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Abstract. We consider a self map T on union of p subsets, A1, Az, ..., Ap, (p > 2) of a metric space,
which is a contraction under the condition T'(4;) C A;j41,1 < i < p, (Apy1 = A1). We give sufficient
conditions for the existence of a unique best proximity point of 7', that is, a point £ € A;, such that
d(§,T€) = dist(A;, Ait1) and approximation of this point by a Picard type iterative method.
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1. INTRODUCTION

Kirk, Srinivasan and Veeramani in [3], introduced the notion of contractions under
cyclical conditions. They defined a self map T', on union of nonempty subsets A and
B of a metric space X, such that,

(1) T(A)C Band T(B) C A
(2) For some k € (0,1),d(Tx,Ty) < kd(x,y), € A, y € B.

Further, they extended this notion to p sets, p > 2, and obtained the following

result.

Theorem 1.1. Let Ay, Ao, ..., A, be non empty closed subsets of a complete metric
space X. Let T - \JY_; Ay — UY_, A; satisfy the following conditions:

(1) T(A;) CAjrq, 1 <i<p, where App1 =41

(2) For some k € (0,1), d(Tx,Ty) < kd(z,y), v € A;, y € Aii1;
then there exists a unique fized point of T.

Actually, condition (2) imply the sets to intersect and T restricted to the inter-
section is a Banach contraction. Hence there exists a unique fixed point of 7" in the
intersection. When the sets do not intersect, Eldred and Veeramani in [1], weak-
ened the contraction condition for two sets and obtained the following result of best
proximity point.

Theorem 1.2. Let A and B be nonempty, closed and convex subsets of a uniformly
convexr Banach space. Let T : AUB — AU B be such that
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(1) T(A)CBand T(B)C A
(2) For some k € (0,1), | Tz — Ty|| < k|lz — y|| + (1 — k)dist(A, B), z € A,
y € By
then there exists a unique best prozimity point x € A (that is with ||z — Tx| =
dist(A, B)). Further, if xo € A and xpy1 = Ty, then {z2,} converges to the best
proximity point.

In this paper, as an extension of cyclic contraction (for two sets), we define a map
p-cyclic contraction (Definition 3.1) on the union of p sets (p > 2). The p-cyclic
contraction differs from the cyclic contraction, in the sense that, for 1 < ¢ < p, the
image of A; is contained in A;;1 and the image of A;y; is contained in A;15 and not
in A;. The image of A, is contained in A;. It is interesting to note that the distances
between the adjacent sets are equal under p-cyclic contraction (Lemma 3.2). This
fact plays an important role in obtaining a best proximity point. It is remarkable to
note that the obtained best proximity point is also a periodic point with period p. In
addition, if z € A; is a best proximity point, then 77z is a best proximity point in
A1'+j, fOI‘j = 1,27...,(p—1).

2. PRELIMINARIES

It is well known that if X is a convex subset of a strictly convex normed linear
space X, and x € X, then a best approximation of x from Xy, if it exists, is unique.
We use the following lemmas proved in [1].

Lemma 2.1. Let A be a nonempty closed and convex subset, and B be a nonempty,
closed subset of a uniformly convex Banach space. Let {x,} and {z,} be sequences
in A and {y,} be a sequence in B satisfying:

(1) llzn = ynll — dist(A, B),

(2) For every e > 0 there exists Ny € N, such that for all m >n > Ny,

[€m = ynll < dist(A, B) + ¢
then for every € > 0, there exists N1 € N, such that for allm >n > Ny,
me, - Zn” S €.

Lemma 2.2. Let A be a nonempty closed and convex subset and B be a nonempty
closed subset of a uniformly convex Banach space, let {x,} and {z,} be sequences in
A and {yn} be a sequence in B satisfying:

(1) [J#n = ynl| — dist(A, B)

(2) llzn = ynl — dist(A, B);

then ||z, — z,|| — 0.

3. MAIN RESULTS

Definition 3.1. Let A, As,...A, be nonempty subsets of a metric space X, let
T:U_, Ay — Ub_ Ai; T is called p-cyclic contraction, if it satisfies the following
condition:

(1) T(A;) C Ajpq, 1 <i<p, where Apr; = A;
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(2) For some k, 0 <k <1,
d(Tz,Ty) < kd(z,y) + (1 — k)dist(Ai, Aiy1), € A, y € Aipq, 1 <i <p.

A point x € A; is said to be a best proximity point, if d(x,Tx) = dist(A;, Ajx1).

The following lemma shows that the distances between the adjacent sets are equal
under p-cyclic contraction.
Lemma 3.2. Let Ay, As,..., A, be nonempty closed subsets of a metric space X, let
T:U, A — UV, A; be a p-cyclic contraction; then

dist(A;, Aiv1) = dist(Air1, Aiva),
foralli, i = 1,2,..,p, where Ayt = A;.
Proof. Let x € A; and y € A;1; then,
dist(Ait1,Aira) < d(Tz,Ty)

kd(xz,y) + (1 — k)dist(A;, Aiy1)
kd(z,y) + (1 — k)d(z,y)
d(x,y).

This implies that dist(A; 1, Aiye) < dist(A;, A;+1) for alli = 1,2,.., p. Hence
dist(Ap, A1) < dist(Ap—1,4,) < ... < dist(A1, As) < dist(A4,, A1).
Therefore, dist(A;, Aiy1) = dist(Aip1, Ai2) for alli, i = 1,2,..,p, where A,4; = A;.
Lemma 3.3. Let Ay, As,...,A, be nonempty closed subsets of a metric space X,

let T :J_, A, — U, Ai be a p — cyclic contraction; then for every z, y €
Aia fOT 1 S’Lgpv

(1) d(TP"z, TP y) — dist(A;, Ajy1) as n — oo
(2) d(TPnEry, TP Hly) — dist(A;, A1) as n — oc.

<
<

Proof. To prove (1), Lemma 3.2 is repeatedly used.
dist(A;, Ajyr) < d(TP"x, TP y)
< kd(TP" ‘2, TP"y) + (1 — k)dist(A;, Aiy1)
< K2A(TP" 22, TP Yy) + k(1 — k)dist(A;_1, Ay)
+ (1= k)dist(A;, Ajvr)
= kK2d(TP" 22, TP Ly) + (1 — k) dist(A;, Aiyr),
<...
< kPMd(x, Ty) + (1 — kP™)dist(A4;, A1)
— dist(A;, Ajr1) as n — oo.
Similarly (2) can also be proved.

Remark 3.4. If X is a uniformly conver Banach space and if each A; is convex,
then by Lemma 3.3, for x € A;, |[TP"x — TP"Mz|| — dist(A;, Aiy1) as n — o
and | TP Py — TPHly|| — dist(A;, Aiv1), as n — oo. Then by Lemma 2.2,
| TP — TP EPg|| — 0. Similarly, | TP e — TP 22| — dist(A;, Air1) as n — oo
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and ||TPrErtly — TPrH+2g|| — dist(A;, Aip1), as n — oo. Then by Lemma 2.2,
| TPty — TPty — 0.

Theorem 3.5. Let Ay, Ay, ..., A, be nonempty closed subsets of a metric space, let
T:U_ A — U A; be a p— cyclic contraction; if for some i, x € A;, is such that
the sequence {TP"xz} in A; contains a convergent subsequence {TP"ix}, converging to
& € A;, then £ is a best proximity point of T in A;.

Proof. Consider d(T?P"%~1¢) < d(TP—lz, TPz) + d(TP%z,£) which tends to
diSt(Ai,Ai_l) as j — to 00. Now

diSt(Ai, Ai+1) < d(f, Tf)

= lim d(TP"z,T¢)
J—00

< lim kd(TP e, &) + (1 — k)dist(A;, Aiy)
Jj—oo

= k‘dzst(A“ AZ‘+1) + (]. - k)dlst(A“ Ai+1)
= dlSt(AZ, Ai+1)-

Therefore, d(&,TE) = dist(A;, Ait1).

Theorem 3.6. Let Ay, As,...,A, be nonempty, closed and convex subsets of a uni-
formly convex Banach space. Let T :\Ji_, A; — U'_, A; be a p—cyclic contraction.
Then there exists a z; € A; (1 <1 < p), such that, if = is any point of A;, the se-
quence {TP"x} converges to z; and z; is a best prozimity point of T in A;. Moreover,
Tiz; = Zit; 18 a best proximity point in A;y;, for j =1to (p—1) and z; is the unique
periodic point of T with period p.

Proof. 1f dist(A;, Ai+1) = 0 for some i, then dist(A;, A;y1) = 0 for all i. Then by
Theorem 1.1, T has a unique fixed point. Hence we assume that dist(A;, A;+1) > 0,
for all i. Let x € A;. Then TP"x € A; and TP" "1z € A4, for all n. By Lemma 3.3,
| TPra — TPt x| — dist(A;, A;1). If, for given € > 0, there exists an ng € N, such
that for m > n > ng,

TPz — TP+ g < dist(As, Aip1) + €, (3.1)

then by Lemma 2.1, for given € > 0, there exists an n; € N, such that, for m > n >
ny, |TP™x — TP z|| < e. Therefore, {TP"x} is a Cauchy sequence and converges to
some z € A;. By Theorem 3.5, z is a best proximity point in A;. Therefore, assume
the contrary of (3.1). Then, there exists an €, > 0 such that, for every k € N, there
exists my > ny > k such that,

| TP, — TP || > dist(Ay, Ai1) + €o. (3.2)

Let m; be the smallest integer greater than ny, to satisfy the above inequality.
Now,

d'LSt(ArL, Ai+1) —+ €0 S ||Tpmk1. _ T;anJrlI”

S ||TP"U@$ _ Tpmk—Px” + HTpmk_p.’E _ Tpnk"!‘lx”.
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By Remark (3.4), | TP x — TP™ ~Pg|| — 0 as k — oco. Therefore,
diSt(Ai, Ai-i—l) +e < khm ||Tpmkx — T[mk—i_ll‘H < dist(Ai, Ai+1) + €o.
— 00
So, kli—{lgo | TPme g — TPt ly|| = dist(A;, Aiv1) + €0- Now,
| TP 2 — szkJrlw” < ||| g — Tpmkﬂﬂx” 4 ||Tpmk+px _ szk+p+1x||
+ ||T1mk+p+1x _ Tpnk-klx”}.

By Remark (3.4), | TP™x — TP Pg|| — 0 as k — oo and

| TP tP Ty — TPty — 0 as k — oo.

Therefore,
klim | TP g — TP || < khm | TPmtPy — PP+l
< lm BPTP™ g — TP+ || 4+ (1 — kP)dist(A;, Aiyr).

That iS, diSt(Ai, Ai+1) + €o < kp(diSt(Ai, Ai+1) + 60) + (1 — kp)diSt(Ai, Ai+1).

That is, g < kPeg, which is a contradiction. Hence {TP"z} is a Cauchy sequence
and converges to some z € A;, such that ||z — Tz|| = dist(A;, Ait1). Now let y € A;
be such that, y # x and {TP"y} converges to z’ € A;. By Theorem 3.5, 7z’ is a best
proximity point. That is, ||z’ — T%|| = dist(A;, Ai+1). To prove 2z’ = z, consider,

|2 = TPH | = lim TPy — TP

< nlLIrolo KP| TP =Py — T2 || + (1 — kP)dist(A;, A1)
= KP|2 =T | + (1 — kP)dist(A;, Aiy1)
= kPdist(A;, Aiv1) + (1 — kP)dist(A;, Aiv1)
= dist(4;, Aiy1)-
Therefore, dist(A;, Aiyq) < ||2" — TPTY|| < dist(A;, A1 1). Hence
|2 = TP || = dist(Ai, Aira).-

Since A;11 is a convex set and X is a uniformly convex Banach space,

TZ =TP, (3.3)
Now,
o= T = lm 77— TPH|
< nlirr;o K| TP Py — T2'|| + (1 — kP)dist(Ai, Ait1)
= KkPllz —TZ| + (1 — kP)dist(A;, Ait1)
< KP|lz = T2 | + dist(Ai, Air1) — KP||2 — T2 ||.

Therefore, ||z — T7|| < dist(A;, Aj11). Hence ||z — TZ'|| = dist(A;, Ai+1). Since A;

is a convex set, 2’ = z.
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Now, we observe that, since
TP~ 2 = TP2|| < | TP722 = TP~ 2| < || TP 722 = TP 22| < -+ <
< ||Z — TZ” = dZSt(AZ, Ai+1)7

T72 is a best proximity point in A;4;, for j =0 to (p—1).
Next, to prove that z is a periodic point of T' with period p, we see that by similar
argument of (3.3), TPT1z = Tz. Now,

TPz~ Tz| = [Tz —Tr*|
<~ kaZ — TZH + (1 - kp)dist(Ai, Ai+1)
= dZSt(Al, Ai+1)~

Since A; is a convex set, we have TPz = z. Hence TP™z = z and TPtz = Tz for
all m € N.

Now suppose there exists a £ € A; such that TP¢ = £, then {TP"¢} converges to &.
Since z; € A; is the unique element in A; such that for any « € A;, {TP"x} converges
to z;, we have £ = z;. Since TPz; = z; and £ = z; implies z; is the unique periodic
point of T in A;.

Now, by what we have proved, there exists a unique z;41 € A;4+1, such that for any
y € Ait1, the sequence {TP"y} converges to z;11, which is a best proximity point of
T in A;11. Now z; is a best proximity point in A;. Tz; € A;+q implies {TP"(Tz;)}
converges to z;4+1. Moreover, TPtz = Tz, Therefore TP"tlz, = Tz;. That is
{TP™(Tz;)} converges to T'z;. This implies z;41 = T'z;. Similarly, z;4; = TVz; for
ji=1,2..,(p—1).

The following example illustrates Theorem 3.6.

N

Example 3.7. Let X = R? be the Euclidean plane equipped with the usual Euclidean
metric. Let the subsets A;, i = 1 to 4 be as follows:

A1 ={0,14+2):0<2 <1}, Ao={(1+=2,0):0<z <1},
As ={(0,—(142)):0<z <1} and Ay ={(—(1+2),0): 0 <z <1}
Note that dist(A;, A1) = V2, for i = 1 to 4, where Ayys = A;.
Define T : U?Zl A — U?:l A; as follows:
x

T(0,1+2) = (14 15,0)
T(1+2,0) = (0, —(1 + 1%))
70, ~(1+2)) = (—(1+ 1%),0)

T(—(1+4x),0) = (0, (1 + i)), where x, y € [0,1].

10
Clearly, T(A;) C Ay, fori =1 to 4.
Now, let
21 = (0,1+y) 6A17 2o = (1+Z‘,O) € AQ,

23=(0,—(14y)) € A3,24 = (—(1 + ),0) € Ay, where z,y € [0,1].
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For each i = 1 to 4, we note that
d(zi,zi1) = V(1 + ) + (1 + y)?
N2 Y2
d(Tz, Tzis1) = (1 7) (1 7)
(T2, Tziy1) \/ +10 + +10
[d(TZ Tz, )]2 < (£)2+ (Q)Q—l—£+y+1+i\/(1+$)2+(1+y)2
(2] i+1 = 2 2 \/§
1 22 2 1 9?2y
—(4+4+4> <4+4+4

3)+ (VaTorE AT

+

+

[(1+2)?+ (1 +y)?] + (%)2

!
Z ( )( >\/(1+x)2+(1+y)2>
(21

(I+xz)2+(1 +y)2+\}§)

1 2
= (2\/(1+x) +(1+y)2+ (1 2) \/§> .
Hence, for k = % the following condition is satisfied

d(TZi,TZiJrl) é kd(ZZ, Zi+1) + (1 — k)\/i,
for all z; € A; and z;41 € Ajv1. Therefore, T is a p-cyclic contraction.
Let x = (0,1+y) € Ay wherey € [0,1]. Then {T* "z} = {(0,1+ =)}
Clearly, {T*"x} — (0,1) as n — 0o, which is a best proxvimity point of T in A;.
Also, T(0,1) = (1,0). So, (1,0) is a best proximity point in Ay. T?(0,1) = (0,—1)
and T3(0,1) = (—1,0) are unique best prozimity points in Az and Ay respectively.
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