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1. INTRODUCTION

In the past few years the existence of positive solutions of nonlinear boundary
value problems for differential equations, difference equations, fractional differential
equations, as well as boundary value problems on time scale have been studied ex-
tensively, see for example [2, 5, 6, 8, 9, 12, 13, 19] and the references therein. These
results depend on fixed point theorems on cones. A cone is a closed convex set K of
a Banach space X such that AK' C K for all A > 0 and K ("(—K) = {0}.

One of the interesting results, with differential operator, was obtained in [13]. The
authors deal with the following nonlinear boundary value problem

o’ + f(tut)) = 0, 0<t<, (1.1)
au(0) — pu'(0) = 0,
yu(l) +6u'(1) = 0, (1.2)
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where p ;= v+ ay+ ad >0, a,3,7,0 > 0, and f € C([0,1] x [0,00);[0,00)). Let
k(t, s) be the Green’s function of u” = 0 with (1.2) and

(—min{ v+ 40 a+4ﬂ}
Ay +0)" 4a+p) )

Then the following result is obtained, [13].

Theorem 1.1. Assume that there exist two distinct positive constants A, n such that

-1

f(t,u)</\</01k:(s,s)ds) () € [0,1] x [0, A,

and

—1

3/4

ftu) =0 (// k(1/278)d8> ;o (tu) € [1/4,3/4] x [Cn, ).
1/4

Then (1.1) — (1.2) has at least one positive solution u such that ||u| lies between A

and n.

Recently existence of positive solutions of a nonlinear g-difference equation is ob-
tained in [7]. This paper considered the second order ¢-difference equation

2
—Dyu(t) = a(t) g(u(t)), 0<t<1, (1.3)
with the boundary conditions

au(0) = ADu(0) =

Oa
yu(l) +dD4u(l) =0 (1.4)

where p =8+ ay+ad >0, o, 3,7,6 2 0, a(-), g(-) are assumed to be nonnegative
continuous functions for ¢ € [0, 1], u € [0,00). Let
g(u)

go := lim ——| Joo = lim M
u—0 u u—oo U

Then the following result was obtained.

Theorem 1.2. The problem (1.3)—(1.4) has at least one positive solution u € C0,1],
if go =0 and goo = 00, 01 gg = 00 and goo = 0.

We aim to generalize the nonlinear term in (1.3) and put less restrictive conditions
on this term, so that the above result will be a special case. In fact we will give a
g-analog of the results obtained in [13].

In the following section we give a brief account on g-calculus and then we state
the fixed-point theorem of Krasnoselskii. In Section 3 we state the boundary value
problems with the solution via Green’s function. This Green’s function plays the
major task in getting the positive solution. In Section 4 we give some applications
which guarantee the existence of positive solutions when gg, g~ take values different
from zero and infinity.
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2. PRELIMINARIES

Let 0 < ¢ < 1, we say that a set A of real numbers is g-geometric if for every = € A,
qgr € A. Let f be a real or complex valued function defined on a g-geometric set A.
The g-difference operator is defined by, cf. [14],

_ f@) = flgz)
D,f(z) = - x #0. (2.1)

If 0 € A, the g-derivative at zero is defined by, [1],
D, f(0) :== lim w, T € A, (2.2)

n— o0 g™

if the limit exists and does not depend on x. The g-integration is defined by F. H.
Jackson, cf. [14], via

/0 (gt =21 - ) S " feg™), @€ A (2.3)

n=0

provided that the series converges. In general,

b b a
/a F@)dyt = /O F@)dyt — /O FOdt, abe A (2.4)

The reader may easily computes for a > —1, that

x 1 _ a+1
/ 1dt = a =gzt (2.5)
0

1— qa+1

which is clearly gives the classical case as ¢ — 17. Clearly g-derivative exists for any
function (provided that D, f(0) exists if zero is in its domain) and the ¢g-integral exists
for any bounded function, € R. Furthermore, one can easily show that the ¢g-integral
(2.3) exists on [0, q] if for a < 1, ® f(x) is bounded on (0, a], cf. [15, p. 68].
The following theorem is a version of the fundamental theorem of g-calculus.

Theorem 2.1. Let f € C[0,1], a € [0,1] and

/ f(t) x € 10,1], (2.6)

then H € C[0,1], and

Also,
b
[ Dut®d,e= 1) - 1@, cbelo) (2.8)

Our main result depend on a fixed point theorem due to Krasnoselskii, see [10,
16, 17, 18]. This theorem is applied for a completely continuous operator. Such an
operator is defined as follows.
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Definition 2.2. If Z and Y are Banach spaces and B is a subset of Z, then an
operator F' : B — Y is completely continuous if it is continuous and maps bounded
subset of B into relatively compact subset of Y, [4, p. 55].

In some literature a completely continuous operator may be referred as a compact
operator, see for example [3, p. 89] or [11, p. 221].

The following form is a modified version of Krasnoselskii’s fixed point theorem and
due to Guo, [10, p. 94];

Theorem 2.3. Assume that K is a cone in a Banach space X and (1, Qo are two
bounded open subsets such that 0 € Q1, Q1 C Qq. Let

F:Kn (QQ\Ql) — K

be completely continuous and let that one of the conditions

(1) |Fz|| < ||zl], Vze KN, and ||Fz| > ||z||, Vre KNoQs,
(2) [|[Fz|| = ||=|, Vee KnoQ, and |[Fz| < ||z||, Ve KNoQs,

is satisfied. Then F has at least one fived point in K N (ﬁg\Ql).
3. MAIN RESULTS
Consider the nonlinear second order g-difference equation
2 _
~D2u(t) = f(tult), 0<t<1, (3.1)

with the boundary conditions (1.4). We assume that the function f : [0,¢7!] x
[0,00) — [0, 00) is continuous. The reason of extending f on [1,¢ 1] x [0, 00) will be
explained in Remak 3.2 below.

Lemma 3.1.
(1) Any solution of (3.1) and (1.4) is given by

1
u(t) :/ G(t,gs) f(s,u(s)) dgs, (3.2)
0
where G(t,qs) is the Green’s function of —D2u(t) = 0 with (1.4), which is

(v+d-7t)(B+ags), 0<gs<t<,

1
G(t,qs) = - (3.3)
P (V—i—(S—vqs)(ﬂ—i—at)7 0<t<gs< 1.
(2) Let
. v+ 46 a+ 43
= 1] ). 4
7 mm{4(7+5)’4(afJ+ﬂ) ’ (UE(O’ ]) (34)
Then
G(t,qs) = 0 G(gs,qs), 1/4<t<3/4, 0<¢gs< 1l (3.5)
Also

G(t,qs) < G(gs,qs), 0<tgs<1. (3.6)
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Proof. Using variation of parameters method, the solution of (3.1) has the form

u(t)=c1+cot — /0 [t —qs]| f(s,u(s)) dgs. (3.7)
Substituting in (1.4), we get
1 1
=5 [ (0 = vasl Fue dys, - ea =2 [+ 0) = 205 fsvu(s) dys.

Substituting in (3.7) we obtain
1 1
at) = 2[00 = asl fls,u(s) dos +45 [ 1604 6) = 0s] ) s
_/0 [t - qs]f(s,u(s)) dgs

1 o L
= 2 [t o) sl fs ) dys 6% [ 14 0) = as] s u9) s
0 0
q 't
[ - e s, (3.5)
0
giving the form (3.2). The proof of the second part is simple and is given in [7]. O

Remark 3.2. The shift in (3.8) because of the integrand is zero at s = ¢~'¢. This
contributes only one term (which is zero) in (2.3). This does not change the value of
the function u(-), but we gain the symmetry of the Green’s function, that is

G(t,qs) = G(gs,t); for all ¢, gs € [0,1].

This shift explains the needing of extending the definition of f on [1,¢7!] x [0, c0).
Continuity of f on [1,¢71] x [0,00) will be needed in Lemma 3.3 below.

On X = (0, 1] define the operator

1
(Fu)(t) = / G(t,qs) f(s,u(s)) dys, u € X. (3.9)
0
Thus by Theorem 2.1, F : X — X.

Lemma 3.3. Let U be a bounded subset of X. If we restrict F on U, then F is
completely continuous.

Proof. Let ®(t,s,u(s)) = G(t,qs) f(s,u(s)). First we show that (3.9) is continuous
on X. For ug € X let 7 = |lug|| + 1. The function ® is uniformly continuous on the
compact set D = [0,1] x [0,¢~!] x [0,7]. Then for € > 0 there exists § > 0 such that
|D(t,s,u) — P(t,s,w)| < e when |u — w| < J. Thus

/01 D(t,s,u(s))dys — /01 B(t, 5, u0(s)) dys

|Fu— Fupl| = max
te[0,1]

1
< max |D(t,5,u(s)) — D(t, 5,u0(s))| dgs < €.
t€[0,1] Jo
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which means that F' is continuous at ug. Since U is bounded we can assume that there
is an r > 0 such that |Ju|| < r, for any v € U. So for any u € U, we have

1
IFull = max [ 0005, u(5) dys
where M = max ;)ep ®(t,s,u(s)). Thus the set F(U) is bounded. Since ®

is uniformly continuous on D, then we can find § > 0 such that |®(¢,s,u(s)) —
D(7,5,u(s))| <e, for [t — 7| < 8. Therefore

‘(Fu)(t)—(Fu)(T)’ = /‘I)(t,s,u(s))dqs—/o O(7,5,u(s)) dgs

0
; |®(t,s,u(s)) — ‘I’(T,S,U(S))‘ dgs < e,

N

for any u € U. Hence the set F(U) is relatively compact by Arzela-Ascoli Theorem.
Therefore F' is completely continuous. O

Define a cone K in X by

K= {u eX:ut) =0 u(t) > 0'||U||} , (3.10)

,  min
1/4<t<3/4

where o is defined in (3.4).

Lemma 3.4. F maps K into K.

Proof. For u € K, F(u) > 0. Using Lemma 3.1, we get

1
. I _ .
S (F)O = i G069 () s
1
> o [ Glas.a9) Fls.u5) dys
0
1
> Uorg?i{l/o G(t,qs) f(s,u(s)) dgs

= o ||Ful.

Let A and B be the positive numbers defined by

-1

A= </01G(q8,qs)dqs)_l, B::( 3/4G(1/2,qs)dqs> . (3.11)

1/4
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Using (3.3) and (2.5) we get

1 1 qla(y+6) — pv] yag?
- - = 5 _
A p<(7+ )8+ 1+4¢ 14+qg+¢?
144 qo 2
2 .
+ , fo<g< -,
2p (B (1+ q)) 1 153
1
5 = 129 (82-q  al-¢)
p 4q gﬁq(l + g) - )
M ((v+ )(3¢—2)  v(9¢* — ))7 2 gt
p 4q 16¢(1 + q)
Theorem 3.5. Assume that there are two distinct positive numbers m, M such that
ft,u) < mA, (t,u) € [0,1] x [0,m], (3.12)
ft,u) = MB, (t,u)€l[l/4,3/4] x [cM, M]. (3.13)

Then the boundary value problem (3.1) and (1.4) has at least one positive solution u
such that ||u|| between m and M.

Proof. We will give the proof when m < M. The proof of the other case is omitted
because it is being similar. Let @ = {u € K : |lu] < m}. Thus for ¢ € [0,1] and
u € 0901, we have

1
(P = [ Glt.as) fls.u(s) dos

N

/O Gl(gs,q5) f(5,u(s)) dys

N

1
mA/ G(gs,qs) dgs =m = ||u]|,
0

where we used (3.6),(3.11) and (3.12). Thus,
| Full < |lull, u€ KNoY.
Let Qo = {u € K : |u|| < M}. For u € 9Qq, ¢ € [1/4,3/4], and from (3.10), we get
M=l > u(®) > min a(t) > olul = oM.
Hence using (3.13) we obtain

1
(P)3) = [ GO/2a9 s u)dys
3/4

» G(1/2,q5) f(s,u(s)) dgs

WV

3/4
MB/ G(1/2,qs)dqs = M = |u]|.
1/4

WV
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Thus,
| Full = |lull, u € K NoQ,.

Therefore by Theorem 2.3, F has a fixed point u in K N (Q2\Q), with m < |Jul| <
M. U
4. APPLICATIONS

Let
t t
Co: = lim sup ,u)7 co:= lim inf 1 ’u),
u—0+ te[0,1] u u—0+ t€[0,1] u
t t
Cyx: = lim sup ( ,u)7 Coo := lim inf ,u),
U— 00 tE[O,l] U U—00 te[071] u

Application 4.1. Assume that one of the following hypotheses hold
(a) Co€[0,A) and coo € (£, 0],

(b) co € (£,00] and Cw € [0, A).
Then the problem (3.1) and (1.4) has at least one positive solution.

Proof. Suppose that (a) holds, then for e = A —Cj there exists 6 > 0 (§ can be chosen
arbitrarily small) such that

f(t,w)

sup ——~ <e+Co=A, u€l0,d]
tefo,1] U
Thus
flt,u) < Au< A6, wel0,6],
which is the condition (3.12) in Theorem 3.5. For the case coo < 00, we have for
€= Coo — g, there exists M > 0 (M can be chosen arbitrarily large) such that

inf 7f(t’ u)

B U
2_6—"_600:7) 7>M
tefo,1]  u o o

Hence,
B B
ft,u) > —u>—=cM=BM, (tu)el0,1]x [0 M,o0).
o o
Consequently it is satisfied on [1/4,3/4] x [0 M, M]. If ¢ = 00, then one can easily
show that the previous case holds. Thus condition (3.13) is satisfied and the result
follows.

Assume that (b) is true, then for e = cg — £, ¢y < oo, there exists M’ > 0 (M’ can
be chosen arbitrarily small) such that

t B
inf MZ—&—FcO:—, u € [0, M].
te0,1]  u o
Hence,
B B ! !/ ! !/
ft,u) 2 —u>=>—=oM =BM', (tu)el0,1]x[cM 6 M].
o o
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Consequently it is satisfied on [1/4,3/4] x [0 M', M']. For the case ¢g = oo the same
argument holds. Thus condition (3.13) is satisfied. Also, since Cy, € [0, A), then for
e = A — Cy, there exists £ > 0 such that
t
sup fltw) Ce+Cx=A4A, uclloc0). (4.1)
tefo,1] U
We have the two cases:

(1) Assume that sup,c(o 17 f (¢, u) is bounded, then there is L > 0 (L can be chosen
arbitrarily large) such that
flt,u) < L, (t,u) € 10,1] x [0, 00).
Thus for m = £ (m can be chosen arbitrarily large), we get
) < Am, (tu) € [0,1] x [0,m].

(2) Assume that sup,c(o 17 f(¢,u) is not bounded, hence there is m > £ and t* €
[0, 1] such that

fu) < f(#,m),  (tu) €[0,1] x [0,m].
By (4.1) we obtain
flt,u) < f(t",m) < Am, (t,u) € [0,1] x [0,m)].
i.e. the condition (3.12) is satisfied and the result follows. O
Application 4.2. Assume that both of the following hypotheses hold

(C) Cooy Co € (5700]7
(d) there exists a positive number k such that

f(tu) < Ak, (tu) € [0,1] x [0, K.
Then (3.1) and (1.4) has at least two solutions ug, uz such that
0 < flurll <k < |luzl.

Proof. Because of co, € (£,00], then as in Application 4.1, there exists M; (which
can be taken arbitrarily large so that M; > k) such that

f(t,u) > B My, (t,u) S [1/4,3/4] X [O'Ml,Ml].

Also since ¢ € (g, o], then as in Application 4.1, there is My > 0 (which can chosen
arbitrarily small so that Ms < k) such that

f(t,u) > B M, (tﬂl) € [1/4,3/4] X [JMQ,MQ].
Therefore, by Theorem 3.5, there exist two solutions w1, us such that

My < Hu1|| <k< ||’U,2|| < M;.

The following Application can be proved in a similar way to the above ones.

Application 4.3. Assume that both of the following hypotheses hold
(e) Co, Cx € [O,A),
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(f) there exists a positive number p such that
f(t,u) = Bp, (t,u) € [1/4,3/4] x [op, p].

Then (3.1) and (1.4) has at least two solutions uq, ug such that

0 < fur] <p < uzf-
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