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1. INTRODUCTION

In a recent paper [1], the authors proved some fixed point theorems for nonlinear
operators in Banach spaces, where the domain and range of the operators is not same.
The fixed point theorems of this kind are called PPF dependent fixed point theorems
and are useful for proving the solutions of nonlinear functional differential and integral
equations which may depend upon the past, present and future. The properties of a
special Razumikhin class of functions are employed in the development of existence
theory of PPF solutions for certain nonlinear equations in abstract spaces.

Given a Banach space E and given a closed interval I = [a,b] in R, we consider
the Banach space Fy = C(I, E) of continuous E-valued functions on I. We equip the
space Fy with the supremum norm || - | g, defined as

9]z = sup [|$(t)] 2- (1.1)
tel

For a fixed point ¢ € I, the Razumikhin class or minimal class of functions is defined
as

Re={0 € Eo | |¢llg, = llo(0)] &} (1.2)
Let T : Ey — E. A point ¢* € Ey is called a PPF dependent fixed point of T if
T¢* = ¢*(c) for some c € I.

It is mentioned in Bernfield et. al. [1], that the Razumikhin class of functions plays
a significant role in proving the existence of PPF-fixed points with different domain

439



440 BAPURAO C. DHAGE

and range of the operators, and proved a fundamental fixed point theorem with PPF
dependence for contraction operators in Banach spaces.

Definition 1.1. An operator T : Eg — E is called contraction if there is a real
number 0 < a < 1 such that

IT¢ —T¢| e < all¢ —€llr, (1.3)
for all ¢, € € Ey.

Theorem 1.1. Suppose that T : Eg — E is a contraction. Then the following
statements hold.

(a) Given ¢y € Ey and given a point ¢ € I, every sequence {¢,} satisfying T'd, =
Dnt1(c) and ||¢n, — Gni1llEs = ||Pn(c) — dni1(c)|| g converges to a fized point
¢* of T.

(b) Given ¢g,&o € Ey, let {¢dn} and {&,} be the sequences of iterates constructed
as in (a). Then

16m — Enllzs < ——[ll60 — b1l + €0 — Eall 0] + |0 — Eoll -

l1—«

If, in particular ¢g = & and {on} £ {&,}, then

16 — Enllzy < —— Il — Eoll .

T 1-«

(c) Let Re = {¢ € Eo | |9llz, = |lo(c)|£} and let {¢} and {&,} be defined as
in (a). If ¢p, — &, € Re for all n, then

lim ¢, = lim &,.
n—oo n—oo

(d) If we define Re ={¢ € Eo | || — ™|, = ||p(c) —¢*(c)|| g} where ¢*is a fived
point of T, then ¢* is the only fixed point of T'.

Now we list some of our observations.

Observation I. The statement (a) in above Theorem presupposes that the Razu-
mikhin class R, of functions in Fj is algebraically closed with respect to difference,
that is, ¢ — £ € R, whenever ¢,£ € R.. Otherwise the construction of the sequence
{#»} made there is not possible, because of the fact that

16 =&l = ll¢(c) = &(e)lle = (¢ = &) ()l & (1.4)

As a result, the statement (c) is superfluous and the conclusion holds automatically.

Observation II. The Razumikhin class R. of functions in Ej is is not assumed to
be topologically closed, so the sequence of successive iterations constructed as in the
statement (a) converges to a PPF fixed point of the operator 7" which may be outside
of R.. If we assume R, to be topologically closed, then the statement (d) of Theorem
1.1 follows immediately.
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Observation III. If T : Ey — E and R. is closed with respect to difference, then
for a given element ¢ € [a,b] and given ¢y € Ey the sequence {¢,} satisfying

T¢n = ¢n+1(c)
¢n — ¢nt1llEe = lPn(c) = dnra(c)le

is well defined for each n. This construction follows in view of the fact that if x €
T(FEy)(c), then for a given ¢ € [a,b] we have a ¢ € Ey such that ¢(c) = z.

(1.5)

In this paper, we improve Theorem 1.1 and establish some interesting fixed point
theorems with PPF dependence along with some applications to functional differential
equations for proving existence results under generalized Lipschitz conditions. The
rest of the paper is organized as follows. Section 2 deals with the PPF dependent fixed
point theorems for the operators satisfying different contraction conditions. Section 3
deals with the hybrid fixed point theorem Krasnoselskii type with PPF dependence.
Finally, some applications of the newly developed abstract fixed point theorems are
given in section 4.

2. PPF DEPENDENT FIXED POINT THEORY

2.1. Linear contraction. In this section we prove some generalizations of Theorem
1.1. We need the following definition in what follows.

Definition 2.1. An operator T : Ey — E is called strong Kannan type contraction if

1T¢ —T¢||e < alll¢(c) — Tollg + [[£(c) — T¢| £] (2.1)
for all ¢,& € Ey and some ¢ € [a,b], where 0 < v < 1/2.

Theorem 2.1. Suppose that T : Eg — E is a strong Kannan type contraction. Then
the following statements hold.
(a) If R. is algebraically closed w.r.t the difference, then for a given ¢g € Ey and
c € la,b], every sequence {¢,} of iterates of T defined by (1.5) converges to a
PPF dependent fized point of T.
(b) If ¢o,&0 € Eo and {dn}, {&n} are sequences defined by (1.5). Then,
16 — nllz < (== ) ll60 — @1l + 160 — &1llm,] + g0 — ol

11—«

1-2a
If, in particular ¢o = & and {dn} # {&n}, then
2(1 —
6~ &allzy < 2 0o~ ol

(¢) If R, is topologically closed, then T' has a unique fized point in R..

Proof. Let ¢g € Ep be arbitrary and define a sequence {¢,} in Ey as follows. By

hypothesis, T'¢y € E. Suppose that T¢g = x1. Choose ¢; € Ey such that z1 = ¢1(c)

and ||¢1 — ¢oll, = ||¢1(c) — po(c)||g. Proceeding in this way, by induction, we obtain
Ton = ¢n+1(c)

and

160 = bntallEy = 6n(c) = dnta(c)llm
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foralln=20,1,.....
We claim that {¢,} is a Cauchy sequence in Fy. Now for any n € N we have the

following estimate,

[on — nt1llEy = [[¢n(c) — Pny1(c)lle
= Thn-1—T¢nl &,
< afllpn-1(c) = Ton-1llg + |¢n(c) — Thn| ]
< af|lgn-1(c) = ¢n(A) e + [¢n(c) — Pnt1(c)||E]
< allgn—1 = dnllE, + alldn — dni1ll e,

From the above inequality, it follows that

lon — PntillEs < Allpn—1 — &nll £,

(07

forallmn=1,2,..., where A = -
By induction,
[fn — dn+1llm, < A"lI¢0 — b1l E,
foralln=1,2,....

If m > n, by triangle inequality, we obtain

||¢m - ¢n||Eg S ||¢n - ¢n+1||Eg + -+ H(ybm—l - ¢m||E0
< Nlgo = pillme + -+ A Hdo — dull
<A+ X Ylgo — bl -

Hence,

m>hnnl>oo H(bm N (anEO =0

As a result, the sequence {¢,} is Cauchy. Since Ej is complete, {¢,} converges to a
limit ¢* in Ey, that is, lim ¢, = ¢*. We prove that ¢* is a dependent fixed point of
n—oo

T. Now,

1T¢* = ¢"(c)l|e < 1 T¢" = dny1(c)lle + ¢nt1(c) — @™ ()l e
<SNT¢* = Tonlle + l[dnt1 — ¢" | =
< afl[¢n(c) = Tonlle + 67(c) = Té™|| 6] + [|dn+1 — %[l 2,
< allpn = dniall, +all¢™(c) = T + [[dns1 — 67|,

From this inequality, it follows that

a\”
2 g0~ 1l

1
|T¢" — o™ (c)|le < m”éﬁ* — bny1llE, +

Taking the limit superior in the above inequality yields T'¢* = ¢*(c).
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(b) Let ¢o,&0 € Ep and let {¢,} and {&,} be two sequences of iterations of T
defined by (1.5). Then,

Pn = EnllEy < llon — Pn-1llg, + [[Pn—1 = En-1llEs + [[Pn—1 = &nll By
< N[0 = 1llE, + 1Pn—1 — &n—1llE, + A"[[€0 — &1l &
< N'llpo = d1llEy + 160 — E1llEo] + [|Pn—1 — §n—1llE,
< A"+ + Dlllgo — d1llze + 160 — &illEe + ([P0 — Eoll 5]

— (125 M6 = ol + 160 - €uley + I = Gl

1-—

In particular, if ¢pg = &o, then ¢g(c) = &o(c) and T'og = TEy which thereby gives
o1(c) = &1(c). Hence, from inequality (2.2) it follows that

1_
l6n — Enll 5 < 2(

o
1 -2«

- ( 1 —20;) o — d1llEs + 1160 — EillEy + l|P0 — Eoll B, - (2.2)

) 60 — 61]150.

(c) Let {¢n} and {&,} be two sequences of iterates of T at ¢ and &, respectively.
Since {¢,} and {&,} are in R, one has ¢, — &, € R. for n =1,2,.... Then,

[¢n — &nllEs = I#n(c) — &n(c)llE
SWThn-1 =T 1llE
< alllpn-1(c) = Ton-1llg + I€n-1(c) = T&n—1lE]
= af||¢n-1(c) = dn()E + |I€n-1(c) — &ulc) || £]
< alllpn-1 = dullE, + 1€n—1 — &nll &)
< aX"[[|po — d1llE, + 1160 — &1l )-

Since both sequences {¢,} and {£,} in view of statement (a), we have shown that
lim ¢, = lim &,.
n—oo n—o0

(d) To prove uniqueness of fixed point in R.., let ¢* and £* be two fixed points of
T, then

¢ =& lle, = ll6%(c) = €™ (0l

<|T¢" =T e

< aofll¢™(c) = To™|e + 1§7(c) = T¢ |e

=0
which yields ¢* = £*. This completes the proof. O

Next, we unify Theorem 1.1 and Theorem 2.1 and prove a fixed point theorem with

PPF dependence for a wider class of generalized contraction operators on Banach
spaces. The class of generalized contraction operators is supposed to be the most

general one and includes several classes of contraction operators in metric spaces. We
consider the following definition in what follows.
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Definition 2.2. An operator T : Eg — E is called a strong generalized contraction if
there exists a real number 0 < a < 1 satisfying

IT¢ —T¢||le < a max{[|¢ — &z, |¢(c) — Tl [1€(c) — TE| =,

1
Sllo(e) = T¢llp +lge) = Tolel}  (23)
for all $,€ € Eg and for some ¢ € [a,b].

Remark 2.1. [t is clear that contractions and strong Kannan type contractions are
strong generalized contractions, but the converse may not be true.

Theorem 2.2. Suppose that T : Eg — FE is a strong generalized contraction. Then
the following statements hold.

(a) If R. is closed with respect to difference, then for a given ¢g € Ep, every
sequence {¢,} of iterates defined by (1.5) converges to a PPF dependent fized
point of T.

(b) If R. is algebraically and topologically closed, then for a given ¢g € Ey every
sequence {¢n} of iterates defined by (1.5) converges to a unique PPF depen-
dent fized point of T in R..

Proof. The proof is similar to Theorem 2.1 and hence we omit the details. (]

Remark 2.2. We note that Theorems 2.1 and 2.2 do not require any continuity
condition of the operator T on the domain of its definition.

2.2. Nonlinear contractions. A nonlinear contraction is an important generaliza-
tion of contraction operators in Banach spaces in which the contraction constant « is
merged into a function. The results of this type are useful in the theory of nonlinear
differential equations wherein the nonlinearity does satisfy Lipschitz condition in an
usual way. The following definition is useful in what follows.

Definition 2.3. A nonlinear operator T : Ey — E is called a nonlinear contraction
if there exists a upper continuous function from the right ¢ : Ry — R, such that

1T¢ —T¢lle < ¢(¢ — €llg,) (2.4)

for all ¢, & € Ey, where (r) < r,r > 0. Similarly, T is called B-contraction if there
exists a nondecreasing function ¢ : Ry — Ry which is continuous from right and
satisfies (2.4).

Note that every contraction is B-contraction and every B-contraction is nonlin-
ear contraction, however the converse may not be true. The details appears in a
monograph of Browder [2].

Theorem 2.3. Suppose that T : Ey — E is a nonlinear contraction. Then the
following statements hold in Ejy.

(a) If R. is algebraically closed with respect to difference, then every sequence
{dn} of successive iterates of T at each point ¢o € Ey defined as in (1.5)
converges to a PPF dependent fized point of T.

(b) If R. is topologically closed, then ¢* is the only fized point of T in R..
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Proof. Let ¢g € Ep be arbitrary and define a sequence {¢,} in Ey by (1.5). Then,

[6n = bns1llz, = llon(c) — dnta(c)le
= ||T¢n71 - T¢nHE0
< "l}(H(bnfl - Qj)nHE'o)

foreach n=1,2,....
Denote

dn = [|¢pn — ¢n+1HEo-
Then,
dy>dy>->dp>--.
Therefore, lim d,, = d exists. Since d < v¢(d), one has d = 0.
n—oo

We show that the sequence {¢,} is Cauchy. Suppose not. Then for € > 0 there

exists an integer k < n(k) < m(k)
|y = Priey | 20 || > €

Let m(k) > n(k) > k be the smallest integer satisfying

[Pmk) — Pyl 2o > €
Denote

Tk = [[@mk) = On(r)ll Eo-
Then,

€ <1k = || Pmk) — Priry || 2o
< N mky = Pmr)-1llEo + [[@m)—1 = Snwy—1llE,
+ | Pnk)—1 — Prio) | E6
< dmky—1 + €+ dpy—1,
and so, kli_)néo Tk = €.
Next,

€ <1k = || Pmk) — Pnir) | 2o
<N dm) = Pmry+1llEo + 1Pm)+1 = Enry+1llEo
+ | Pm)+1 = Pncr) | 2o
< dmy + P Pmk) = Pni)1E0) + dnirys
or,
e<yle) <e

which is a contradiction. This shows that the sequence {¢,} is Cauchy. Since Ej is
complete, there is a point ¢* € Fy such that lim ¢, = ¢*. Now we show that ¢* is
n—oo



446 BAPURAO C. DHAGE

a PPF dependent fixed point of T'. By triangle inequality,

[T¢* = ¢"(c)llg < 1 T" = dnr1(c)llE + [¢nti(c) — ™ (c)le
S T¢" = Téulle + |on+1 — 6|l 5
S Y(10" = nllm) + 1 ont1 — &%l
—0 as n — 00.
As a result, T'¢* = ¢*(c).
(b) To prove uniqueness, let ¢* # £* be two PPF dependent fixed points of T
Then, from closedness of R., it follows that ¢*,£* € R.. Moreover,
6" =& Mg, = ll97(c) =& (0l
<|T¢" —T¢ e
<U(llo* = €l e,)
which is a contradiction since ¥(r) < r for r > 0. Hence, ¢* = £*. This completes

the proof. O

Corollary 2.1. Suppose that T : Ey — E is a B-contraction. Then the statements
(a) and (b) of Theorem 2.3 hold in Ejy.

3. PPF DEPENDENT HYBRID FIXED POINT THEORY

It is known that the hybrid fixed point theory initiated by Krasnoselskii [7] is
useful to prove the existence theorems for perturbed or hybrid differential and integral
equations. See Dhage [3] and the references given therein. Below we prove such a
hybrid fixed point theorem with PPF dependence which is an improvement upon
the Krasnoselskii type fixed point theorem of Bernfield et al [1] under more general
contraction conditions.

We need the following definition in what follows.

Definition 3.1. An operator T : Eg — E is called strong nonlinear B-contraction if
there exists a right continuous nondecreasing function v : Ry — Ry such that

1T¢ — T¢|le < ¥(ll¢(c) — &(e)lko) (3.1)
for all $,€ € Ey and for some c € [a,b], where ¥(r) <r forr > 0.

We remark that every strong B-contraction is a B-contraction and consequently a
nonlinear contraction on FEy, but the converse may not be true.

Our main PPF dependent hybrid fixed point theorem is the following.
Theorem 3.1. Let A: Ey — FE and B : E — E be two operators such that

(a) A is strong nonlinear B-contraction, and
(b) B is continuous and compact.

Further, if the Razumikhin class of functions R, is algebraically closed with respect to
difference and topologically closed, then for a given ¢ € [a,b] the operator equation

A6+ Bo(c) = 6(0) (3.2)
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has a solution in R..

Proof. Let £ € Ey be fixed and let ¢ € [a, b] be given. Define an operator T¢(.) : Eo —
E by
Te(e)(9) = Ad + BE(c). (3.3)
Clearly, T¢(.) is a B-contraction on Ey. To see this, let ¢1,$2 € Ey. Then,
[ Te(e)(91) — Te(e)(D2)l| 2 = [|Ad1 — Adsl|p
< Y([lg1(c) = d2(0)lp)
<Y([¢1 — b2llm,)-

This shows that T is a strong B-contraction and by Theorem 2.3 there is a
unique PPF dependence fixed point ¢* € Ey such that

Te(e)(¢") = ¢7(c)
or
A¢* + BE(c) = ¢,
Next, we define a mapping Q) : E — E by
Q¢(c) = 9" = Ag™ + B¢(c). (3.4)
It then follows that
Q€1 (c) — Q&(c)lle = [A¢T + B&i(c) — Ady — B&a(c)ls
< A1 — A3 e + [ B&i(c) — B&2(o)l|e
< ¥(l[¢1(c) = 2(0)l[2) + [ B&1(c) — B&2(c)|| - (3.5)

Since B is compact, if {B¢,(c)} is any sequence in E, then {B¢,(c)} has a con-
vergent subsequence. Without loss of generality, call it the same sequence. Hence,
{B¢&,(c)} is a Cauchy sequence. From inequality (3.5), we obtain

1Q€m(c) — Qén(c)lle < ¢(ll¢7(c) — P ()l ) + [ BEm(c) — Béalc)l -

Taking the limit superior in above inequality yields

lim sup|| Q& (c) — Qén(c) |l e

< limsup v(||Q€7, (¢) = Q€ ()| ) + limsup || Bém(e) = Bén(e)||
< v (s Q65 (0~ Q€e ).

Hence,

lim ”ng(c) - an(c)”E = 0.

As a result, {Q¢€,(c)} is a Cauchy sequence. Since E is complete, {Q&,(c)} has a
convergent subsequence. Now a direct application of Schauder fixed point yields that
there is a point £ € Fy such that Q¢*(c) = £*(¢). Consequently A&* + B&*(c) = £*(¢)
and that £* € R.. This completes the proof. O
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Remark 3.1. In case of hybrid fixed point theory, it is necessary to assume all
the mixed hypotheses from the points of one space only. Hence, Theorem 2.3 does
not remain true if we replace strong B-contraction with B-contraction or a nonlinear
contraction on Ey. This answers negatively a question raised in Bernfield et al. [1].

4. FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section we apply the abstract results proved in previous section to functional
differential equations for proving the existence of solutions under a weaker Lipschitz
condition than Bernfield et al. [1].

Given a closed interval Iy = [—7,0] in R for some real number r > 0, let C denote
the space of continuous real-valued functions defined on Iy. We equip the space C
with supremum norm || - ||¢ defined by

9llc = sup |p(6)]. (4.1)
0ely

It is clear that C is a Banach space with this norm called the history space of the
problem under consideration.

Given a function z € C(Ip U I,R), for each t € I = [0,T], define a function

t — x €C by
z(0) =2(t+0), 0 € Iy, (4.2)

where the argument 6 represents the delay in the argument of solutions.

Now we are equipped with the necessary details to study the nonlinear problems
of nonlinear differential equations.

4.1. First order functional differential equations. Given a function ¢ € C, con-
sider the first order ordinary functional differential equation (in short FDE)

2 (t) = f(t,x

(6) = 7tz "

o= ¢

for all £ € I, where f: I x C — R is continuous.

By a solution z of the FDE (4.3) we mean a function z € C(J,R) that satisfies the
equation in (4.3), where C(J,R) is the space of continuous real-valued functions on
J=ILUI.

We consider the following hypothesis in what follows.

(Hy) There exist real numbers L > 0 and K > 0 such that
Liz —yle
[ftz) = fty)| < 7 o
K+ lz —ylle

for all x,y € C. Moreover, we assume that LT < K.

Remark 4.1. If L < K in hypothesis (H;), then it reduces to the usual Lipschitz
condition of f, namely,

lf(t,x) = ft,y)] < (L/K)|[x = ylle.
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Theorem 4.1. Assume that (Hy) holds. Then the FDE (4.1) has a solution on J.

Proof. Set E = C(J,R). Define a set of functions
E={&=(z)es: 7 €C,x € C(I,R) and zy = ¢}. (4.4)

Clearly, & € C(Iy,R) = C. Next we show that E is complete. Consider a Cauchy
sequence {&,,} in E. Then, {(z})cs} is a Cauchy sequence in C for each t € I. This
further implies that {«}*(s)} is a Cauchy sequence in in R for each s € [—r,0]. Then
{z}*(s)} converges to x.(s) for each ¢t € Iy. Since {x}'} is a sequence of uniformly
continuous functions for a fixed t € I, z4(s) is also continuous in s € [—r,0]. Hence
the sequence {&,} converges to & € E. As a result, E is complete.

Now, consider a operator ) on E into R defined as

Qe = Q(zt)1er =

¢(0)+/O f(s,as)ds, iftel, (4.5)
¢(t)7

if t € Io.

Then,

t
1Qé — Qills < / (s, 22) — F(s,s)]| ds

" Lllzs — yslle

o K+ llzs —yslle

t

< ds

Llld — 6l =

< IIwA yIIAE s
o K+1[2-1lz

o LTl —9llg

T K+|z-9ls

=v(lZ - 9llg)

LTr
R K+r
on F since ¥(r) < r, r > 0. Now we apply Theorem 2.3 and get that @ has a PPF
dependent fixed point #* such that Qz* = #*(0) = x*(¢) on ¢t € I. Further, the
sequence {(z})cr} of successive approximations defined by

for all z,7 € E, where ¥(r) = , LT < K. Hence, @ is a nonlinear contraction

t

#(0) +/ f(s,(@2)ser)ds, iftel,
0

(b(t)a ifte Io.

( n+1

T ter = (4.6)

with (2);e7 = ¢ converges to z*. O
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4.2. Hybrid differential equations. Next, given ¢ € C, consider the perturbed or
a hybrid differential equation of delay type (in short HDE)

Z'(t) = f(t, ) +g(t,$(t))} (4.7)
To=¢

forall t € I, where f: I XxC — R and g: I Xx R — R are continuous.

By a solution z of the FDE (4.3) we mean a function z € C(J,R) that satisfies the
equation in (4.3), where C(J,R) is the space of continuous real-valued functions on
J=IyUl.

We consider the following hypothesis in what follows.

(H;) There exist real numbers L > 0 and K > 0 such that

L|[z(0) — y(0)lle
‘f(t,fﬁ) - f(t7y)| <
K+ [|z(0) = y(0)lle
for all z,y € C. Moreover, we assume that LT < K.
(Hg) There exists a real number M > 0 such that

lg(t,z)| < M

forallte I and x € R.

Theorem 4.2. Assume that hypotheses (Hy) and (Hz) hold. Then the HDE (4.7)
has a solution on J.

Proof. Set E = C(J,R) with the usual supremum norm || - ||g. Define a set E by
(4.4). Then FE is a Banach space w.r.t. the norm

12]l 5 = sup [|z¢[|c-
tel

Now the hybrid differential equation is equivalent to the nonlinear hybrid integral
equation (in short HIE)

JF/Otf(S,»’lﬂs)der/Otg(s,ﬂﬁ(s))ds, iftel,

x(t) = (4.8)
if t € Iy.
Consider two operators A: E — R and B: C(J,R) — R defined by
R s,xs)ds, iftel,
Az = A(l’t)tej = / f (49)
if t € Iy.
and .
s,x(s))ds, iftel,
Ba(t) == /0 a(s, (<)) (4.10)

0, if t € Iy.
Then the HIE (4.8) is equivalent to the operator equation
Az + Bi(0) = £(0). (4.11)
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We shall show that the operators A and B satisfy all the condition of Theorem 3.1.
First we show that A is a strong B-contraction on E. Then,

Az — Agllg = [|A(zt)ter — A(ye)ter |l

< [ 1w = ol as
! LHLL’S(O) — ys(O)HC
n 0 K+ ”xb(o) - yb<0)”C

"t L)) = §O)e
~Jo K +2(0) = 9(0)]|m

ds

ds

LT|20) —9(0)lle
K +2(0) = 50)|e
= ¥([1£(0) = 4(0)[| )
. ~ LTr . .
for all Z,y € E, where ¢(r) = s LT < K. Hence, @ is a strong nonlinear
r

contraction on E since ¢(r) < r, > 0.

Next, we show that B is compact and continuous operator on C(J,R). Let {z,}
be a sequence in C'(J,R) such that x,, — = as n — oo. Then by Lebesgue dominated
convergence theorem,

t
lim Bz,(t) = lim 9(s,2,(8))ds

n—oo n—oo 0

t

. / lim (s, 2n(s)) ds = Ba(t)
0 n—oo

for all t € J. This shows that {Bz,(t)} converges to Bx(t) point-wise. Moreover, it

can be shown as below that {Bzx, } is an equicontinuous sequence of functions in FE.

Now, following the arguments similar to that given in Granas et al. [6], it is proved

that B is a a continuous operator on S.

Secondly, we show that B is compact. To, finish, it is enough to show that B(FE)
is uniformly bounded and equi-continuous set in E. Let « € E be arbitrary. Then,

Ba)] < [ lo(s.a(s))lds < MT

for all ¢ € J which shows that B(E) is uniformly bounded set in E. To show equi-
continuity, let t,7 € I. Then,
|Ba(t) — Ba(r)| <

/ lg(s,x(s))|ds| < M |t — 7).
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If € Ipand t € I, then 7 — 0 and t — 0 whenever, |7 —t| — 0. Whence it follows
that
|Bx(t) — Bx(1)| < |Bx(r) — Bz(0)| + |Bz(t) — Bz(0)| < M |t — 7|.

From the above inequalities it follows that B(FE) is an equi-continuous set in E. Now
an application of Arzelld-Ascoli theorem yields that B is a compact operator on E
into itself. Hence, by Theorem 3.1, the integral equation (4.8) has a solution on J.
This further implies that the HDE (4.7) has a solution on J. This completes the
proof. O

Remark 4.2. In recent papers [4, 5], the authors proved some fixed point theorems
with PPF dependence for strong contraction mappings in ordered metric spaces, how-
ever, these results may also be extended to a wider class of nonlinear strong contrac-
tions having a greater flexibility for applications.
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