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Abstract. Recently, Nadezhkina and Takahashi [N. Nadezhkina, W. Takahashi, Strong conver-
gence theorem by a hybrid method for nonexpansive mappings and Lipschitz-continuous monotone
mappings, SIAM J. Optim. 16 (4) (2006) 1230-1241] introduced an iterative algorithm for finding a
common element of the fixed point set of a nonexpansive mapping and the solution set of a variational
inequality in a real Hilbert space via combining two well-known methods: hybrid and extragradient.
In this paper, we investigate the problem of finding a common solution of a variational inequality, a
variational inclusion and a fixed point problem of a nonexpansive mapping in a real Hilbert space.
Motivated by Nadezhkina and Takahashi’s hybrid-extragradient method we propose and analyze
Mann type hybrid-extragradient algorithm for finding a common solution. It is proven that three
sequences generated by this algorithm converge strongly to the same common solution under very
mild conditions. Based on this result, we also construct an iterative algorithm for finding a common
fixed point of three mappings, such that one of these mappings is nonexpansive and the other two
mappings are taken from the more general class of Lipschitz pseudocontractive mappings and from
the more general class of strictly pseudocontractive mappings, respectively.

Key Words and Phrases: Variational inclusion, variational inequality, fixed point, nonexpansive
mapping, inverse strongly monotone mapping, maximal monotone mapping, strong convergence.
2010 Mathematics Subject Classification: 49J40, 47J20, 47TH10, 65K05, 47H09.

***Corresponding author.

In this research, the first author was partially supported by the National Science Foundation of
China (11071169), Leading Academic Discipline Project of Shanghai Normal University (DZL707)
and Innovation Program of Shanghai Municipal Education Commission (09ZZ133). Part of the
research of the second author was done during his visit to King Fahd University of Petroleum
& Minerals, Dhahran, Saudi Arabia. The second author is grateful to King Fahd University of
Petroleum & Minerals, Dhahran, Saudi Arabia, for providing excellent research facilities during his
visit. The fourth author was partially supported by the grant NSC 99-2221-E-037-007- MY 3.

403



404 L.-C. CENG, Q. H. ANSARI, M. M. WONG AND J.-C. YAO

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be
a nonempty closed convex subset of H and let Po be the metric projection from H
onto C. A mapping A of C into H is called monotone if

(Au — Av,u —v) >0, Yu,veC.

A mapping A of C into H is called k-Lipschitz continuous if there exists a constant
k > 0 such that
|[Au — Av|| < k|lu — ||, Yu,veC.

Let the mapping A from C to H be monotone and Lipschitz continuous. The varia-
tional inequality is to find a u € C such that

(Au,v —u) >0, YveC. (1.1)

The solution set of the variational inequality (1.1) is denoted by VI(C, A). The varia-
tional inequality was first discussed by Lions [16] and now is well known; there are var-
ious approaches to solving this problem in finite-dimensional and infinite-dimensional
spaces, and the research is intensively continued. This problem has many applications
in partial differential equations, optimal control, mathematical economics, optimiza-
tion, mathematical programming, mechanics, and other fields; see, e.g., [10,20,31]. In
the meantime, to construct a mathematical model which is as close as possible to a
real complex problem, we often have to use more than one constraint. Solving such
problems, we have to obtain some solution which is simultaneously the solution of two
or more subproblems or the solution of one subproblem on the solution set of another
subproblem. Actually, these subproblems can be given by problems of different types.
For example, Antipin considered a finite-dimensional variant of the variational in-
equality, where the solution should satisfy some related constraint in inequality form
[1] or some system of constraints in inequality and equality form [2]. Yamada [30]
considered an infinite-dimensional variant of the solution of the variational inequality
on the fixed point set of some mapping.

A mapping A of C into H is called a-inverse strongly monotone if there exists a
constant o > 0 such that

(Au— Av,u —v) > afAu — Av||?,  Yu,v € C;
see [6,17]. It is obvious that an a-inverse strongly monotone mapping A is monotone
and Lipschitz continuous. A mapping S of C into itself is called nonexpansive if
[|Su— Sv|| < |lu—v|, Vu,veC;

see [28]. We denote by F(S) the fixed point set of S; i.e., F(S) ={x € C: Sz = z}.

A set-valued mapping M with domain D(M) and range R(M) in H is called
monotone if its graph G(M) = {(z,f) € H x H : z € D(M), f € Mz} is a monotone
set in H x H; i.e., M is monotone if and only if

(:C’f)7(yvg) EG(M) = <:E—y,f—g> > 0.

A monotone set-valued mapping M is called maximal if its graph G(M) is not properly
contained in the graph of any other monotone mapping in H.
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Let & be a single-valued mapping of C' into H and M be a multivalued mapping
with D(M) = C. Consider the following variational inclusion: find w € C, such that

0 € &(u) + Mu. (1.2)

We denote by {2 the solution set of the variational inclusion (1.2). In particular, if
¢=M=0, then 2 =C.

In 1998, Huang [7] studied problem (1.2) in the case where M is maximal mono-
tone and @ is strongly monotone and Lipschitz continuous with D(M) = C = H.
Subsequently, Zeng, Guu and Yao [13] further studied problem (1.2) in the case which
is more general than Huang’s one [7]. Moreover, the authors [13] obtained the same
strong convergence conclusion as in Huang’s result [7]. In addition, the authors also
gave the geometric convergence rate estimate for approximate solutions.

In 2003, for finding an element of F'(S)NVI(C, A) under the assumption that a set
C C H is nonempty, closed and convex, a mapping S of C into itself is nonexpansive
and a mapping A of C into H is a-inverse strongly monotone, Takahashi and Toyoda
[29] introduced the following iterative algorithm:

Tp4+1 = Qpdnp + (1 - an)‘SPC(xn - )\nAxn>7 (13>

for every n = 0,1,2, ..., where g = « € C chosen arbitrarily, {c,} is a sequence

in (0,1), and {A,} is a sequence in (0,2«a). They showed that, if F'(S) N VI(C, A)

is nonempty, the sequence {z,} generated by (1.3) converges weakly to some z €

F(S)nVI(C, A).

In 2006, to solve this problem (i.e., to find an element of F(S)NVI(C, A)), liduka

and Takahashi [12] introduced the following iterative scheme by a hybrid method:
Yn = AnZpn + (1 — an)SPo(x, — A\ Ax,),
Cn={2€C:|yn— 2| <|lzs — 2|},
Qn={2€C:{xy,—2z,0—1x,) >0},
Tn1 = Pcannx»

(1.4)

for every n = 0,1,2, ..., where xg = z € C chosen arbitrarily, 0 < o, < ¢ < 1 and
0 <a< A <b<2a. They proved that if F(S) N VI(C, A) is nonempty, then the
sequence {z,} generated by (1.4) converges strongly to Pp(s)nvi(c,a)r. Generally
speaking, the algorithm suggested by liduka and Takahashi is based on two well-
known types of methods, i.e., on the projection-type method for solving variational
inequality and so-called hybrid or outer-approximation method for solving fixed point
problem. The idea of “hybrid” or “outer-approximation ” types of methods was
originally introduced by Haugazeau in 1968 and was successfully generalized and
extended in many papers; see, e.g., [3-5,8,18,25].

It is easy to see that the class of a-inverse strongly monotone mappings in the
above mentioned problem of Takahashi and Toyoda [29] is the quite important class
of mappings in various classes of well-known mappings. It is also easy to see that while
a-inverse strongly monotone mappings are tightly connected with the important class
of nonexpansive mappings, a-inverse strongly monotone mappings are also tightly con-
nected with a more general and also quite important class of strictly pseudocontractive
mappings. (A mapping T : C' — C'is called s-strictly pseudocontractive if there exists
a constant 0 < x < 1 such that |7z — Ty||?> < ||z —y||> + &||(I = T)x — (I — T)y||? for
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all z,y € C.) That is, if a mapping T : C — C' is nonexpansive, then the mapping
I —T is }-inverse strongly monotone; moreover, F(T) = VI(C,I —T) (see, e.g., [29]).
At the same time, if a mapping T : C' — C'is k-strictly pseudocontractive, then the
mapping I — T is 15“-inverse—strongly monotone and 1E,{—Lipschitz continuous.

In 1976, for finding a solution of the nonconstrained variational inequality in the
finite-dimensional Euclidean space R™ under the assumption that a set C C R"
is nonempty, closed and convex and a mapping A : C' — R"™ is monotone and k-
Lipschitz-continuous, Korpelevich [15] introduced the following so-called extragradi-
ent method:

{ yn = Po(z, — Nz,), (1.5)

Tn+l = PC(xn - )\Ayn>7

for every n = 0,1,2,..., where 2y = = € C chosen arbitrarily and A € (0, %) He
showed that if VI(C, A) is nonempty, then the sequences {z,} and {y,} generated by
(1.5) converge to the same point z € VI(C, A). The idea of the extragradient iterative
algorithm introduced by Korpelevich [15] was successfully generalized and extended
not only in Euclidean but also in Hilbert and Banach spaces; see, e.g., [11,9,19,26,24].

In 2006, by combining hybrid and extragradient methods, Nadezhkina and Taka-
hashi [22] introduced an iterative algorithm for finding a common element of the fixed
point set of a nonexpansive mapping and the solution set of the variational inequality
for a monotone, Lipschitz-continuous mapping in a real Hilbert space. They gave a
strong convergence theorem for three sequences generated by this algorithm.

Theorem 1.1 [22, Theorem 3.1] Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A: C — H be a monotone and k-Lipschitz-continuous mapping
and let S : C — C be a nonexpansive mapping such that F(S) NVI(C, A) # 0. Let
{zn},{yn} and {z,} be the sequences generated by

Yn = PC($n - )\nAxn)a

Zn = an®y + (1 — o) SPo(xn — A\ Ayn),
Cn={2€C:|zn—2|| < lz — 2|}, (1.6)
Qn={z2€C:{(xy—22—z,) >0},

ZTni1 = Pc,nQ, T,

for every n =0,1,2, ..., where xg = & € C chosen arbitrarily, {\,} C [a,b] for some
a,b € (0,1) and {o,} C [0,¢] for some c € [0,1). Then the sequences {xy},{yn} and
{zn} converge strongly to Pr(s)nvi(c,a)T-

On the other hand, the construction of fixed points of nonexpansive mappings via
Mann’s algorithm [14] has extensively been investigated in literature (see, e.g., [32,33]
and references therein). Mann’s algorithm generates, initializing with an arbitrary
xo € C, a sequence according to the recursive manner

Tpp1 = QnZp + (1 — ap) Sy, (1.7)

for every n = 0,1,2, ..., where S : C — C'is a nonexpansive mapping and {a, }22 ; is a
real control sequence in the interval [0, 1]. If S is a nonexpansive mapping with a fixed
point and if the control sequence {a,}52 is chosen so that > ° a, (1 — ay) = oo,
then the sequence {z,} generated by Mann’s algorithm (1.7) converges weakly to a



MANN TYPE HYBRID EXTRAGRADIENT METHOD 407

fixed point of S. (This is indeed true in a uniformly convex Banach space with a
Frechet differential norm [33].)

In this paper, let A : C — H be a monotone and k-Lipschitz-continuous mapping,
@ : C — H be an a-inverse strongly monotone mapping, M be a maximal mono-
tone mapping with D(M) = C and S : C — C be a nonexpansive mapping such
that F(S) N 2NVI(C,A) # (. By combining Nadezhkina and Takahashi’s hybrid-
extragradient algorithm (1.6) and Mann’s algorithm (1.7) we introduce the following
Mann type hybrid-extragradient algorithm

yn = Po(z, — M\ Axy,),

t, = PC(xn - )\nAyn)a

tn = JM7ﬂn (tn - /Ln@(tn))a R R

zn = (1 — oy — Q)@ + anty + G, Sty, (1.8)
Crn={2€C:|zn— 2| < |lzn — 2|},
Qn={2€C:{x,—2z,2—1x,) >0},

Tn+1 = PCannfE

for every n = 0,1,2,..., where Jas,, = (I + p M)~ 29 = 2 € C chosen arbitrarily,
{An} € (0,7), {pn} C (0,20] and {an}, {dn} C (0,1] such that o, + G, < 1. It is
proven that under very mild conditions three sequences {z,}, {yn},{zn} generated
by (1.8) converge strongly to the same point Pr(g)nenvi(c,a)®. It is worth pointing
out that whenever ® = M = 0, we have {2 = C. In this case, the problem of
finding an element of F'(S) N 2N VI(C, A) reduces to the one of finding an element of
F(S)NVI(C, A). Thus, our result improves and extends Nadezhkina and Takahashi’s
corresponding one [22], i.e., the above Theorem NT. Based on our main result, we also
construct an iterative algorithm for finding a common fixed point of three mappings,
one of which is nonexpansive and the other two ones are taken from the more general
class of Lipschitz pseudocontractive mappings and from the more general class of
strictly pseudocontractive mappings, respectively.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - || and C be a
nonempty closed convex subset of H. We write — to indicate that the sequence {z,,}
converges strongly to  and — to indicate that the sequence {z,} converges weakly
to x. Moreover, we use wy, (z,) to denote the weak w-limit set of the sequence {z,},
ie.,

Wy (xy) :={z : x,, — z for some subsequence {x,,} of {z,}}.

For every point « € H, there exists a unique nearest point in C, denoted by Pz,

such that

|z — Pezx| <||lz—vy||, VzeC.

P¢ is called the metric projection of H onto C'. We know that P¢ is a firmly nonex-
pansive mapping of H onto C'; that is, there holds the following relation

(Pex — Poy,x —y) > |Pcx — Pey||*, Va,y € H.
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Consequently, Pc is nonexpansive and monotone. It is also known that Pg is char-
acterized by the following properties: Pox € C' and

(x — Pox, Pcx —y) >0, (2.1)
lz = ylI* 2 llz = Pez|® + lly — Pozll?, (2.2)
for all z € H,y € C; see [28,34] for more details. Let A : C — H be a monotone
mapping. In the context of the variational inequality, this implies that
x€VI(C,A) & z=Pe(x—IAz) VA >0. (2.3)
It is also known that H satisfies the Opial condition [21]. That is, for any sequence
{z,} with z, — z, the inequality
liminf ||z, — z|| < liminf ||z, — y|| (2.4)
n—oo n—oo
holds for every y € H with y # x.
A set-valued mapping M : D(M) ¢ H — 2 is called monotone if for all x,y €
D(M), f € Mz and g € My imply
<f—g,$—y> > 0.
A set-valued mapping M is called maximal monotone if M is monotone and (I +
AM)D(M) = H for each A > 0, where I is the identity mapping of H. We denote
by G(M) the graph of M. It is known that a monotone mapping M is maximal if
and only if, for (z,f) € H x H, (f — g,z —y) > 0 for every (y,g) € G(M) implies
f e M.
Let A: C — H be a monotone, k-Lipschitz-continuous mapping and let Nov be
the normal cone to C' at v € C| i.e.,
Nev={we H: {(v—u,w) >0, Yue C}.

Define
_ Av+ New, ifve(C,
Tv= { 0, if o g C.
Then, T is maximal monotone and 0 € T if and only if v € VI(C, A); see [23].
Assume that M : D(M) C H — 2" is a maximal monotone mapping. Then, for
A > 0, associated with M, the resolvent operator Jjs x can be defined as

JM7,\$=(I—|-)\M)_1$, Vo € H.

In terms of Huang [7] (see also [13]), there holds the following property for the resol-
vent operator Jy : H — H.

Lemma 2.1 Jyy y is single-valued and firmly nonexpansive, i.e.,
(I — Ty ® = y) > Iz — Jupyll®, Va,y € H.

Consequently, Jurx is is nonexpansive and monotone.
Lemma 2.2 [35] There holds the relation:

Az + py +vz||? = M) + ullyll® + vl2)? = Aulle =yl = plly — 2l = Mvfle - 2|
forall x,y,z € H and A\, p,v € [0,1] with A+ p+v =1.
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Lemma 2.3 Let M be a maximal monotone mapping with D(M) = C. Then for any
given X > 0, u € C is a solution of problem (1.2) if and only if u € C satisfies

u=Jar(u—AP(u)).

Proof.
0€ d(u)+ Mu <& u—AP(u) €u+ AMu
& u=(I+AM)"u—AP(u))
< u=Jyr(u—AP(w)).
(]

Lemma 2.4 [15] Let M be a mazimal monotone mapping with D(M) = C and let
V :C — H be a strongly monotone, continuous and single-valued mapping. Then for
each z € H, the equation z € Va + AMz has a unique solution xy for A > 0.

Lemma 2.5 Let M be a mazimal monotone mapping with D(M) =C and A: C —
H be a monotone, continuous and single-valued mapping. Then (I+N(M+A))C = H
for each A > 0. In this case, M + A is maximal monotone.

Proof. For each fixed A > 0, put V.= I + AA. Then V : C — H is a strongly
monotone, continuous and single-valued mapping. In terms of Lemma 2.4, we obtain
(V+AM)C = H. That is, (I +A(M + A))C = H. It is clear that M + A is monotone.
Therefore, M + A is maximal monotone. O

3. STRONG CONVERGENCE THEOREM

In this section we prove a strong convergence theorem by Mann type hybrid-
extragradient method for finding a common solution of a variational inequality, a
variational inclusion and a fixed point problem of a nonexpansive mapping in a real
Hilbert space.

Theorem 3.1 Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let A : C — H be a monotone and k-Lipschitz-continuous mapping, ® : C — H
be an a-inverse strongly monotone mapping, M be a mazrimal monotone mapping
with D(M) = C and S : C — C be a nonexpansive mapping such that F(S) N 2N
VI(C, A) # 0. For xg = & € C chosen arbitrarily, let {z,}, {yn} and {z,} be the
sequences generated by

Yn = PC(xn - )\nAxn)a

tn = Po(@n — AnAYn),

tn = It (tn — 1 (1)),

Zn = (1 — Qp — é‘n)xn + anfn + é‘nSim

Cn={2€C:|zn — 2|l < [lzn — [},
Qn={2€C:{xy—2z2—1,) >0}

Tn+1 = Pcann!E

for every n = 0,1,2, ..., where {\,} C [a,b] for some a,b € (0,7), {un} C [€,20] for
some € € (0,20, and {an}, {é&n} C [c,1] for some ¢ € (0,1], such that oy, + G, < 1
for everyn =0,1,2,.... Then the sequences {x,},{yn} and {z,} converge strongly to
Pr(s)nenvi(c,a)®-
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Proof. Tt is obvious that C,, is closed and @, is closed and convex for every n =
0,1,2,.... As

Cpn={2€C: |20 —nl|® +2(2n — Tn, T — 2) <0},
we also have that C), is convex for every n =0,1,2,.... As
Qn={2€C:(xy—2z,20—1xy,) >0},

we have (z, — z,& — x,) > 0 for all z € Q,, and hence z,, = Py, z by (2.1).
For the remainder of the proof, we divide it into several steps.

Step 1. We claim that F'(S) N 2 NVI(C,A) C C,,NQ, for every n =0,1,2, ...
Indeed, take a fixed u € F(S)N2NVI(C, A) arbitrarily. From (2.2), monotonicity of
A, and u € VI(C, A), we have

l[tn — u||2 < lzn — AnAyn — u||2 = lzn — AnAyn — tn||2
= ||z, — u||2 = lzn — th2 + 22 (Ayn, u — tn)
= |lzn — u||2 — [lzn — thQ
+ 20, ((Ayp — Auyu — yp) + (Au,u — yn) + (AYn, Yn — tn))
< oy, — u||2 — ||z — thZ + 22 (AYn, Yn — tn)
= llen = ull® = llzn = ynll* = 2(20 = Yn, yn — tn) = Y0 — tall?
+ 20 (AYn, Yn — tn)
= Hxn - u||2 - ||$n - yn||2 —lyn — tn||2 + 2<xn — A AYn — Yn,tn — yn>

Further, since y, = Po(x, — Ay Ax,,) and A is k-Lipschitz-continuous, from (2.1) we
have

(X — ApAZy — Ynytn — Yn)
(MAT, — M AYn, tn — Yn)
MATy, — M Ayn, tn — Yn)
Ankl|@n = ynlllltn = ynll-

<mn - )\nAyn - ynatn - yn>

IN N+

So, we obtain

[t —ull® < llon —ull® = |20 = yul? = llyn — tall®
F2Ankllzn = ynlllltn — yall
< Nlwn — ull® = llzn — ynll® = Iy — tall?
ALK l2n = ynll? + llyn — tal?
= llon —ul® + (AR = D2 — ynl|?
< lzn —ull®.

(3.1)
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Also, since z, = (1— 0o, — G )Ty + ity + 6, Styn, u = Su and u = I o, (U= por, D(0)),
utilizing Lemma 2.2 we get from (3.1)

2 = ull® = [|(1 = = &) (20 — ) + O‘n(fn —u)+ dn(an —u)|?

< (1= ay = an)llzn —ull® + anlltn — ul]* + || St — ul]® — andallt, — St

< (1= ap = dn)len — vl + (an + an)|ltn — ul]® = andnllt, — St

=(l—an fdn)Hifn —ull® + (e + &) | Tat i (tn = 10 P () = Tat, o, (0 — p D () |2
— QG ||t — St l?

< (1= an = an)lleg — ull® + (an + an)l|(tn — pa @(tn)) — (u — pn ()|

— g ||t — St

< (1= an = an)llzn — ull? + (an + an)[lltn — ull? + pn(pn — 20)[[ 2(ts) — 2(u)]?]
— i ||t — St

< (1= an = an)llzn —ul® + (an + @)t — ull® = andnllt, — St, |2

< (1= an = an)llzn — ull® + (an + an)[llon — ull® + (ARE? = Dlzn — yal?]
_andn”En - anHQ

= [|lzn = ul]® + (an + @n) A2k = D[zn — ynl® — andnllt, — Sia|®

< lwn — ull?

(3.2)
for every n = 0,1,2,... and hence u € C,,. So, F(S)N N NVI(C, A) C C, for every
n=0,1,2,.... Next, let us show by mathematical induction that {z,} is well-defined
and F(S)N N NVI(C,A) C C,NQ, for every n = 0,1,2,.... For n = 0 we have
Qo = C. Hence we obtain F(S)N 2N VI(C, A) C CyN Q. Suppose that zj is given
and F(S)NNNVI(C, A) C CrNQy, for some integer k > 0. Since F(S)NN2NVI(C, A)
is nonempty, Cx N Q is a nonempty closed convex subset of C. So, there exists a
unique element x5 € C; N Qy such that x411 = Po,ng,x. It is also obvious that
there holds (xgy1—2,2—xk11) > 0 for every z € CpNQy. Since F(S)NNNVI(C, A) C
Cr N Qp, we have (xp41 — 2,2 — x41) > 0 for z € F(S) N 2N VI(C, A) and hence
F(S)N2NVI(C, A) C Qk+1. Therefore, we obtain F'(S)N2NVI(C, A) C Cr11NQpt1.-

Step 2. We claim that
lm ||@pt1 — 2pl = lim ||, — 2,] = 0.
n—oo n—oo
Indeed, let lo = PF(S)QQQVI(C7A)I. From Tp+1 = PcnﬂQn.’L' and lo S F(S) naen
VI(C, A) C C, N Qy, we have
[#n41 — 2l < [llo — = (3.3)

for every n = 0,1,2,.... Therefore, {z,} is bounded. From (3.1) and (3.2) we also
obtain that {t,,} and {z,} are bounded. Since z,,41 € C,,NQ,, C @, and z,, = Py, x,
we have

[en — @l < |lznpr — 2|
for every n = 0,1,2,.... Therefore, there exists lim |z, — z||. Since x,, = Py, x and
n—oo

Znt1 € Qn, utilizing (2.2), we have

[ns1 = @nll® < llwnss — 2l® = llzn — =]
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for every n = 0,1, 2,.... This implies that

lim |41 — 2n] =0.

n—oo
Since x,41 € Cp, we have ||z, — Tpi1| < ||2n — Tnt1]| and hence

[#n = znll < [[#n = Tpga || + [[2n+1 = 2]l < 2/|Tng1 — 24l

for every n =0,1,2, .... From ||,4+1 — @] — 0 it follows that
lim |z, — z,|| = 0.
n—oo

Step 3. We claim that
Tl =gl =l o = ]| =l (1S = Bl = Jim [ = ta]] = 0.
Indeed, for u € F(S)N 2 NVI(C, A), we obtain from (3.2)
20 = ull® < 2 — ull® + (an + &n) AE* = D)l|lzn — ynll* — anda||tn — St
Therefore, we have
ln = ynll* + =&z llfn = Stal?

< lzn —ynll? + WH@L — St 2
< wranaoee len — ull® = llzn — ull?)
(lzn = ull + [1zn = ull)
< wrranaoee Ulen — ull + 120 — ul)l2n — 2nll
< ey (e — ull + [z — ulD|lzn — 2all-

(3.4)

Since ||z, — zn|| — 0 and the sequences {z,} and {z,} are bounded, we deduce that

(lzn = ull = [lzn = ul[)x

lim ||z, —y,| = lim ||, — St,| = 0.
n—oo n—oo
By the same process as in (3.1), we also have

Itn — u||2 <|lzn — UH2 = |lzn — ynH2 — |y — thQ
2 k|20 — ynll[tn — yn|
<Hln = ull® = [Jzn = yall® = lyn — tall® + 20 — yall?
FAE2[Yn — ta?
= [Jen — ull> + (ARE? = 1)lyn — tall®
< len —ull?.
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Then, in contrast with (3.2),

lzn = ull® = (1 = an = @n)(@n — w) + anltn — u) + an(St, —u)||?

< (1= ap —én)l|zn — uH2 + O‘n”tAn - u||2 + OA‘nHStAn - u||2 - O‘ndnnfn - anHQ

< (1= an —ap)llzn —ull® + (@ + an)l[tn — ull® = andnllt, — Sia|?

= (1_O‘nf&n)”?n = ul® + (en + &) | Ing,a, (b = 10 P(t0)) = Tag g, (w0 — pn P(u))|1?

— Gy ||t — St |?

< (1= an —dy)llzn —ull? + (an +an)[[(tn — pn P(tn)) — (u — pp @(w))]|?

—Ozndan — St
< (1= — )20 — w2 + (@ + )t — wl® + it — 20) [ B(t) — D))
— i ||t — Stal?

< (1= an = an)llzn — ul® + (an + @n)|ltn — ull® = andn|t, — St

< (1= ay = ay)llzn — ull® + (an + an)[lzn — ull® + (AR = Dlyn — tall?]

— b ||t — Stal?

= [lzn = ul]® + (an + @) A2k = Dllyn = tall* = andinltn — St,|?

< Jlon = ulf?

and, rearranging as in (3.4),

2 ~ ~ ~ ~ ~
ltn = ynll* + =5z lltn — Stall® < lltn — yol® + a3z ltn — Stall?

= (an+dn)1(17>\§lk2) (lzn = ull* = ll2n —ull?)
1

(onTan)(1-N2E2) (lzn = ull = llzn — ull)x

2o —ull + [z — ul])

W(”xn ull + {1z — ul)llzn — znll
sery (len = ull + 120 = ul)llen = zull.

—~~

IAIN

Since ||z, — zn|| — 0 and the sequences {x,} and {z,} are bounded, we deduce that
le [t — ynll = li_)m |tr, — Sta|| = 0.
As A is k-Lipschitz-continuous, we have [|Ay, — Aty|| — 0. From ||z, — tp|| < |25 —

Y|+ |yn —tn || we also have ||z, —t,|| — 0. Since 2, = (1 -0, — ) n +ntn 4G Sty,
we have

Zn — T =ty — x0) + 6, (St — 2,)
= an(fn — ) + &n(an —t 4+, — Zn)
= (an + Gp)(tn — 1) + G (St — 1).

Then
2C||in —znl| < (an+ OA‘n)”tAn - mAn” R
= |lzn — Tn — dn('StnA_ tn)”
< llzn = 2nll + an || Stn — tn
< |lzn — @p|| + ISt — |

and hence ||t,, —2,|| — 0. This together with ||z, —t, || — 0, implies that ||£,,—t,| — 0.
Step 4. We claim that wy,(z,) C F(S) N 2N VI(C,A). Indeed, as {z,} is

bounded, there is a subsequence {x,,} of {z,} such that {z,,} converges weakly to
some u € wy(x,). We can obtain that w € F(S) N 2N VI(C, A). First, we show
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u € VI(C, A). Since z,, — t,, — 0 and z,, — y,, — 0, we conclude that ¢,, — u and
Yn; — u. Let
- Av+ Nev, if veC,

Tv= { 0, if v ¢ C.
where Ncwv is the normal cone to C at v € C. We have already mentioned that in this
case the mapping T is maximal monotone, and 0 € T if and only if v € VI(C, A);
see [23]. Let G(T') be the graph of T and let (v, w) € G(T). Then, we have w € Tv =
Av + Nev and hence w — Av € Ngw. So, we have (v —t,w — Av) > 0 for all ¢t € C.
On the other hand, from ¢, = Po(z, — A\ Ay,) and v € C we have

<$n - )\nAyn - tnatn - U) 2 0

and hence

tn_ n
(0 —ty, T 4 Ay > 0.

An
From (v —t,w — Av) > 0 for all ¢t € C' and ¢, € C, we have
(v =tn,w) = (V—tn;, Av)

—tn,

> (v tm, Av) — (v — ty,, b
—t
—t

S+ Ayn,)

ng

nis AU — Aty )+ (0 — by, Al — Ay, ) — (0 =t 2500

= (v
> (v

Hence, we obtain (v — u,w) > 0 as ¢ — oo. Since T is maximal monotone, we have
u € T710 and hence u € VI(C, A).

Secondly, let us show u € F(S). Assume u ¢ F(S). Since ||t, —x,| — 0 and z,,, —
u, we have £,, — u. In terms of Opial’s condition, we have from ||t,, — St,,|| — 0

nir Al — Ayp,) — (0 — by, 2200,

liminf ||£,, —u|| < liminf ||£,, — Su||
11— 00 11— 00 N N N
= liminf ||t,, — Stn, + Stn, — Sul|
1— 00
< liminf||St,, — Su|| < liminf ||,, — ul.
11— 00 1— 00

This is a contradiction. So, we obtain u € F(S).

Next, let us show u € £2. Since @ is a-inverse strongly monotone and M is maximal
monotone, by Lemma 2.5 we know that M + & is maximal monotone. Take a fixed
(y,9) € G(M + @) arbitrarily. Then we have g € My + &(y). So, we have g — P(y) €
My. Since t,, = IM i, (tny — pin, @(tn,)) implies ﬁ(tm —tp, = pin, D(tn,)) € Mt,,,

i

we have
<y - Eni7g - ¢(y) - %(tnz - f’ﬂl - Mmé(tm)» > 0’
which hence yields t
(Y= tnis9) = (= tn,, DY) + - (tn, —tn, ﬂ L P(tn,)))
= (Y — fn, D(y) = B(tn,)) + (¥ — s o (tn, — 1))
> al|@(y) — D(in,)|I” + (y — tn, ¢(f D= O(ta)) + (y— ey o (tn, =)
> (y = tn,, D(tn,) — D(tn )>+<y s o (b, — 1)),
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Observe that

—~

Yy — f’ﬂi? Q(Ltnl) - @(tnl» + <y - tA’”i’ i(tm - £7L1>>|
ly =l @(Fn) — (tn )|l + ly =t Il (= )
1

Ly — tn, e = tncll + 2y = o llltn; — tn,
(5 + Oy = Lulllltn, — tall-

It follows from ||t,, — t,|| — O that

[RNVANPVAN

lim |<y - fﬂw @(fnl) - @(tnl» + <y - tma 7(2‘:774 - tn;))l =0.

1—00
Letting ¢ — oo, we get from (3.5)

This shows that 0 € &(u) + Mu. Hence, u € £2. Therefore, u € F(S)N2NVI(C, A).

Step 5. We claim that

lim [z, — lol| = lim [ly, — lol| = lim [}z, — Io]| =0,

n—oo

where lo = Pp(s)nenvi(c,4)-
Indeed, from ly = Pr(s)nonvi(c,a)®, v € F(S)NNNVI(C, A), and (3.3), we have

llo = 2|l < llu = 2| < liminf{lz,, —z] <limsup |z, —z[| < [|lo — 2|
o0 1—00

So, we obtain
lim [, — o = [lu— 2.
71— 00

From z,, —x — u — 2 we have z,, —x — u — x (due to the Kadec-Klee property
of Hilbert spaces [34]) and hence z,,, — u. Since z, = Pg,x and [y € F(S)N 2N
VI(C,A) C C,,NQy, C Qn, we have

—[lto = 2n,[I* = (lo = @0, @0, — ) + (lo — @0y, @ = lo) > (lo = Tny, @ — lo).
As i — oo, we obtain —||lp — u||> > {lo —u,z —lp) >0 by Iy = Pr(s)nonvi(c,a)T and

u € F(S)N N2 NVI(C,A). Hence we have u = lp. This implies that x,, — lp. It is
easy to see that y, — lg and z, — lp. This completes the proof. O

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A : C — H be a monotone and k-Lipschitz-continuous mapping and S : C — C
be a nonexpansive mapping such that F(S) N VI(C,A) # 0. For xzg = x € C chosen
arbitrarily, let {x,}, {yn} and {z,} be the sequences generated by

yn = Po(x, — M\Axy,),

Zn = (1 — Qp — é‘n)xn + OfnPC(xn - AnAyn) + é‘nSPC(xn - /\nAyn)v

Cn={z€C:|zn— 2| < llzn — 2|},

Qn={2€C:{(x,—2z,x—1x,) >0},

Tn+1 = PCannﬂU
for every n = 0,1,2,..., where {\,} C [a,b] for some a,b € (0, +) and {a,},{dn} C
[e,1] for some ¢ € (0,1], such that a, + &y < 1 for every n = 0,1,2,.... Then the
sequences {xn }, {yn} and {z,} converge strongly to Pp(s)nvi(c,a)®.
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Proof. Putting & = M = 0in Theorem 3.1, we have {2 = C and F(S)N2NVI(C, A) =
F(S)NVI(C, A). Let a be any positive number in the interval (0,00) and take any
sequence {pn} C [€,2a] for some € € (0,2a]. Then @ is a-inverse strongly monotone
and we have

tp = PC(xn - )\nAyn)v

fn = J]M,,un(tn - Un@(tn)) :A (I + ,UnM)_ltn = tna

2n = (1 — ap — Gn)xy + antn + 6, Sty

= (1 — ap — Gn)Tn + anty + 6, Sty

= (1 —ay — &n)xn + anPo(xn — MAyn) + @ SPo(xn — M Ayn).

Therefore, by Theorem 3.1 we obtain the desired result. O

Remark 3.1 Compared with Theorem 3.1 in Nadezhkina and Takahashi [22], our
Theorem 3.1 improves and extends Nadezhkina and Takahashi [22, Theorem 3.1] in
the following aspects:

(a) Nadezhkina and Takahashi’s hybrid-extragradient method in [22, Theorem
3.1] is extended to develop Mann type hybrid-extragradient method in our
Theorem 3.1.

(b) the technique of proving strong convergence in our Theorem 3.1 is very dif-
ferent from that in Nadezhkina and Takahashi [22, Theorem 3.1] because our
technique depends on the properties for maximal monotone mappings and
their resolvent operators (see, e.g., Lemmas 2.1, 2.3 and 2.5), and the geomet-
ric properties for Hilbert spaces (see, e.g., Opial’s condition and Kadec-Klee’s
property [34]).

(¢) our problem of finding an element of Fix(S) N 2 N VI(C, A) is more general
than Nadezhkina and Takahashi’s problem of finding an element of Fix(S) N
VI(C, A) in [22, Theorem 3.1].

4. APPLICATIONS

Utilizing Theorem 3.1, we prove some strong convergence theorems in a real Hilbert
space.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A : C — H be a monotone and k-Lipschitz-continuous mapping, ® : C' — H be
an «a-inverse strongly monotone mapping and M be a mazximal monotone mapping
with D(M) = C such that 2 N VI(C, A) # 0. For xy = x € C chosen arbitrarily, let
{zn}, {yn} and {z,,} be the sequences generated by

Yn = PC(xn - /\nAxn)a

ty, = PC(fn - AnAyn)a
Cn={2€C:|zn— 2| < lzn — 2|},
Qn=1{2€C:{x,—2z,2—1x,) >0},
xn“l‘l = PCannx
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for every n = 0,1,2, ..., where {\,} C [a,b] for some a,b € (0, %), {un} C [¢,2a] for
some € € (0,2a] and {B,} C [¢,1] for some ¢ € (0,1]. Then the sequences {xn}, {yn}
and {z,} converge strongly to Poavic,a)x.

Proof. In Theorem 3.1, putting S = I and o, = &, = %ﬁn foralln =0,1,2,..., we
have

tn = IM i (e — i (1)), . A

zn = (1 — ap — Q)T + ity + G Sty

=1 —-an—ap)zy, + (an + dn)fn

= (1 - ﬂn)mn + ﬂnfn

In this case, we know that FI(S) N 2 NVI(C,A) = 2N VI(C,A). Therefore, by
Theorem 3.1 we obtain the desired result. O

Theorem 4.2 [22, Theorem 4.2] Let C be a nonempty closed convex subset of a real
Hilbert space H and let S : C — C' be a nonexpansive mapping such that F(S) is
nonempty. For xg = x € C chosen arbitrarily, let {x,} and {z,} be the sequences
generated by

zn = (1 = Gn)an + G Sy,
Cp={2€C:|zn—z|| < |lzn — 2|},
Qn=1{2€C:{(x,—z,2—x,) >0},
Tny1 = Po,nq,

for every n = 0,1,2, ..., where {an} C [c,1] for some ¢ € (0,1]. Then the sequences
{xn} and {z,} converge strongly to Pps)x.

Proof. Putting A = & = M = 0 in Theorem 3.1, we let k and « be any positive
numbers in the interval (0,00) and take any sequence {\,} C [a,b] for some a,b €
(0, 1) and any sequence {yu,} C [¢,2a] for some € € (0,2a]. Then A is k-Lipschitz-
continuous and @ is a-inverse strongly monotone. In this case, we know that F(S) N
2NVI(C,A) = F(S) and

Yn = PC(l'n - AnAl'n) = Tn,

tn = PC(xn - AnAyn) = Tn,

En = JM,H,L(tn - /an@(tn)) =1tn = Tn,

Zn = (1 — iy — @) Ty + by + & Sty = (1= &n)xn + anSzy,.

Therefore, by Theorem 3.1 we obtain the desired result. O

Remark 4.1 Originally Theorem 4.2 is the result of Nakajo and Takahashi [18].

Theorem 4.3 Let H be a real Hilbert space. Let A : H — H be a monotone and
k-Lipschitz-continuous mapping, ® : H — H be an a-inverse strongly monotone
mapping, M : H — 2H be a mazimal monotone mapping and S : H — H be a
nonexpansive mapping such that F(S)N 2N A0 # 0. For zo = x € H chosen



418 L.-C. CENG, Q. H. ANSARI, M. M. WONG AND J.-C. YAO
arbitrarily, let {x,} and {z,} be the sequences generated by

tn = Tn — MA(Tn — MpAzy),

Zn = (1 = an — Gp) Ty + and M p, (tn — n @(tn)) + &SI, (tn — pin D(tn)),
Cn={2€C: |z —2|| <[l — 2|},

Qn={2€C:{xy,—2z,0—1x,) >0}

Tn+1 = PCann$

for every n = 0,1,2, ..., where {\,} C [a,b] for some a,b € (0, %), {un} C [¢,2a] for
some € € (0,2a] and {an}, {&n} C [c,1] for some ¢ € (0,1], such that ay, + Gy, <1
for every n = 0,1,2,.... Then the sequences {x,} and {z,} converge strongly to
Pris)ngna-10T-

Proof. Putting C = H in Theorem 3.1, we have A~10 = VI(H, A) and Pc = Py = I.
In this case, we know that

Yn = PC(',L"I’L - AnAxn) =Tn — )\nA:Enu

tn = Po(tn — AMAyn) = T — MA(zy, — M\ Azy,),

fn = JM»#n(tn — i @(tn)), ) .

Z2n = (1 — an — &p) Ty + Qntyn + G, Sty

=1 —ay—an)rn+andmpu, (tn — wn @(tn)) + &SI, (tn — pn P(t5)).

Therefore, by Theorem 3.1 we obtain the desired result. O

Let B : H — 2H be a maximal monotone mapping. Then, for any z € H and
r > 0, consider Jp ,z = (I + rB)’la:. It is known that such a Jp , is the resolvent of
B.
Theorem 4.4 Let H be a real Hilbert space. Let A : H — H be a monotone and
k-Lipschitz-continuous mapping, ® : H — H be an a-inverse strongly monotone
mapping and B, M : H — 27 be two mazimal monotone mappings such that A~10N
B70NNR #0. Let Jg, be the resolvent of B for each r > 0. For xg = x € H chosen
arbitrarily, let {x,} and {z,} be the sequences generated by

ty = T — MA(zy — M Azy,),

Zn = (1 — Qp — OA‘n)xn + anJM,p,n (tn — Hn é(tn)) + OA‘nJB,rJM,/An (tn — Hn ¢<tn>)a
Cn={z€C:|lzn — 2| <llzn — 2|},

Qn={2€C:{xy—2z,2—1x,) >0},

Tnt1 = Po,n@.e

for everyn =0,1,2, ..., where {\,} C [a,b] for some a,b € (0, %), {pn} C [€,20a] for
some € € (0,2a] and {an},{dn} C [c,1] for some ¢ € (0,1], such that o, + &, < 1
for every n = 0,1,2,.... Then the sequences {x,} and {z,} converge strongly to
Py-10nB-10n02-



MANN TYPE HYBRID EXTRAGRADIENT METHOD 419

Proof. Putting C = H and S = Jp , in Theorem 3.1, we know that Py = I, A710 =
VI(H, A) and F(Jp,,) = B~'0. In this case, we have

Yn = PC’(-'I;TL - AnAmn) =Tn — )\nA:En;

tn = Po(Tn — MAyn) = T — MA(zy, — A\ Azy,),

tn = Int i (tn — 10 B(t0)), A

Zn = (1 — Qp — @n)xn + anty + &, Sty

== (1 — Oy — &n)xn + Oé'fLJM,'U.n (tn — Mn é(tn)) + &TL‘]B,T‘JM,/LH (tn — MUn Q(tn))

Therefore, by Theorem 3.1 we obtain the desired result. |

It is well known that a mapping T : C' — C' is called pseudocontractive if | Tz —
Ty||? < [lx—y|?+||(I-T)x—(I—T)y||? for all z,y € C. Moreover, whenever T : C' —
C is pseudocontractive and m-Lipschitz-continuous, the mapping I — 7" is monotone
and (m + 1)-Lipschitz-continuous such that F(T) = VI(C,I —T) (see, e.g., proof of
Theorem 4.5). It is easy to see that the definition of a pseudocontractive mapping is
equivalent to the one that a mapping T': C' — C' is called pseudocontractive if

(Tz —Ty,z —y) < |lo —yl (4.1)

for all z,y € C; see [6]. Obviously, the class of pseudocontractive mappings is more
general than the class of nonexpansive mappings. Let us observe the following example
for Lipschitz continuous and pseudocontractive mappings.

Let B : H — 27 be a maximal monotone mapping and let Jp \ be the resolvent
of B for A > 0. We define the following operator, which is called the Yosida approx-
imation: By = %(I — Jg, ). Then the operator T' = I — B} is Lipschitz-continuous
and pseudocontractive (see, e.g., [28]).

In the meantime, we also know one more definition of a k-strictly pseudocontractive
mapping, which is equivalent to the definition given in the introduction. A mapping
T :C — C is called k-strictly pseudocontractive if there exists a constant 0 < xk < 1
such that

1—/1||
2

for all z,y € C. It is clear that in this case the mapping I — T is 1*7"—inverse strongly
monotone. From [27], we know that if T is a k-strictly pseudocontractive mapping,
then T is Lipschitz continuous with constant 12 i.e., |[Tz — Ty|| < £z — y]| for
all z,y € C. We denote by F(T') the fixed point set of T'. It is obvious that the class
of strict pseudocontractions strictly includes the class of nonexpansive mappings and
the class of pseudocontractions strictly includes the class of strict pseudocontractions.

In the following theorem we introduce an iterative algorithm that converges
strongly to a common fixed point of three mappings, one of which is nonexpansive
and the other two ones are Lipschitz-continuous and pseudocontractive mapping and
k-strictly pseudocontractive mapping, respectively.

(T —Ty,z —y) < ||z —y|* - (I =T)z—(I-T)y|*

Theorem 4.5 Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a pseudocontractive, m-Lipschitz-continuous mapping, I' : C — C
be a k-strictly pseudocontractive mapping and S : C'— C be a nonexpansive mapping
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such that F(T)NEF(S)NF(I') # 0. For xog = x € C chosen arbitrarily, let {z,}, {yn}
and {z,} be the sequences generated by

tAn - PC’(-'ETL - >\n<yn - Tyn))a

ty =ty — pin(tn — I'ty),

Zn = (1 — @y — )Ty + apty + G, Sty
Crn={2€C:|2n— 2| < |lzn — 2|},
Qn={z€C:{xy, —2z,x—x,) >0},
Tny1 = Pcannx

for everyn =0,1,2, ..., where {\,} C [a,b] for some a,b € (0, #ﬂ), {ttn} C le,1—K]
for some e € (0,1—k] and {ap}, {&n} C [c,1] for some c € (0,1], such that o, +é, <1
for everyn =0,1,2,.... Then the sequences {x,},{yn} and {z,} converge strongly to
Prr)ynr(s)nF(r)T-

Proof. Putting A=1—-T, ®=1—1T and M =0 in Theorem 3.1, we know that A is
monotone and (m+1)-Lipschitz-continuous and that @ is a-inverse strongly monotone
with a = 5%, Noticing {A\,} C [a,0] C (0, -25), we know that {\,} C (0,1) and
hence (1 —\,)zn + AT, € C. Also, noticing {un,} C [e,1 — k] C (0,1 — ], we know
that {p,} C (0,1] and hence (1 — pn)tn + pn 'z, € C. This implies that

yn = Po(xn — MAz,) = Po((1 — Ap)an + A Txn) =z — A (2, — Tay),
én = PC(xn - )\nAyn) = PC(xn - )\n(yn - Tyn)),
b = JM,Mn (tn - Un@(tn)) =ty — U'n(tn - Ftn)-

Now let us show F(T') = VI(C, A). In fact, we have, for A > 0,

ueVI(C,A) & (Au,y—u)>0Vyel
S (u—Au—u,u—y)>0Vyel
< u= Po(u— MNu)
< u=Po(u—Au+ \Tu)
& (u—Au+NTu—u,u—y) >0Vyel
& (u—Tu,u—y)<0Vyel
S u=Tu
& ue F(T).

Next let us show 2 = F(I'). In fact, noticing that M =0 and & = I — I" we have
ueR & 0€P(u)+Mu & 0=9(u)=u—Tu & ue F(I).

Consequently,
FS N2NVI(C,A)=F(T)NF(S)NF(I).
Therefore, by Theorem 3.1 we obtain the desired result. O
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