir-Keeler contraction.

Definition 3.2. Let (X, d) be a metric space, and A and B be two non-empty subsets
of X. Assume that T': AUB — AU B is a cyclic map such that, for some x € A,
and for each € > 0, there exists a § > 0 such that
K(T* 1z,y) <d(A,B)+e+§
implies d(T?"x,Ty) < d(A,B) +e,n € N,y € A
where K (T?" " '2,y) = 1[d(T*"2, T*"'z) + d(Ty,y)]. Then T is said to be a KTj-
type cyclic orbital Meir-Keeler contraction.

(3.2)

Proposition 3.3. Let A and B be two non-empty and closed subsets of a metric space
X. Suppose T : AUB — AU B is a KTy -type cyclic orbital Meir-Keeler contraction.
If x € A satisfies condition (3.2) then d(T" 1z, T"x) — d(A, B), as n — oco.

Proof. Suppose T is KT;-type cyclic orbital Meir-Keeler contraction. Take x € A for
which (3.2) is satisfied. Since either n or n+1 is even, then we have 1[d(T" 'z, T"z)+
d(T"z, T" 12)] > d(A, B). Consider the case
1
5[cl(T"+1gc, Tmz) +d(T"z, T" 'z)] = d(A, B).
Then due to (3.2) we have
d(T" 'z, T"z) < d(A,B) +¢
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which is equivalent to
1
Sl

d(T" 2, TM2) < 5 d(T" e, Tr2) + d(T"x, T" )] +&.

Thus we have
d(T" e, Tr2) < d(T"x, T" 'z), as & — 0.
Now, consider the other case:
1
5[d(T”“aa, T"z) +d(T"z, T" ‘)] > d(A, B).
Set &1 = [d(T" '@, T"x) + d(T"z, T" 'z)] — d(A, B) > 0. Due to (3.2), for this 1,
there exists a § such that

1
d(T" e, Tz) < d(A,B) + ¢ = 5[d(T"“gc,T%) +d(T™z, T" ).

Hence, d(T" tx, T"x) < d(T"x, T" 'z) for all n € N. Let d, = d(T"" 'z, T"z).
Clearly {d,,} is a non-increasing sequence which is bounded below by d(A, B). There-
fore {d,, } converges to some d with d > d(A, B). We assert that d = d(A, B). Suppose
not, that is, d > d(A, B). Set ¢ =d — d(A, B) > 0. Thus, there exists a § > 0 which
satisfies (3.2). Regarding {d(T" 1z, T"x)} — d, there exist a ng € N such that

1
d< i[d(T”Hx,T"HI) +d(T" e, T"2)] < s+ 5 =e+d(A,B)+6, Yn>ny.
Thus,
d(T" 2z, T"2) < d(A,B) + =35, ¥n > ng
which is a contradiction. Hence d = d(A, B). O

Proposition 3.4. Let A and B be two non-empty and closed subsets of a metric
space X and T : AUB — AUB is a KTi-type cyclic orbital Meir-Keeler contraction.
Suppose d(A, B) = 0. Then, for each € > 0, there exist ny € IN and 6 > 0 such that

d(TPz,T%%) < e+ 0 implies that d(TP™ 2, TT ) < ¢ (3.3)
with p,q > nq.

Proof. Take x € X for which (3.2) is satisfied. Since T is a KT}-type cyclic orbital
Meir-Keeler contraction, for a given € > 0, there exists § > 0 satisfies (3.2). That is,

(T, T ') + d(Ty,y)] <e+4

implies d(T?"z,Ty) <e,n € N,y € A (3.4)

Regarding d(A, B) = 0 and Proposition 3.3, one can choose n; € N in a way that

)
d(T"z, T" M 2z) < %, for each n > n;. (3.5)
We shall show that d(TPz,T%) < e + ¢ implies that d(TP™1x, T9"1x) < e. Fix
n > ny. Take p,q € N which are opposite parity with p,q > n;. Suppose that
d(TPz,T%z) < ¢+ 6. Without loss of generality we may assume TPx € A and
T2z € B with p = 2n and ¢ = 2m — 1. Otherwise, revise the indices respectively.
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Thus we have d(TPz, Tx) = d(T*"z, T*" 12) < e + §, for m > n. Then, regarding
(3.5) we get
1 2m, 2m—1 2n+1,. m2n €+6 e+96
i[d(T x, T x) +d(T z, T"z)] < 5 + 5
Consider (3.4) under the assumption y = T?"z, the inequality (3.6) yields that
d(T* o, T?"g) = d(TP 2, T 2) < e.

<e+é. (3.6)

Thus, we observe that for a given ¢ > 0, there exist n; € IN and a § > 0 such that
d(TPz,T92) < ¢+ 6 implies that d(TP 'z, T92) < ¢ (3.7)
where p and q are opposite parity, with p, ¢ > n;. O

Lemma 3.5. Let X be a complete metric space, A and B non-empty, closed subsets
of X such that d(A, B) = 0. Suppose T : AUB — AU B be a KT-type cyclic orbital
Meir-Keeler contraction and d(A, B) = 0. Then

d(T?"z, Ty) < K(T*" 'a,y) if T*" 'z #y. (3.8)

Proof. To get (3.8), it is sufficient to show that (3.2) is equivalent to the following
condition: For each € > 0 there exists ¢ such that

e< K(T? lz,y)<e+4d
implies d(T?"z,Ty) <e,n € N,y € A

where K(T?""'z,y) = 4[d(T* 2, T*"'z) 4+ d(Ty,y)]. It is clear that (3.2) implies
(3.9). For the converse, suppose (3.9) holds. Fix T?""'z,y € AUB and ¢ > 0. If
K(T* 12, y) < ¢, since (3.9) we have d(T?"x, Ty) < K(T?*"~12,y) and consequently
d(T*"x,Ty) < e. If K(T?""1x,y) > ¢, then immediately (3.2) holds. Thus, (3.9) and
(3.2) are equivalent under the condition d(A, B) = 0. Now, we show that if (3.9) holds
then we have d(T%"z, Ty) < K(T*" 1x,y). If K(T?""'z,y) = 0 then T?" "z = T?"z
and Ty = y. Hence, d(T*"z,Ty) < K(T?" 'z,y). Suppose K(T?" 'x,y) # 0
and fix e < K(T?""'z,y). Choose a § > 0 such that (3.9) holds. Notice that if
K(T* 1z y) < d(T?"z,Ty), we get a contradiction with (3.9). O

(3.9)

Theorem 3.6. Let X be a complete metric space, A and B non-empty, closed subsets
of X such that d(A, B) =0. Suppose T : AUB — AU B be a KT -type cyclic orbital
Meir-Keeler contraction. Then, there exists a fixed point, say z € AN B, such that
for each x € A satisfying (3.2), the sequence {T?"x} converges to z.

Proof. Take x € A. We will show that {T™x} is a Cauchy sequence. Suppose not.
Then there exists an € > 0 and a subsequence {T""} of {T™z} with

d(T D, T g) > 2, (3.10)

Since T is a KTj-type cyclic orbital Meir-Keeler contraction, for this ¢, there exists
0 > 0 such that

K(T*" 'z,y) < e+ 6 implies that d(T?"z,Ty) < ¢ (3.11)
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where K(T?""'z,y) = 1[d(T*" 2, T*"'z) + d(Ty,y)]. Set r = min{e,} and d,,, =
d(T™xz, T™ 1z). Due to Proposition 3.3, one can choose ng € N such that

dp = d(T™2, T 2) < %, for m > ng. (3.12)

Let n(i) > N. Suppose d(T"Vz, T"((+1)=1z) < e 4+ Z. Then the triangle inequality
implies that
d(T" g, T gy < (T g, T g) 4 g(T0FD =g Tl )
€+ g + dn(i+1),1 < 2
which contradict the assumption (3.10). Thus, there are values of k with n(i) < k <
n(i+1) such that d(T"®,T*z) > e+ L where k and n(i) are opposite parity. Assume
that d(T"Wz, T +1z) > ¢ 4+ . Then

(3.13)

Ay = A(T" D3, TMO+ 1) > ¢ 4 g >7+ g > %

which is a contradiction with (3.12). Hence, there are values of k¥ with n(i) < k <
n(i+1) such that d(T"", T*z) < ¢+ % where k and n(i) are opposite parity. Choose
smallest integer k with k > n(i) such that d(7™z, T*z) > & + 5. Therefore,

AT Dz, TF 1) < e + g (3.14)
Thus,
n(i) k n(i) k-1 k-1 k ror_ 3r
dA(T™Ve, TVx) < d(T™e, T x) +d(T" "2, T"z) < e+ sti=et (3.15)
Then there exists an integer k satisfying n(i) < k < n(i + 1) such that
e+ g <d(T"Dz, Trz) < e + %. (3.16)

Due to the facts

d(Tn(i)x,Tn(i)-‘rlx) = dn(z) < % <e-4r

d(TF, TFz) = d), < 2 <e+r

we have ' ‘ .
K(T"Dg, Tkz) = Hd(TrO g, 7O+ ) 4 d(TFH 2, T*x)]

<sletr+etr]=c+r

which implies d(T™®+! TF+12) < ¢. But,

A(TO+ g T ) > (T D, TFz) — d(T™ D, TO+ ) — d(TFx, T+ )

(3.17)

which contradicts the above inequality.

Hence {T™x} is a Cauchy sequence. Thus {T™xz} converges to some z € AU B.
So, both {T?"z} and {T?"~'x} tends to same point z € AU B. Since {T?" 'z}
is a sequence in B, it converges to z € B. Analogously, {T?"x} is a sequence in A
which converges to z € A. Taking into account that both A and B are closed, we get
z€ ANB.
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Let us show Tz = z. Taking into account of Lemma 3.5, we have

d(Tz,2) =lim, .o d(T?x,Tz) < K(T?" 'z, 2).
= limp o0 5[d(T?" 2, T?"'z) + d(Tz, 2)]
which implies that
1
d(Tz,z) < id(Tz,z).

This is a contradiction and hence Tz = z.
Lastly, we show z is the unique fixed point of T. Suppose not, so there exists a
point w € AN B such that z # w and Tw = w. Hence, by Lemma 3.5, we get

d(w,z) =d(Tw,z)=lim, o d(T*z, Tw) < lim, ., K(T*" " 'z,w)
< limyy oo 5[d(T?"2, T z) + d(Tw, w)]
< 1ld(z,2) + d(Tw,w)] = 1d(z,w)

which is a contradiction. Hence, z = w. O

Remark 3.7. One can easily state and prove similar KT,-type and KT3-type cyclic
orbital Meir-Keeler contraction theorems.
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