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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. We consider the following families of sets
P(X)={AC X : Ais nonempty},
Pa(X)={AC X : Ais nonempty and closed},
Pep(X) ={A C X : Ais nonempty and compact} .

A multi-valued mapping 7' : X — P(X) is said to have a fixed point if there exists
z € X such that x € Tz.

In [7], Nadler proved a well-known fixed point result which states that every multi-
valued contraction defined on a complete metric space with bounded and closed values
has a fixed point. This result was extended in various directions. Such generalizations
include the ones given in [6, 8, 9, 10]. Another more recent extension of Nadler’s [7]
result was proved by Feng and Liu in [3]. Before stating the result we recall the
following notions.

A function f: X — R is lower semi-continuous if for all x € X and for all (z,,) C X
with z, — = we have that f(x) <liminf f(z,).

n— oo
We define the distance of a point z € X to A C X by

D(z,A) = inf{d(z,a) : a € A}.
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Theorem 1.1. (Feng, Liu [3]) Let (X, d) be a complete metric space, T: X — Py (X)
and f: X — R, f(x) = D(x,Tz) lower semi-continuous. If there exist b,c € (0,1)
with ¢ < b such that for any x € X there is y € Tx satisfying

bd(z,y) < f(z) and f(y) < cd(,y),
then T has a fized point.

Other results of this type were obtained by Klim and Wardowski in [5].

Theorem 1.2. (Klim, Wardowski [5]) Let (X, d) be a complete metric space, T: X —
P,y(X) and f: X = R, f(x) = D(z,Tx) lower semi-continuous. Suppose there exist
b€ (0,1) and a function p: [0,00) — [0,b) satisfying

limsup p(r) < b for each t € [0, 00)
r—=t+

and for any r € X there is y € Tx such that
bd(z,y) < f(z) and f(y) < p(d(z,y))d(z,y).
Then T has a fized point.
Theorem 1.3. (Klim, Wardowski [5]) Let (X, d) be a complete metric space, T: X —

P,(X) and f: X = R, f(z) = D(z,Tx) lower semi-continuous. Suppose there is a
function ¢: [0,00) = [0,1) satisfying

limsup p(r) < 1 for each t € [0, 00)
r—t+

and is such that for any x € X there is y € Tx such that

d(z,y) = f(x) and f(y) < e(d(z,y))d(z,y).
Then T has a fized point.

Motivated by these results, Ciri¢ proved the following theorems in [1, 2].

Theorem 1.4. (Ciri¢ [2]) Let (X,d) be a complete metric space, T: X — Py(X)
and f: X = R, f(z) = D(z,Tx) lower semi-continuous. Suppose there is a function
©:[0,00) = [a,1),a € (0,1), satisfying

limsup ¢(r) < 1 for each t € [0, c0)
r—t+

and is such that for any x € X there is y € Tx such that

Velf(@))d(z,y) < f(z) and f(y) < o(f(z))d(z,y).
Then T has a fized point.

Theorem 1.5. (Ciri¢ [2]) Let (X,d) be a complete metric space, T: X — Py(X)
and f: X = R, f(z) = D(x, Tz) lower semi-continuous. Suppose there is a function
@: [0,00) = [a,1),a € (0,1), satisfying

limsup ¢(r) < 1 for each t € [0, 00)
r—t+

and is such that for any x € X there is y € Tx such that

Veeld(z,y))d(z,y) < f(x) and f(y) < p(d(z,y))d(z,y).
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Then T has a fized point.

Theorem 1.6. (Ciri¢ [1]) Let (X,d) be a complete metric space, T: X — Py(X)
and f: X = R, f(z) = D(z,Tx) lower semi-continuous. If there exist the functions
©:[0,00) = (0,1) and n: [0,00) = [b,1),b > 0 such that n is non-decreasing,

o(t) <n(t), limsupe(r) <limsupn(r) for each t € [0, 00)
r—t+ r—t+

and for any x € X there is y € Tx satisfying
n(d(z,y))d(z,y) < f(z) and f(y) < (d(z,y))d(z,y),
then T has a fized point.

The purpose of this paper is to present some results that aim to extend or rewrite
conditions in the very recent theorems due to Cirié¢ [1, 2].

2. FIXED POINT THEOREMS FOR MULTI-VALUED MAPPINGS

Analyzing Theorem 1.1, a first natural question which arises is whether we can
substitute the existence of b, ¢ € (0, 1) with the existence of a single constant b € (0,1)
such that for any x € X there is y € Tz with the property

D(y,Ty) < bd(z,y) < D(z,Tx), (2.1)

and the conclusion of the theorem still stands. The answer to this problem is negative
as the following example shows.

Example 2.1. Let X = [1,00) with the usual metric and let T: X — Py(X) be
defined by

1 2 1
Tx = {x+2+,x+4+— 2}.
x x
Then there exists b € (0,1) such that for every x € X there isy € Tx satisfying (2.1),
but T is fixed point free.

Proof. Obviously, X is complete. The mapping f: X — R,

f() = Dla.To) =2+ .

is lower semi-continuous and 7" has no fixed points.

Let b= 1. For x € [1,00) take y =2+ 4+ 2 — 1. Then
x? 2 1
—2 dd(z,y) =4+ 2 -~
f(y) + $3+4.’132+2.71—1 an (ZL‘,y) + z .1?2

It can be easily seen that f(y) < bd(z,y) < f(x) proving that the inequalities in (2.1)
hold even strictly. O

Now we move our attention to Theorem 1.4 due to Cirié [2] which requires a
condition involving the square root of ¢. As in Theorem 1.6 we can formulate this
condition in a more general way.
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Theorem 2.2. Let (X,d) be a complete metric space, T: X — Py(X) and

f+ X = R, f(z) = D(x,Tx) lower semi-continuous. Suppose there exist the func-
tions ¢: [0,00) — [0,1),5: [0,00) — [b,1],b € (0,1) such that
o(t) < n(t), limsup@ <1 for all t € [0, 00),
rot+ (1)

and for any x € X there is y € Tx satisfying

n(f(@))d(z,y) < f(x) (2.2)
and

fy) < o(f(@)d(z,y). (2.3)

Then T has a fized point.

Proof. The proof follows similar patterns as in Theorem 1.4. Let xy € X. We can
choose x1 € T'x( such that

n(f(xo))d(xo,z1) < f(x0) and f(z1) < (f(w0))d(z0,21).

Then,
Pf(20) e Wair oy < PE@)) L
PO = 5 gy M o) < Sy F 00
In this manner we can build the sequence (x,,) C X such that forn € N, z,, 11 € Tx,,
n(f(xn))d(xnamn+1) < f(xn) (2.4)
. (f(@a))
LAVAGL) Tp). .
f(@ny1) < 1(f(zn)) f(zn) (2.5)

From (2.5) it follows that (f(x,)) is a decreasing sequence of positive real numbers,
so there exists d > 0 such that lim flx,) =0.

()
Let 5= 1n%oop n(f(xn))

< 1. Then, for ¢ = BH < 1, there exists ng € N such that

;’j((;((;:n)); < q for all n > ny.
Thus,
f(@ns1) < @™ f(2y,) for all n > ng (2.6)
and so ) )
d(zn, Tpt1) < mf(xn) < gq"*”"f(:nno) for all n > nyg.
Hence, (z,,) is Cauchy so there exists z € X such that lim z, = z. Letting n — oo

n—oo

in (2.6) we obtain that 6 = 0. The lower semi-continuity of f yields that 0 < f(z) <
liminf f(x,) = 0. Thus, D(z,T%) = 0. Since T'z is closed, z € Tz which completes

n— oo

the proof. O

Next we give an example of a mapping which satisfies the hypotheses of Theorem
2.2 but does not fulfill the conditions of Theorem 1.4.
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Example 2.3. Let X = [0,10] with the usual metric and consider the mapping
T: X = Py(X),

T {3,4} ifz =6,
{£}  ifze[0,10]\ {6}.
Then Theorem 2.2 can be applied for T, but the hypotheses in Theorem 1.4 are not
fulfilled.

Proof. The function

if x =6,

f(z) = D(x,Tx) = { if z €[0,10]\ {6}

olg N

is lower semi-continuous. We now prove that T does not satisfy the conditions of
Theorem 1.4. Suppose there is a € (0, 1) and there exists a function ¢: [0, 00) — [a, 1)
such that for any x € [0,10] there is y € Tz satisfying

o(f(x)d(z,y) < f(z) (2.7)

and

fly) < o(f(x)d(z,y). (2.8)
For © = 6,76 = {3,4}, f(6) =2
If y = 3, f(3) = 2. Relation (2.8) yields ¢(2) > 3 while (2.7) requests ¢(2) < 2 which
is a contradiction.
If y =4, f(4) = 2 and (2.8) implies p(2) > 1 which is false. Therefore, we cannot
apply Theorem 1.4 for T

However, it is a simple exercise to show that for ¢(z) = 1 and n(z) = 2 for every
x > 0, the mapping T satisfies the hypotheses of Theorem 2.2. O

Theorem 1.5 also makes use of the square root of ¢ while Theorem 1.6 imposes
a monotonicity condition on 7. We rewrite the original assumptions to obtain the
following result.

Theorem 2.4. Let (X,d) be a complete metric space, T: X — Py(X) and

f+ X = R, f(z) = D(x,Tx) lower semi-continuous. Suppose there exist the func-
tions ¢: [0,00) — [0,1),5: [0,00) — [b,1],b € (0,1) such that
o(t) < n(t) for all t € [0, 0), (2.9)
lim sup #lr) <1 for all t € [0, 00), (2.10)
r—t n(r)
and for any x € X there is y € Tx satisfying
n(d(z,y))d(z,y) < f(z) (2.11)
and
fly) < eld(z,y))d(z,y). (2.12)

Then T has a fized point.
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Proof. As in the proof of Theorem 2.2 we can build a sequence (x,) C X such that
for every n € Ny x,, 41 € Ty,

N(d(Tn, Tnt1))d(Tn, Tng1) < flan) (2.13)
" (s 7011))
2 d Tny Tn+1
f(nt1) < flan). 2.14
) S s ) T 21
Relations (2.9) and (2.14) yield that the sequence (f(x,)) is decreasing. Because it

is also bounded below by 0 it follows that it converges to some § > 0. Suppose § > 0.
Then,

f(l'n+1) S @(d(xn?xn"rl)) < 1 fOI' any n c N
f(zn) n(d(zn, Tnt1)
Letting here n — oo we obtain
. "2 -
nhﬁn;o ” (d(n, Tny1)) = 1. (2.15)

Using (2.13) we have that
fzn) _ (o)

<
b — b

Hence, the sequence (d(zy,Z,+1)) is bounded. Therefore, it contains a convergent

subsequence. But then condition (2.10) contradicts (2.15). Thus, 6 = 0. Because

of (2.16) we have that lim d(x,,2z,4+1) = 0. Now we can go on as in the proof of
n—oo

Theorem 2.2 to finally show that T' has a fixed point. O

5 § f(xn) S d(xn»mn—&-l) §

for any n € N. (2.16)

Another approach worth investigating would be to try to generalize conditions
(2.2), (2.3) and (2.11), (2.12) respectively even further. In this direction we state the
next results.

Theorem 2.5. Let (X,d) be a complete metric space, T: X — Py(X) and
f: X =R, f(x) = D(z, Tx) lower semi-continuous. Suppose there exist v: [0,00) —
[0,00),7m: [0,00) = (0,00) such that @(t) < n(t) for allt > 0, ¢ is non-decreasing,

. (r)
hgsttip ) <1 for allt € ]0,00), (2.17)
and for any x € X there is y € Tx satisfying
n(d(z,y)) < f(x) (2.18)
and
fy) < o(f(@)). (2.19)

Then T has a fized point.

Proof. Let g € X. We can choose 1 € Tz such that

n(d(zo, 1)) < f(xo) and f(z1) < (f(20))-
In this way we build the sequence (z,) C X such that for n € N, 2,11 € Txp,

N(d(Zn, Tng1)) < flon) (2.20)
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and
Fnsr) < o). (2.21)
Since
@ (d(@nr1,Tnr2)) <N (d(Tnt1,Tny2)) < fl@ng1) < o (f(zn))
<@ (d(Tn, Tn+1)) s
it follows that ¢ (d(zp+1,Znt2)) < @ (d(zn,Znt1)). Because ¢ is non-decreasing, the

sequence (d(xy,Tny1)) is decreasing. Because it is also bounded below, it converges
to some positive value. Using (2.20) and (2.21) we have that
¢ (d(@n, Tnt1))
Tpg1) < "2 f(x,).
f( +l) n(d(xn’xn—ﬁ-l)) f( )
Because of (2.17) there exist ¢ € (0,1) and ng € N such that
d(Zn, Tn
w<qforalln2no.
n(d(n, Tn+1))

Thus,
f(ny1) < gm0 f(2,,) for all n > ng.
Forn >mng+1,
@ (d(@n, Tnt1)) <N (d(Tn, Tny1)) < f(@0) < 0 (f(@n-1))
< (qn_no_lf(xno)) .

Since ¢ is non-decreasing, d(xp, Tn11) < ¢ 0L f(xy, ). It is easy to see that (x,) is
a Cauchy sequence and its limit is a fixed point for 7. O
Theorem 2.6. Let (X,d) be a complete metric space, T: X — Py(X) and

f: X =R, f(z) = D(z,Tx) lower semi-continuous. Suppose there exist @: [0,00) —
[0,00),7m: [0,00) — (0,00) such that p(t) < n(t) for allt > 0, n is non-decreasing,

limsupM <1 for all t € [0, 00),
rtt (1)

and for any x € X there is y € Tx satisfying
n(d(z,y)) < f(z) and f(y) < o(f(z)).
Then T has a fized point.

Proof. We build the sequence (z,) C X as in the proof of Theorem 2.5. Since 7 is
non-decreasing we obtain that for n € N,

o) o
n(f(wn))” "

Hence, (f(zy)) is decreasing. Because it is also bounded below, it converges to some
positive value. Again there exist ¢ € (0,1) and ng € N such that

f@nt1) < q"_"OHf(:EnO) for all n > ng.

f(xn-&-l) <

For n > ng + 1,
N (d(@n; nt1)) < f@n) <@ (f(@n-1)) <n(f(Tn-1)) <n (qn_no_lf(xno)) .
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But 7 is non-decreasing, 5o d(z,,, Tp11) < ¢" ™71 f(z,,). As above we can show that
T has a fixed point. O

In the sequel we prove two related theorems.

Theorem 2.7. Let (X,d) be a complete metric space, T: X — Py(X) and
f: X =R, f(x) = D(z,Tx) lower semi-continuous. Suppose there exist ¢: [0,00) —
[0,00),7m: [0,00) — (0,00) such that (t) < n(t) <t for allt >0, ¢ is continuous and
non-decreasing,

o(r)

limsup —= < 1,
r—o+ 1(r)
and for any x € X there is y € Tx satisfying

n(d(z,y)) < f(z) and f(y) < o(f(2)).
Then T has a fized point.
Proof. Again we build the sequence (z,) with z,41 € Tx, such that (2.20) and
(2.21) hold. We can assume that for n € N, d(xy,, z,+1) > 0 and f(z,) > 0 because
otherwise we obtain a fixed point.

Let t > 0. Because 0 < ¢(t) < t, (¢™(t)) is a decreasing sequence which is bounded
below by 0. Suppose its limit is € > 0. Then,

e= lim o"(t) = ¢ (nlggo @"‘1(t)) =p(e) <e
which is a contradiction. Therefore, lim ¢"(t) = 0 for all ¢ > 0. From (2.21) it
follows that for n € N, Hoo
F@nsr) <@ (f(an)) <. <" (f(@0))
Now it is clear that lim f(z,)=0.
Since ¢ is non—decregs_i)riog and
@ (d(Tnt1, Tnt2)) <n(d(@nt1, Zni2)) < f@ng1) < @ (Fzn))
<p(d(@n, Tni1)),
the sequence (d(xy,Zn41)) is decreasing. Assume a > 0 is its limit. Letting n — oo
in ¢ (d(xn, xnt1)) < f(zn) we obtain that ¢(a) = 0. But since nh—{%o f(zn) = 0,

there exists ny € N such that f(x,,) < «. Then ¢ (f(xn,)) = 0 which means that
f(zp,+1) = 0. In this way we obtain a fixed point. Therefore, we may consider
lim d(x,,zn+1) = 0. Continuing as in the proof of Theorem 2.5 one can show that
n—oo

T is not fixed point free. U
Using a similar argument as before we can prove the following result.

Theorem 2.8. Let (X,d) be a complete metric space, T: X — Py(X) and
f: X >R, f(x) = D(z,Tx) lower semi-continuous. Suppose there exist ¢: [0,00) —
[0,00),m: [0,00) = (0,00) such that o(t) < n(t) <t for allt >0, n is continuous and
non-decreasing,

lim sup #(r)

r—o+ 1(r)

<1,
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and for any x € X there is y € Tx satisfying

n(d(z,y)) < f(z) and f(y) < o(f(x)).
Then T has a fized point.

Proof. Using the fact that lim 5" (¢) = 0 for every ¢t > 0 and
n—oo

f(@ni1) <@ (f(zn)) <n(f(@n)) < n (e (f(@n-1))) < n° (f(#n-1))
< <" (f(wo)),
we have that lim f(x,) = 0. As in Theorem 2.6 we can prove that T has a fixed
point. e U

In the above results it would be interesting to replace condition (2.19) by f(y) <
¢ (d(z,y)) . Pursuing this idea we can give the following two theorems.

Theorem 2.9. Let (X,d) be a complete metric space, T: X — Py(X) and
f: X =R, f(z) = D(z,Tx) lower semi-continuous. Suppose there exist @: [0,00) —
[0,00),m: [0,00) = (0,00) such that p(t) < n(t) for allt > 0, ¢ is non-decreasing and
subadditive,

(r)

limsup ——= < 1 for every t € [0, 00),
rot+ (r)

and for any x € X there is y € Tx satisfying

n(d(z,y)) < f(z) and f(y) < e(d(z,y)).
Then T has a fized point.

Proof. Similarly as before we can build the sequence (z,) C X such that for n € N,
Tn4+1 S Txnv

N(d(@n, ni1)) < f(zn) and f(zp41) < @(d(Tn, Tnt1))-
The sequence (d(z,,xn+1)) is decreasing since ¢ is non-decreasing and
@ (d(@nt1, Tpt2)) <N (d(@ns1,Tns2)) < fl@ng1) < @ (d(@n, Tng1)) -

Thus, it converges to some positive value. Then there exist ¢ € (0,1) and ng € N
such that
f(xng1) < @V f(2,,) for all n > ng.

For n > nyg,
@ (d(@n, Tnt1)) <N (d(@n, Tng1)) < f(@n) < ¢ f(Tn,)-
Then for n > ng and p € N,

p—1 p—1
' (d(xnvxnﬂn)) <¢ ( d(l’n+ka $n+k+1)> < ® (d(xn+kvxn+k+l))
k=0 k=0
p—1 qn—no
< ¢ f (wn,) < 1—¢ f(@no)-

k=0
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Since we may assume that ¢(t) > 0 for ¢ > 0 (otherwise ¢(t) = 0 for every t > 0 and
the existence of a fixed point is immediate) we can prove by contradiction that ()
is Cauchy and its limit is a fixed point for 7. O

In the same manner we can prove the next result.

Theorem 2.10. Let (X,d) be a complete metric space, T: X — P,(X) and
f: X =R, f(z) = D(z,Tx) lower semi-continuous. Suppose there exist ¢: [0,00) —
[0,00),m: [0,00) = (0,00) such that o(t) < n(t) for allt > 0, n is non-decreasing and
subadditive,

lim sup ) < 1 for every t € [0, 00),
r—t4 77(7“)

and for any x € X there is y € Tx satisfying

n(d(z,y)) < f(z) and f(y) < o(d(z,y)).
Then T has a fized point.

Remark 2.11. For further developments, we can consider the framework given in

[4].
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