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Abstract. Let E be a uniformly smooth and uniformly convex real Banach space and let K be a
nonempty, closed and convex sunny nonexpansive retract of E with Qx as the sunny nonexpansive
retraction. Let T : K — K be a nonexpansive mapping such that F(T) # 0. Assume that either E
admits weakly sequentially continuous duality mapping j or T is demicompact. Then, we introduce
two approximation schemes (implicit and explicit) for finding a fixed point of a nonexpansive mapping
and prove strong convergence of the schemes. Our results extend the recent results of Yao et al.
[Strong convergence of two iterative algorithms for nonexpansive mappings in Hilbert spaces, Fixed
Point Theory Appl. volume 2009 (2009), Article ID 279058, 7 pages].
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1. INTRODUCTION

Let E be a real Banach space and K a nonempty, closed and convex subset of E. A
mapping T : K — K is said to be nonexpansive if for all z,y € K, we have

1Tz = Tyl| <|lz —yll. (1)

A point x € K is called a fized point of T if Tx = x. The set of fixed points of T is
the set F(T) :={z € K :Tx = x}.

Construction of fixed points of nonexpansive mappings is an important subject in
nonlinear operator theory and its applications; in particular, in image recovery and
signal processing (see, for example, [3, 6, 12]). Many authors have worked extensively
on the approximation of fixed points of nonexpansive mappings. For example, the
reader can consult the recent monographs of Berinde [1] and Chidume [4].

Very recently, Yao et al. [11] proved path convergence for a nonexpansive mapping
in a real Hilbert space. In particular, they proved the following theorem.
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Theorem 1.1. (Yao et al., [11]) Let K be a nonempty closed convex subset of a real

Hilbert space H. Let T : K — K be a nonexpansive mapping with F(T) # (. For
€ (0,1), let the net {x:} be generated by xy = TP [(1 —t)x¢], then ast — 0, the net

{z+} converges strongly to a fized point of T.

Furthermore, they applied Theorem 1.1 to prove the following theorem.

Theorem 1.2. (Yao et al., [11]) Let K be a nonempty closed convex subset of a real

Hilbert space H. Let T : K — K be a nonexpansive mapping such that F(T) # (. Let

{an 352, and {3,152, be two real sequences in (0,1). For arbitrary x1 € K, let the

sequence {x,}°2 , be generated iteratively by

{ Yn = Pr[(1 — an)zn] (2)
Tn+1 = (1 - ﬁn)xn + 6nTyn; n > 17

Suppose the following conditions are satisfied:
o0

(a)lima, =0 and Y o, = 00
n=1

(b) 0 < liminfg3, < limsupB, < 1. Then the sequence {x,}5>, generated by (2)

n—oo n—oo
converges strongly to a fized point of T.
Motivated by the results of Yao et al. [11], we introduce two approzimation schemes
(implicit and explicit) for finding a fized point of a nonexpansive mapping and prove
strong convergence of the schemes under the condition that E either admits weakly
sequentially continuous duality map j or T is demicompact where E is uniformly
smooth and uniformly convexr real Banach space. Our results extend the results of
Yao et al. [11] from real Hilbert spaces to Banach spaces considered here.

2. PRELIMINARIES

Let E be a real Banach space and let S := {x € E : ||z|| = 1}. F is said to have a
Gateauz differentiable norm (and E is called smooth) if the limit

ety = e

t—0 t
exists for each x,y € S; F is said to have a uniformly Gateaux differentiable norm if
for each y € S the limit is attained uniformly for z € S. Also, E is said to have a
Fréchet differentiable norm if for all z € S the limit exists and is attainable uniformly
in y € S. In this case there exists an increasing function b : [0,00) — [0,00) with

lim b(t) = 0 such that
t—0t

1 ) 1 1 :
Sl + (R (@) < Sl + Al < Sllall® + (b, (@) + b([Al]), Vo, b € E.

Furthermore, F is said to be uniformly smooth if the limit exists uniformly for (x,y) €
S x S. It is well known that if F is uniformly smooth, then the norm of E is Fréchet
differentiable. The modulus of smoothness of E is defined by

z+yll + |z -
pi(r) o= sup{ ULl =]

E is equivalently said to be smooth if pg(7) > 0, V7 > 0.

Liflall = 1, lyl =7 }; 7 >0,
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Let dimE > 2. The modulus of convexity of E is the function g : (0,2] — [0, 1]
defined by

x+y
2

oi(e) = inf {1 = || 2|zl = gl e = 11z = i1}

E is uniformly convez if for any € € (0, 2], there exists a 6 = d(e) > 0 such that if 2,y €
E with ||z]] <1, |ly|]| <1 and ||z —y|| > €, then |[3(z +y)|| < 1—6. Equivalently, E
is uniformly convex if and only if g (¢) > 0 for all € € (0,2]. E is called strictly convex
ifforall z,y € E, = £y, ||z|| = ||ly|]| = 1, we have ||[Ax + (1 — A)y|| < 1, VA € (0,1).
It is known that every uniformly convex Banach space is reflexive.

Let E* be the dual of E. We denote by J the normalized duality mapping from F to
2E" defined by

Jo = {f* € B : (z, f*) = |l||* = |||},

where (.,.) denotes the generalized duality pairing between members of E and E*.
It is well known that if E is uniformly smooth then J is single-valued and norm-
to-weak® uniformly continuous on bounded sets (see, e.g., [4, 9]). Also, it is known
that a Banach space FE is Fréchet differentiable if and only if the duality mapping
J is single-valued and norm-to-norm continuous. In the sequel, we shall denote the
single-valued normalized duality mapping by j.

Let K C F be closed convex and @) be a mapping of ¥ onto K. Then @Q is said to
be sunny if Q(Q(z) + t(x — Q(x))) = Q(x) for all x € E and ¢t > 0. A mapping
Q of E into E is said to be a retraction if Q* = Q. If a mapping Q is a retraction,
then Q(z) = (2) for every z € R(Q), range of Q. A subset K of E is said to be a
sunny nonexpansive retract of E if there exists a sunny nonexpansive retraction of £
onto K and it is said to be a nonexpansive retract of E if there exists a nonexpansive
retraction of ¥ onto K. If E = H, the metric projection Py is a sunny nonexpansive
retraction from H to any closed convexr subset of H. But this is not true in a general
Banach spaces. We note that if E is smooth and @ is retraction of K onto F(T),
then @ is sunny and nonexpansive if and only if for each z € K and z € F(T') we
have (Qx — z, J(Qx — 2)) < 0, (see [8] for more details).

A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at p
if whenever {z,,}22; is a sequence in D(T) such that z, — x € D(T) and Tz, — p
then Tz = p.

A mapping T : K — FE is said to be demicompact at h if for any bounded sequence
{zp}2, in K such that (x, — Tx,) — h as n — oo, there exists a subsequence say
{xn; } of {zn}52; and z* € K such that {x,,} converges strongly to some z* in K
and z* — Tx* = h.

We need the following lemmas in the sequel.

Lemma 2.1. (Browder, [2]) Let E be a real uniformly convex Banach space, K a
nonempty closed convex subset of B and T : K — K a nonexpansive mapping such
that F(T) # 0. Then, I —T is demiclosed at zero.

Lemma 2.2. (Suzuki, [7]) Let {x,}52; and {yn}>2, be bounded sequences in a
Banach space X and let {,}52, be a sequence in [0,1] with 0 < linmgfﬂn <
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limsupf, < 1. Suppose xpt1 = (1 — Bn)Yn + Bnxn for all integers n > 1 and

n—oo

tim sup [y = yoll = ll7ns1 = wall) 0. Then, Tim [lyn = zall = 0.

n—oo

Lemma 2.3. ( Xu, [10]) Let {a,,} be a sequence of nonnegative real numbers satisfying
the following relation:

An+41 S (]- - an)an + QpOp, N Z 13

where {a,}22 1 C [0,1] and {0,}22, is a sequence in R satisfying:

(1) >0 an = 00;

(i) limsup o, <0 or Y. |ano,] < co.

Then, a, — 0 as n — 0.

Lemma 2.4. (Cholamgiak and Suantai, [5]) Let E be a real Banach space with Fréchet
differentiable norm. For x € E, let 3*(t) be defined for 0 <t < oo by

|z +tyll® — [l2|*
zeS t

pr(t) = 2(y, j(x))|- 3)

Then, lim;_o+ 8*(t) = 0 and
llz + Bl* < [J«][* + 2(h, j(x)) + [[B]|8*(||A]])

for all h € E\ {0}.
Remark 2.5. In a real Hilbert space, we see that 8*(t) =1t for t > 0.
In our more general setting, throughout this paper, we will assume that

0%(t) < 2t,

where 3* is the function appearing in (3).

3. MAIN RESULTS

Let E be a uniformly smooth and uniformly convex real Banach space and let K
be a nonempty, closed and convex sunny nonexpansive retract of £ with Qg as the
sunny nonexpansive retraction. Let T : K — K be a nonexpansive mapping such that
F(T) # 0. For t,, € (0,1), n > 1, such that lim ¢, =0, we define amap T}, : K — K

by n—oo
Tox :=TQk[(1 —tn)z], z € K. (4)

We show that T;, is a contraction.
For each z,y € K, we have from

(4
Thz =Tyl < [IQx(1 —tn)z — Qr (1 —tn)yl
< (IT=ty)llz —yll. (5)

which implies that T, is a contraction. Therefore, by the Banach contraction mapping
principle, there exists a unique fixed point z, of T, in K. That is,

zn = TQK[(1 —tn)zn], Yn > 1. (6)

) that
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Next, we prove that {z,}22, is bounded. Let z* € F(T'), then using (6), we have

N1TQr(1 —tn)zn — TQrx™||

1Qx (1 = tn)zn — Qr||

(1 —tn)zn — thx™ + tpx™ — || = |[(1 — tn) (2 — 27) — tpz™|]|
(1= ta)llzn — 2™|| + tall2"|].

|[2n — 2*||

INIA A

Hence, ||z, — 2*|| < ||z*||. This implies that {z,}52, is bounded.
We next show that ||z, — Tz,|| — 0, n — occ.
llzn = Tznll = [[TQr(1—tn)zn — TQk 2|
1Qx (1 — tn)zn — Qrznl| < [[(1—tn)zn — 2nl|
tullzn]l — 0, ( since t, — 0, n — o).

VANVAN

We now prove the following theorem in a uniformly smooth and uniformly convex
real Banach space using (6).

Theorem 3.1. Let E be a uniformly smooth and uniformly convex real Banach
space and let K be a nonempty, closed and convex sunny nonexpansive retract of E
with Qg as the sunny nonexpansive retraction. Let T : K — K be a nonexpansive
mapping with F(T) # 0. Fort, € (0,1), n > 1, let {2,}2, be generated by (6) then
as nlin;otn =0, {z,}32, converges strongly to a fized point of T if E admits weak
sequential continuous duality map j.

Proof. Since {z,}22, is bounded, there exists a subsequence, say {zn,} of {z,}52;
that converges weakly to some point z* € K. Using the demiclosedness principle of
(I —T) at 0 (see Lemma 2.1) and the fact that ||z, — Tzn, || — 0, as k — oo, we
obtain that z* € F(T). From (6), we get for z* € F(T),

lzn, = 2117 = [ITQKI(1 = tn,)zn,] — TQx2"||*

< (= tay)zn, _Z*||2:||an_2*_tnkznk||2

< lzne — Z*||2 = 2t (20, (20 — 27)) + tay [ |20, 187 (En |2, 1)

< lzne = 2517 = 2tn, (2, 3 (20, — 27)) + 260, |20, |2

= ||an - Z*||2 — 2t (2n;, — Z*J(an —2%)) = 2ty, <Z*J(znk - Z*)> + 2t721k||2nk||2
< lzne = 27117 = 2tnellzn, = 2% = 2tn, (2%, 5 (20, — 27)) + 285, 120, |

This implies that
||Z7lk: - Z*”Q < <Z*7]('Z* - an)> +tnk”znk”2'

Using the fact that j is weakly sequentially continuous, then from the last inequality,
we have that {z,,} converges strongly to z*. We now show that {z,}72; actually
converges to z*. Suppose there is another subsequence {z,;} of {2,}52; such that
Zp; — x*,j — 00. Then since ||zn; — Tzy,|| — 0, as j — oo and T is uniformly
continuous, we have that * € F(T).

Claim. z* =z~

Suppose for contradiction that a* # z*. Using (6), we obtain using similar argument
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as above that

tn,

[l2n; = 27117 < (27,5 (2" = 2n,)) + S Ml |2
Thus,
ll2* = 2| < (%, 5(2" = 27)) (7)
Interchanging z* and z*, we obtain
2" = 2”||* < (27, j(a" - 27)) (8)

Adding (7) and (8) yields
2l|lz* — 2*|* < [la* — 2*||%.

This implies that * = z*. This completes the proof.

Corollary 3.2. Let £ :=1,, 1 <p < 0o and let K be a nonempty, closed and convex
sunny nonexpansive retract of E with Qi as the sunny nonexpansive retraction. Let
T : K — K be a nonexpansive mapping with F(T) # 0. For t, € (0,1), n > 1,
let {zp,}22, be generated by (6) then as nlingotn =0, {z,}22, converges strongly to a
fixed point of T.

Theorem 3.3. Let E be a uniformly smooth and uniformly convex real Banach
space and let K be a nonempty, closed and convex sunny nonexpansive retract of
with Qk as the sunny nonexpansive retraction. Let T : K — K be a nonexpansive
mapping with F(T) # (0. For t,, € (0,1), n > 1, let {2,}72; be generated by (6) then
as nhﬂn;o tn, =0, {2}, converges strongly to a fixed point of T" if T' is demicompact.

Proof. Since T is demicompact and lim ||z, — T'z,|| = 0, there exists a subsequence
{zn, } of {2,}52, that converges strongly to some point z* € K. By continuity of T
and the fact that lim ||z, — Tz, || = 0, we have that z* € F(T).

Suppose there exists another subsequence {z,, } of {2, } that converges strongly to u,
say, then following the argument of the last part of Theorem 3.1, we get that {z,}22
converges strongly to z* € F(T). This completes the proof.

Corollary 3.4. Let E be a uniformly smooth and uniformly convex real Banach
space and let K be a compact convex and nonempty sunny nonerpansive retract of £
with Qg as the sunny nonexpansive retraction. Let T : K — K be a nonexpansive
mapping with F(T) # 0. Fort, € (0,1), n > 1, let {2,}52, be generated by (6) then
as nli_)rrgotn =0, {2,}22, converges strongly to a fized point of T.

Proof. Compactness of K implies that {z,}22; has a subsequence {z,, } which con-
verges strongly to some z* € K. The rest of the proof follows as in the proof of
Theorem 3.3.

We now prove strong convergence theorem using an explicit iterative scheme in a
uniformly smooth and uniformly convex real Banach space.

Theorem 3.5. Let E be a uniformly smooth and uniformly convex real Banach space
and let K be a nonempty, closed and convex sunny nonexpansive retract of E with Qg
as the sunny nonexpansive retraction. Let T : K — K be a nonexpansive mapping
such that F(T) # 0. Let {a,}52, and {B3,}52, be two real sequences in (0,1). For
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arbitrary x1 € K, let the sequence {x,}52, be generated iteratively by

{ Yn = QK[(l - an)xn] (9)
Tn+1 = (1 - 671)1'71 + 5nTyna n > 1.

Suppose the following conditions are satisfied:
o0
(a) lima, =0 and Y o, = oo;
1

(b) 0 < liminfB, < limsupg, < 1.

Then the sequence {x, 52, converges strongly to a fized point of T if either

(i) E admits weakly sequentially continuous duality mapping j or

(i) T is demicompact.

Proof. First we show that the sequence {z,}52, is bounded. Let 2* € F(T'), we have
from (9),

[nsr — ™| = [I(1=Bn)(@n —2") + Bu(Tyn — 27|
< (A= B)llen — %[ 4 Bl Tyn — "]
< (I =B)llzn — ™|+ Bul(1 — an)l|lzn — 2" + an||z]]]
= (L= anf)llzn — =% + anfBallz"]|
< max{]|z, — 7], [[="]|}
< max{[zy — 7], [|z"]|}

Hence, {z,}52; is bounded and {Tx,} is bounded. Set u,, = Ty, n > 1. It follows
that

luntr = unll = [ITYnt1 = Tynl|
< Mynrr = ynll <A = @ng1) T — (1 — o)z
< #ngr = 2ol + g [|n || + ol |nl].
Hence, lim sup(||un+1—un|| = [|[Zn+1 —2x|[) < 0. This together with Lemma 2.2 imply
n—oo
that lim ||u, — 2,|| = 0. Thus,
n—oo
lim ||2pt1 — 2n|| = lm By|l2n — un]| = 0.
n—oo n—oo
lzn = Tznl| < |lon — zpga|[ + [|[2nt1 — Taa|
< lzn = @l + (1= Bo)llon — Tanl| + Bal|Tyn — Ty
< Nz = zngall + (1= Bo)llzn — Tan|| + Bullyn — 2al|
< lzn = 2psall + (1 = Bo)llzn — Tan|| + anllzall,

that is,

1
[|[2n — Ton|| < ——{l|zn — Toy1l| + anllzall} — 0, n — oo

= B
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Let {z,}22, be defined by (6), then z, — z* € F(T), n — oo. (This is guaranteed
either by condition (7) or condition (i) above). Next, we show that

lim sup{z*, j(z* — x,)) < 0.

n—oo

For each integer n > 1, let ¢, € (0,1) be such that

b0, w%’ s oo
It then follows from (6) that
120 — zn||? = ||2n — Tn + Ty — 2,||?

< |lzn — Txn||2+2<Txn =2, J(2n — Txp)) +[|T2n — 20|87 (|| Tzn —20l|)
<Nzn = Tan||? + 2(T 2y — 20, (20 — Tan)) + 2|| Ty — 2]

< |lzn — Txn||2 +2|[Tzn, — znllllzn — Tan|| + 2| T2y, — xn||2

<|lzn — Tan||* + M||T2,, — 2,]|

S TQx(1 — tn)zn — Tzal[* + M|| T2y — 4|

S NQr(1 = tn)zn — @l * + M| Ty — |

=[|(1 = tn)zn — $n||2 + M||Tzp, — ||

= ||zn — Tn — tnza||? + M||Tz), — ||

< lzn = @all? = 2tn(2n, 4 (20 — 20)) +tallzall 8 (tal 20l )+ M|| T2y — z4]]
< lzn = znll* = 2ta {20, (20 — 20)) + 265 |20 > + M|| Ty, — 22|

< 2n = 2nl)? = 2tn (20, §(2n — 23)) + 2 My + M|| T2, — ||

for some M > 0 and M; > 0. Thus, (2,,j(zn — x5)) < Mt 4 %HT% — xzp]|-
Therefore, limsup(z,, j(z, — z5)) < 0. Moreover,

n—oo

(=2, j(@n —2)) = (=2, j(zn —27)) + (—2", (20 — 2n))
—(=2", j(an —2")) + (2" — 2, j(Tn — 2n))
= (=" j(@n — ")) + (2", j(@n — 20) — j(@n — 27))
@™ = zn, 5 (20 — 20)),

and since j is norm-to-weak® uniformly continuous on bounded sets, we have
limsup(—z*, j(z, — z*)) < 0.

n—oo
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From (9), we have

lyn — 2*|1? = [|Qx (1 = tn)zn — 2*|[> <[|(1 = o) wn — ¥
<||wp — 2" _O‘nan2 <||zn _x*HQ

+ anl|zn |8 (an||zn|])

<||wn — 93*”2 = 20, (T, j(Tn — 7)) + anl|zal| B (an||zn]])

< Hxn - 37*||2 - 2ay, xrm](‘rn - ,’E*)> + 2062Hl'n||2

*

(
= |lzn — ™I + 200 (20 — 2" + 2%, j (2" = 2a)) + 205 |2
(

= ||z, —l‘*||2 + 20, (2

+ 207 |||

- 2an<xn7j(mn - :L'*)>

,j(l'* - xn)> - 2an<m* - Qin,](il?* - mn)>

245

= |[n _$*||2 + 20, (2", j(z* — x5)) +ai||xn||2 — 20 ||wn _$*||2

= (1 —ap)||lzn — *|? (|2
+ 20 (2%, (07 — 2)) + 200 ||| ?
< (1 —an)l||zn — x*||2 + 20, (2", j (2" — 2p))

+ 200 [

+ ap||T, —

Furthermore, using (10) in (9), we obtain

|znpr —2*|F < (1= Ba)llzn — 2*[1* + Ballyn — =
< (1= Bu)llzn — 2*(1* + Bal(1 — an)lJzn — z*[?
+20, (2%, j (@ — xn)) + 202 |2n]?]
< (1= anBo)l|Tn — x||* 4 2006 (%, j(x* — x,)) + a2 My

—2a ||y — x

(1 = anfu)llzn — 271> + anfa2(a”, j (2" — z4))

(10)

J,

where My := sup||z,||?>. Using Lemma 2.3, we get that {z,,}5°; converges strongly
n>1

to * € F(T). This completes the proof.

Corollary 3.6. Let E=1,, 1 <p < oo and let K be a nonempty, closed and convex
sunny nonexpansive retract of E with Qi as the sunny nonexpansive retraction. Let
T : K — K be a nonexpansive mapping such that F(T) # 0. Let {a,}52, and
{Bn}S2, be two real sequences in (0,1). For arbitrary 1 € K, let the sequence

{zn}52, be generated iteratively by

{ Yn = Qk[(1 — an)zn]
Tn+1 = (1 - ﬁn)xn + 6nTyn; n Z 1.

Suppose the following conditions are satisfied:

(a) lima, =0 and ) o, = o0;
n=1
(b) 0 < liminfs, <limsupf, < 1.

Then the sequence {x,}52, converges strongly to a fized point of T.

(11)
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Corollary 3.7. Let E be a real Banach space which is uniformly smooth and also
uniformly conver and let K be a compact convex and nonempty sunny nonexrpansive
retract of E with Qg as the sunny nonexpansive retraction. Let T : K — K be a
nonexpansive mapping such that F(T) # 0. Let {a,}52, and {8}, be two real
sequences in (0,1). For arbitrary 1 € K, let the sequence {x,}52, be generated
iteratively by

Tn+l1 = (1 - ﬁn)xn + BnTyvu n > 1.

Suppose the following conditions are satisfied:

o0
(a) lima, =0 and Y oy = o0;

n=1
(b) 0 < liminf3, <limsupg, < 1.

n—00 n—00

Then the sequence {x,}52, converges strongly to a fized point of T.

Remark 3.8. Our Corollary 3.2 extends the result of Yao et al. [10, Theorem 3.1]
tol,, 1 <p < oo while our Corollary 3.6 extends extends the result of Yao et al. [10,
Theorem 3.2] to l,, 1 <p < 0.
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