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1. INTRODUCTION

K-metric and K-normed spaces were introduced in the mid-20th century (see, e.g.,
[3]-[18]) by using an ordered Banach space instead of the set of real numbers, as the
codomain for a metric. L.G. Huang and X. Zhang [4] re-introduced such spaces under
the name of cone metric spaces, but went further, defining convergent and Cauchy
sequences in the terms of interior points of the underlying cone. Thus, nonnormal
cones can be used as well, paying attention to the fact that Sandwich theorem and
continuity of the metric may not hold.

Quasicontractions in metric spaces were first used in [5] and [6] in order to obtain
fixed point and common fixed point results. When abstract metric spaces are con-
cerned, they appear, e.g., in [8, 13|, and, in generalized version (but in the special
case when S = Ix) in [17]. In the last mentioned paper several fixed point results
were obtained under the assumption that the positive cone P is regular or, at least,
normal.

The aim of this paper is to extend these results and to obtain common fixed
points theorems for pairs of mappings under appropriate generalized commutativity
conditions. Also, we show that regularity and/or normality condition may be dropped
in some cases. Examples are given to illustrate the results.
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We note that it was shown in the recent papers [9]-[12] that some fixed point
results for mappings satisfying linear contractive conditions in abstract metric spaces
can be directly obtained from their metric counterparts. The results of the present
paper do not fall into this category, since some of them are new even in the context
of metric spaces and they are concerned with nonlinear contractive conditions.

2. PRELIMINARIES

We need the following definitions and results, consistent with [19, 21, 4, 7].

Let E be a real Banach space with the zero vector #. A subset P of F is called
a cone if: (a) P is closed, non-empty and P # {6}; (b) a,b € R, a,b > 0, x,y € P
imply that ax + by € P; (¢) PN (—P) = {0}.

Given a cone P, we define the partial ordering < with respect to P by « < y if and
only if y — x € P. We shall write z < y for y — « € int P, where int P stands for the
interior of P and use z < y for x < y and = # y. If int P # (), then P is called a solid
cone [19].

The cone P in F is called normal if there is a number K > 0 such that for all
z,y € E, § <z <y implies |z|| < K||y| (the minimal such constant K is called the
normal constant of P). Equivalently, the cone P is normal if

(Vn) xn <X yn < 2, and lim z, = lim 2, =z imply lim y, = x. (1)
n—oo n—oo n—oo
For details see [7].

The cone P in E is called regular if every increasing sequence in F which is bounded
from above is convergent. Equivalently, the cone P is regular if every decreasing
sequence in E which is bounded from below is convergent. Every regular cone is
normal [7], but the converse is not true.

Example 2.1. [19] 1° Let E = C[0,1] with ||z]| = ||2||cc + ||2']|cc and P = {z € E :
x(t) > 0}. Consider sequences z,(t) = % and y,,(t) = =. Then 6 < x,, = y,, and
limy, oo Yn = 0, but ||2,]| = max,epo 1) |%| + maxsepo,1) [t" ' = L 4+ 1 > 1; hence =,
does not converge to zero. It follows by (1) that P is a nonnormal cone.

2° Let E = CRg[0, 1] with ||z|| = ||2|lcc and P be as in the previous example. Then

P is a normal cone, but it is not regular. Indeed, let xz,(t) = —t"; then the sequence
(z,) is increasing and bounded from above but ||z, || = 1 for all n, so lim,,_, =, does
not exist.

Definition 2.2. [21, 4] Let X be a non-empty set and E a Banach space with a cone
P. Suppose that a mapping d : X x X — F satisfies:

(dy) 6 2 d(z,y) for all x,y € X and d(z,y) = 0 if and ounly if x = y;
(d2) d(z,y) =d(y,z) for all z,y € X;
(ds) d(z,z) = d(x,y) +d(y, 2) for all z,y,z € X.
The function d is called an abstract metric and (X,d) is called an abstract metric

space (or a K-metric space [21], or a cone metric space [4]); we shall use the first
mentioned term.
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For examples of abstract metric spaces and definitions of basic notions, in particular
convergent and Cauchy sequences, completeness etc., we refer to [21, 4]. The following
remark will be useful.

Remark 2.3. 1° If u < v and v < w, then v < w.

2° If a < Aa where a € P and 0 < A < 1, then a = 6.

3°IfceintP, 0 <Xz, and z,, — 0, then there exists a positive integer ng such
that 2, < ¢ for all n > ng. (Note that the converse is not true if P is nonnormal.
Indeed, in Example 2.1.1°, x,, /4 6, but x,, < ¢ for n sufficiently large.)

If (T,S5) is a pair of self-maps on the abstract metric space (X,d) then its well
known properties, such as R-weak-commutativity [15], can be introduced in the same
way as in metric spaces. The only difference is that we use vectors instead of numbers.
Thus, the pair (T, .5) is said to be R-weakly commuting if there exists a real number
R > 0 such that d(T'Sx,STx) = Rd(Txz,Sz) for all z € X.

3. GENERALIZED QUASICONTRACTIONS AND COMMON FIXED POINTS

Let (T,S5) be a pair of self-maps on an abstract metric space (X,d) such that
T(X) C S(X). For arbitrary o € X there exists 1 € X such that Sz, = Tzo.
Having chosen x,_1 € X, choose x,, € X such that Sx, =Tz, _1.

Definition 3.1. (1) The sequences (z,,)22, and (y,)5>,, where yo = Sxg, yn =
Tx,_1 = Sz, for n > 1, are called Jungck sequences of the pair (T, S), with the initial
point zo (of first, resp. second order) [11]. The space (X, d) is called (T, S)-orbitally
complete if, for each zq, every Cauchy subsequence of arbitrary Jungck sequence (y,,)
of second order has a limit in X.

(2) For arbitrary points z,y € X denote

CTS (x,y) = {d(Sz, Sy),d(Sz, Tx),d(Sy, Ty),d(Sz, Ty),d(Sy, Tz)}.

The mapping T is called a generalized S-quasicontraction if there exists zg € X such
that for arbitrary Jungck sequences (), (y,) of the pair (T, S) with the initial point
xg and for arbitrary z € Z = {yo, 20, Y1, 21, Y2, T2,... } there exists u € CT5(xy, 2)
such that d(Tzg,Tz) = ¢(z) - u holds, where ¢ : Z — [0,1) is a function such that
Sup.cz p() = i < 1.

Obviously, each S-quasicontraction in the sense of [8] is a generalized S-quasicon-
traction if contraction coefficient A < % Adapting [17, Example 3.1] we show in the
next example that the converse is not true.

Example 3.2. Let X =[0,1), E =R? P = {(z,y) : * > 0,y > 0}, let a« > 0 be
fixed and let d(z,y) = (Jx — y|,alz — y|) for z,y € X. (X,d) is a normal abstract
metric space with K = 1. Consider mappings 7,5 : X — X, Tz = %xQ, xz € X and
S = Ix. Taking zo = g, ¢(2) = 5(5 +2) and A = 2 it is easy to show that T is
a generalized S-quasicontraction. We show that T is not an S-quasicontraction. Let
z,y € X; then d(Tz,Ty) = 3(|2* — 2|, a2® — y?|). Consider the set CT-%(xz,y) =
{d(z,y),d(z,Tx),d(y, Ty),d(xz,Ty),d(y, Tx)} and suppose that for arbitrary =,y € X
there exists u € CT5(x,y) such that d(Tz, Ty) < \u for some fixed A < 1. It is easy
to show that in each of the five possible cases a contradiction is obtained. E.g., if
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u = d(z,y) = (|z —y|, @]z — y|), then one obtains 3|z + y| < A which is impossible for

fixed A < 1 when z,y — 1.
Adapting the proof of the first part of [17, Theorem 3.1] we obtain

Lemma 3.3. Let (T,S) be a pair of self-maps of an abstract metric space (X,d)
with the normal constant K such that T(X) C S(X). Let T be a generalized S-quasi-
contraction where xg, (), (yn), and ¢ are as in Definition 3.1 with the function
satisfying the condition sup,c, p(z) < A/2K (X € [0,1) is fized, so that \K < 1).

Then (yn) s a Cauchy sequence in (X, d).
Proof. We shall use the following notation (k > 0).

O(yka n) = {ykayk+17 s ayk+n}a
On(yx) = diam O(yy; n) = sup{ [|d(u, v)| : u,v € O(yx;n) },
O(Yr; 00) = {Yk> Yrt15- - - }» d(yr) = diam O (yx; 00),

Let us prove first that
Sn—1(y1) < Adn(yo)-
Indeed, for some 1 < j < k < n, we have

On-1(y1) = diam{yn, ..., yn} = [d(y;, yi)ll = |d(Tzj -1, Tzp 1)

But
d(Txj_1,Tag—1) 2 d(Txo, Txj—1) + d(Txo, Txr—1)
= o(xj_1) - uj—1 + P(Th—1) - Vg_1,
where
uj—1 € {d(Sxo, Sxj_1),d(Sxo, Txo), d(Sxj—1,Tx;—1),
d(Szo,Txj_1),d(Szj—1,Txo)}
= {d(yo,yj-1), d(¥o, y1), d(¥;j-1, ;) Ao, ¥5), d(yj—1,y1) },
so that [Ju;_1|| < diam O(yo;n) and similarly for ||vgy_1||. It follows that
On—1(y1) < K (p(2j1) - llujall + e(xr—1) - [lvk-1]))
<K- % - 2diam O(yg; n) = Adn(yo),

and (2) is proved. It follows that
(o) = (g0, )| for some k < n.

3)

Indeed, suppose that 6, (yo) = ||d(y;,yx)|| for some 1 < j < k < n. Then it follows

from (2) that
On(yo) < diam {y1,...,¥n} = on—1(1) < An(¥0) < n(yo),

a contradiction.
Now we prove that the sequence (4, (yo)) is bounded:

dn(yo) < | d(yo, Txo)||-

1-AK
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Let k be as in (3). Then d(yo,yx) = d(yo, Txo) + d(T'zo, yx), so that

n(yo) = ld(yo, y) |l < K - [ld(yo, Txo)|| + K - [d(Tzo, yx )|
= K ([ld(yo, Txo)|| + lld(yr, ) D) ,

and since ||d(y1, yx)|| < dn—1(y1) < Adn(yo), we obtain that 6, (yo) < K-||d(yo, T'zo)||+
K - M0y, (yo0), wherefrom relation (4) follows.

Since obviously 0,(y0) < Ont1(yo), we conclude that there exists §(yo) =
lim,, o 95, (yo) and

6(yo) < T )\K||d(y0>T$0)H~ (5)

Consider now Ba(yo) = diam O(g+1350) where O(n41550) = (1> Y izs- - -
Obviously the sequence (f,(yo)) is not increasing and there exists [(yog) =
lim B,(yo). Let us prove that B(yo) = 0. Passing to the limit in relation (2) we

obtain that
0(y1) < Ad(yo) and similarly  (yr+1) < Ao(yg) for k> 1. (6)
It follows that

Br+1(yo) = diam O(yy42; 00) < Adiam O(yp+41;00) = ABn(yo)-

Passing to the limit we get that 8(yo) < A\3(yo) which is only possible (since A < 1)
when B(yo) = 0.

Thus, G(yo) = 0 which implies that the Jungck sequence (y,) of second order,
where vy, = Tx,_1 = Sx,, is a Cauchy sequence.

Theorem 3.4. Let (X, d) be a (T, S)-orbitally complete normal abstract metric space
for some pair of self-maps (T, S) such that:

1° T is a generalized S-quasicontraction (notation is as in Lemma 3.3);

2° (T, S) is R-weakly commuting;

3° S is continuous.

Let (z,) and (yn) be Jungck sequences of first and second order with the initial
point xo and let limy, o Y, = T. Suppose that for each element z € Z there exists
v e CT3(z,2) such that d(Tz,Tz) < ¢(2) -v. Then:

(i) Tt = Sz = z.

"K
(i) Ny 2| < T2 (o, T |

(i) If (2o T™(X) is a singleton, then T is the unique common fized point of T
and S.

Note that if Y C X, then T(Y) = [, ¢y Ty, and in particular, T(X) = U, x T
Further, T*(X) = T(T(X)) = T(U,ex T%) = U,ex Uyers Ty, and T"(X) is defined
by induction (T°(X) = X).

Proof. According to Lemma 3.3 the sequence (y,) is a Cauchy sequence, and since
the space (X, d) is (T, S)-orbitally complete, it has a limit. So, introduction of the
point Z in the formulation of the theorem is correct.
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(i) We shall prove first that T2 = Sz. Since Tx,, — Z and Sx,, — Z and since S
is continuous, ST'z,, — SZ. By the triangle inequality we have that

d(Tz,Sz) = d(T%,TSxy) + d(TSxy, STxy) + d(STx,,, ST) (7
For the first term on the right-hand side of (7) we have that d(Tz, T'Sz,) =< ¢(Sx,) v
where
v € {d(Sz, S*,),d(Tz, Sz), d(T Sz, S*x,,),d(ST, TSx,), d(S%x,, TT)}.

The elements of the last set tend to zero or to d(SZ,TZ); since sup ¢(Szy) < p < 1,
using Remark 1.2.2° it follows that d(T'Z, TSx,) — 6. For the second term in (7) we
obtain using assumption 2° that d(T'Sx,, STz,) =X Rd(Tz,,Sx,) — 6. Finally, the
third term also tends to zero because of STz, — SZz. Using property (1) (and thus
normality of the cone) we conclude that d(Tz, Sz) =6, i.e. TZ = ST.

Now we prove that Tz = Z. For each n it is d(TZ, Tz, 1) = @(Tn+1) - v, where

v € {d(SZ, Stpt1),d(SZ,TZ), d(Stpi1, TTnt1),d(ST, Txpt1), d(STpy1, TT)}.
Elements of the last set tend, respectively, to d(SZ,z) = d(TZ, Z), 0, 0, d(Tz,Z) and
d(z,Tz). Hence, passing to the limit (and again using boundedness of ¢ and property
(1)), we obtain that d(Tz,z) =0, i.e. TZ =& = SZ.

(ii) Using inequalities (6) we obtain that §(y,) < Ad(yn—1) < -+ < A™0(yo). Taking
into account relation (5), we get that

MK
Syn) < 1 o, T (®)
Since Tx,, = Yn41 we have also 6(Tz,) < %Hd(yo,Tmo)H < %Hd(yo,T%)H

(because of A < 1). Hence, both §(T'z,) and 6(Sz,) have the same upper bound
A"K
7 14 (o, Txo) |-

Let m > n. Then, by (8),

n

K
< < .
syl < 3m) < T o, To) |

Passing to the limit when m — oo we obtain that
ATK
1- MK

[d(Szn, Z)|| = [|d(yn, T)|| < lld(yo, Txo)||-

as stated in (ii). Similarly, one obtains that
'K
T .

T |40, Tzo)l

(iii) Let (),—q 7™ (X) = {w}. Let v be any common fixed point for 7" and S, i.e.,
v =Tv = Sv. It follows that also v = T"v = S™v for n = 0,1,2,... and hence
v € T"(X) for each n. Thus, v = w and the fixed common point Z of T and S is
unique.

The theorem is proved.

[d(T s, Z)|| <

Theorem 3.1 of [17] is obtained as a special case of our Theorem 3.4 putting S = I'x.
Note that condition that the cone P is regular was here avoided, but it was just stated
and not used in [17], either.
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On the other hand, Theorem 3.4 is obviously a generalization of [8, Theorem 2.1].
Example 3.2 shows that this generalization is proper.

A similar example can be constructed even for Banach contractions and in the
setting of metric spaces. Let (X,d) be a metric space and T,S be two self-maps
on X. We shall call T a Banach S-contraction if d(Txz,Ty) < Ad(Sz,Sy) holds for
some A € (0,1) and all z,y € X and a generalized Banach S-contraction if there
exists ¢g € X such that d(Tzo,Ty) < ¢(y)d(Sxzo,Sy) holds for all y € Z, where
sup,ez p(y) < %/\ for some A < 1. We shall show that there exists a generalized
Banach S-contraction which is not a Banach S-contraction.

Example 3.5. Let X = [0,1), d be the Euclidean metric, and let 7,5 : X — X
be defined by Tz = %3:3, St = %xz. Obviously, TX C SX and S is continuous.
Then d(Tx, Ty) < Ad(Sz, Sy) does not hold for all z,y € X and any fixed A € (0,1),

Indeed, otherwise we would have |23 —y3| < 1X|22 — 32, ie. % < A, which is

impossible for fixed A € (0,1) when x,y — 1. Hence, T is not a Banach S-contraction.
To show that T is a generalized Banach S-contraction, take zy = %. Then
d(Szo,Sy) = |35 — 3¥°| = 313 — ¥l |3 +yl and
1 1 111 1
d(Tzo, Ty) = |— — =y3| = = |~
(Two,Ty) = | 155 — 3% | = 3|7~ ’(16+ y+y)
1+ 4y + 16y
= ———— - d(Sx, Sy).
S(ray)  J0w0.5)
. 2 .
Hence, taking o(y) = %, since maxyez ¢(y) = ¢(3) = & < 2 for any

NS [%, 1), we conclude that T is a generalized Banach S-contraction.
The next example illustrates the case when conditions of Theorem 3.4 are fulfilled.

Example 3.6. Let X = [0,1), E = Cg[0,1] and P = {f : f(¢) > 0}. This cone is
normal with constant K = 1, but it is not regular (see Example 2.1.2°). An abstract
metric d on X is defined by d(z,y) = |x —y| - ¢, where ¢ € P is an arbitrary function
(e.g., p(t) = 2'). Consider mappings T, S : X — X given by Tz = 12% Sz = 22,
x € X. Then one can easily check:
1° For g = % and z € Z (see Definition 3.1),
d(Tzo,Tz) = 2*17—%,22 -¢=;‘1 g

1
: P = gd(S:no,Sz),

so T is a generalized S-quasicontraction with ¢(z) = 1 < A/2 for any A € [2,1) and
= d(Szg,Sz) € CT5 (g, 2).
d(TSz, STx) = |32t — Lzt ¢ =
for R = 1, which means that the pair
3° S is continuous.

Moreover, it can be easily verified that for = 0, d(Tz,Tz) = ¢(z) - v with v =
d(Sz,Sz) € CT9(z, z). Since X is obviously (T, S)-orbitally complete, all conditions
of Theorem 3.4 are fulfilled. The point £ = 0 is a (unique) common fixed point for T
and S.

z* ¢ X R-22%¢ = |22 —12°|-¢ = R-d(Sz,Tx)

2
9T
(T, S) is R-weakly-commuting.
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4. p-CONTRACTIONS WITHOUT REGULARITY CONDITION

The concept of a p-contraction was in the setting of metric spaces introduced in
[16] (see also [10, 14]), and then in the setting of abstract metric spaces in [17]. It was
shown by examples in [16] that it is more general than the classical Banach contraction
and that a p-contraction need not be continuous. Recall the following definition (in
this section we use the classical notation O(z;0) = {z, Tz, T2z, ... }).

Definition 4.1. [17] A self-map T on an abstract metric space (X,d) is called a
p-contraction if there exist x € X and a number X € [0,1) such that

d(Ty, T?y) = ¢(y) - d(y, Ty)
holds for each y € O(xz;00), where ¢ : O(x;00) — [0,1) is a function such that
SUPye0(z;00) 90(21) =A<l

A fixed point result for p-contractions was proved in [17, Theorem 3.5] assuming
that the positive cone P is regular. We shall prove that the first part of this result
holds without even P being normal. The only assumption will be that P is solid
(which ensures that the limit of any sequence is unique if it exists).

Lemma 4.2. Let (X,d) be a T-orbitally complete abstract metric space, where the
positive cone P is solid and T : X — X s a p-contraction, with the respective vector x.
Then there exists lim,, ..o T"x =7 € X.

Proof. Let A and ¢ be as in Definition 4.1. Put 7%z = x and y = T" 'z € O(x; 00).
Then for each n € N

d(Ty, T?y) = d(T"z, T" " x) < (T ta)d(T™ Yo, T"x) < Xd(T" o, T"x).
It follows that
d(T"z, T 2) < N(T" 2, TM2) < -+ < N'd(z, Tx). (9)
Now for m > n, using (9), one obtains
ATz, T™x) < d(T"z, T"2) + d(T" o, T 2z) + -+ d(T™ 12, T™x)
< \"d(x,Tx) + \"td(x, Tx) + -+ N Yd(z, Tx)
= A"+ A 4 XN (2, Ta)

1— \m— " A"

= At Tx) = Tz).

A T—x d(z, ac)_l_)\d(x, )
Since % d(z,Tx) — 6 in the Banach norm of E, by Remark 2.3.3°, it follows that
% d(xz,Tz) < c for each ¢ > 6 and arbitrary n greater than some ng(c) € N. But

then by Remark 2.3.1°, we obtain that d(T"z,T™z) < ¢, which means that (T"x) is
a Cauchy sequence in (X, d). Since (X, d) is T-orbitally complete, there exists Z € X
such that T"x — Z.

The rest of the proof of [17, Theorem 3.5] use only normality (and not regularity)
of the cone P, so we obtain
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Theorem 4.3. Let (X,d) be a T-orbitally complete abstract metric space, where the
positive cone P is normal and T : X — X 1is a p-contraction. Let lim,, ..o T"x =T
(see Lemma 4.2) and suppose that the mapping X > z > ||d(z,Tz)|| is T-orbitally
lower semicontinuous at the point T. Then T is a fived point of T. This fized point
is unique if (Vo T™(X) is a singleton, where T"(X) = T(T" (X)) for n € N and
T9(X) = X.

Adapting an example from [20] we show that the assumption about lower continuity

is essential in the last theorem. The second part of the example shows the importance
of the condition for uniqueness of the fixed point.

Example 4.4. (a) Let X = [0,1], E = R?, P = {(z,y) : © > 0,y > 0} and
d(z,y) = (|lx — y|,a|z — y|), @« > 0. Then (X, d) is a complete abstract metric space.
Define the mapping T : X — X by

Tm_{

Function I(z) = ||d(z,Tz)]| of the form

I(s) = 4 2VIH 0% z=0
o= |z—%z2’\/1+a2, z #0.

is obviously not T-orbitally lower semicontinuous. It is easy to check that all other
conditions of Theorem 4.3 are fulfilled, but the p-contraction T' has no fixed points.

(b) In the same abstract metric space X as in example (a) consider the mapping
T, : X — X given by

, z=0
z2, = #0.

N[ N

1, r=1
Tiw=4, ,
5%, x# 1L
Here, all the conditions of Theorem 4.3 are fulfilled for the point T = 0 except that

N2y T™(X) ={0,1} is not a singleton. The mapping T} has two fixed points.

We conclude with an easy example in which the conditions of Theorem 4.3 are
satisfied, but the conditions of [4, Theorem 1.1] are not.

Example 4.5. Let X, P and d be as in Example 3.6, and let Tz = %xz. It is easy to
check that T is a p-contraction with A = %. On the other hand, Banach contraction
condition would mean that d(Tz,Ty) 2 2d(x,y) for all z,y € X. This is equivalent
to

o) < Jle—yl-o(t),  te[01],

> w

ie. \m;—y\ < 2 and |z +y| < 3. But the last inequality cannot hold for all z,y € [0,1].

Acknowledgement. The authors are thankful to the Ministry of Science and Tech-
nological Development of Serbia.
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