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Abstract. In this paper we obtain the general solution and prove the stability in Banach spaces
and also the stability using the alternative fixed point of quadratic functional equation:

flaz + by + 2¢cz) + f(ax + by — 2cz) + f(ax — by + 2¢2z) + f(ax — by — 2¢z)
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for any fixed integers a, b, c with a,b,c # 0,4+1 and a = b # 0.
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1. INTRODUCTION

Traditionally when we investigate stability of functional equations the problem
posed by S.M. Ulam in 1940 [27] and the well-known theorem of Hyers [13] which
came within a year are taken as a starting point. Following Ulam and D.H. Hyers
a great number of papers on the subject have been published, generalizing Ulam’s
problem in various directions. One of these possible generalizations is to allow the
Cauchy difference to be unbounded, to be controlled by a function, not necessarily
by a constant. Perhaps Tosio Aoki in 1950 was the first author treating this problem
[2]. He proved that if a mapping f : X — Y between two Banach spaces satisfies

1f(x+y) = f(@) = f) < p(z,y)
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for all z,y € X, where o(x,y) = K(]| « ||? + || y ||”) with (K > 0,0 < p < 1), then
there exists a unique additive function A : X — Y such that

| £&) ~ A) 1< 7o 1 P

for all z € X. In (D.G. Bourgin [4], 1951) as well as in (Th.M. Rassias [24], 1978),
(G.L. Forti [10, 11]), (J.M. Rassias, [19]-[23]) and (Gavruta [12], 1994) the stability
problem with unbounded Cauchy differences is considered.

The functional equation

fle+y)+ flx—y)=2f(x) +2f(y) (1.1)

is related to symmetric bi—additive function and is called a quadratic functional equa-
tion and every solution of the quadratic equation (1.1) is said to be a quadratic
function. It is well known that a function f between two real vector spaces is qua-
dratic if and only if there exists a unique symmetric bi-additive function B such that
f(z) = B(z,z) for all z where

Bla,y) = (e +9) ~ f(z )

(see [1, 14]). Skof proved Hyers-Ulam stability problem for quadratic functional
equation (1.1) for a class of functions f : A — B, where A is normed space and B
is a Banach space (see [26]). In 1992, Czerwik [9] proved the Hyers—Ulam-Rassias
stability of the equation (1.1). Recently, J.H. Bae and W.G. Park [3] have investigated
the stability of the following n-dimensional quadratic functional equation:

f(in)Jr Z f(xi — ;) :an(xz‘)

in Banach modules over a Banach algebra and a C*-algebra.
In this paper, we investigate the stability in Banach spaces and the stability using
the alternative fixed point of general quadratic type functional equation:

flax + by + 2cz) + f(ax + by — 2¢z) + f(ax — by + 2¢z) + f(ax — by — 2¢z)
=4a®f(z) + 4b%f(y) + 162 f(2) (1.2)
for any fixed integers a,b,c # 0,41 and a £ b # 0.
2. QUADRATIC FUNCTIONAL EQUATION
Let X and Y be real vector spaces. We here present the general solution of (1.2).

Theorem 2.1. A function f : X — Y satisfies the functional equation (1.2) if and
only if f is quadratic.

Proof. Suppose that f satisfies the functional equation (1.2) for any fixed integers
a,b,c#0,+1 and a £ b # 0. Putting z =y =2 =0 in (1.2), we get

4(a® +b*+4c* —1)f(0) =0
but since a, b, ¢ # 0, therefore f(0) = 0. Letting z := —z in (1.2), we have
flax + by — 2cz) + f(ax + by + 2¢2) + f(ax — by — 2¢z) + f(ax — by + 2¢z)
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= 4a® f(x) + 4b% f(y) + 16¢* f(—2) (2.1)
for all x,y, z € X. If we compare (1.2) with (2.1), we obtain
16¢2f(—2) = 16¢* f(2)
for all z € X. But since ¢ # 0 so f(—z) = f(z), which implies that f is even. Setting

y =2z =01in (1.2), gives f(az) = a®f(x) for all z € X. Letting x = 2 = 0 in (1.2)
and using the evenness of f, gives f(by) = b?f(y) for all y € X. So

f(abx) = a®b* f(z)
for all z € X. Replacing z, y and z by bz, ay and 0 in (1.2), respectively, we have
f(abx — aby) + f(abx + aby) = 2a® f(bx) + 2b* f (ay) (2.2)

for all z,y € X. Now, since a,b # 0 by using f(az) = a®f(x), f(bxr) = b*>f(x) and
f(abx) = a?b?f(x), it follows from (2.2) that

fle+y) + fl@—y) =2f(z) +2f(y)

for all z,y € X. Therefore f is quadratic.

Conversely, suppose that f is quadratic thus f satisfies the functional equation
(1.1). Putting « = y = 0 in (1.1), we get f(0) = 0. Setting x = 0 in (1.1) to
get f(—y) = f(y). Letting y = x and y = 2z in (1.1), respectively, we obtain
that f(2z) = 4f(x) and f(3z) = 9f(x) for all x € X. By induction, we lead to
f(kx) = k2 f(x) for all positive integer k.

Replacing = and y by 2z + y and 2z — y in (1.1), respectively, then by using the
identity f(kx) = k*f(z), we get

fQRz+y) + f(2r —y)=8f(z) + 2f(y) (2.3)
for all z,y € X. It follows from (1.1) and (2.3) that
fRe+y)+ fQRr—y) = flz+y) + fle —y) +6f(z) (2.4)

for all z,y € X. Now, replacing = and y by 3z + y and 3z — y in (1.1), respectively,
then by using (1.1) and the identity f(kx) = k%f(x), we have

fBrx+y)+ fBr—y)=fle+y)+ flz —y) +16f(z) (2.5)
for all z,y € X. Thus by using the above method, by induction, we infer that
flex +y) + flex —y) = flxz+y) + flx —y) +2(c = 1) f(2) (2.6)

for all z,y € X and each positive integer ¢ > 1 and for a negative integer ¢ < —1,
replacing ¢ by —c one can easily prove the validity of (2.6). Therefore (1.1) implies
(2.6) for any integer ¢ # 0, 1.

Putting x = 2+ y and y = x — y in (2.4) and then by using the identity f(2z) =
4f(x), we obtain

fllet+Da+(c= 1)yl + flle=Da+(c+1)y] = 4(f(2) + f() +2(c* ~1) f(z+y) (2.7)

for all z,y € X. Replacing = and y by = + ¢z and y + ¢z in (2.7), respectively, one
gets that

flle+ Dz + (e =)y +2¢%2] + fl(c — Dz + (c+ 1)y + 2¢*2]
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=4(f(x+c2)+ fly+cz) +2(c2 = 1) f(x +y+2cz2) (2.8)
for all x,z,y € X. Also, replacing  and y by  — ¢z and y — ¢z in (2.7), respectively,
one gets that

flle+ Dz + (e =)y = 2¢%2] + fl(c — Dz + (e + 1)y — 2¢*2]
=4(f(x —c2) + fly —c2)) + 2(c* = 1) f(z +y — 2cz) (2.9)
for all z, z,y € X. Now, by adding (2.8) and (2.9), we arrive at
flle+ Dz + (e =Dy +2¢%2] + fl(c + Dz + (e — 1)y — 2¢*2]
+fl(c =Dz + (c+ Dy +2¢%2] + fl(c — D)z + (c + 1)y — 2¢%2]
=4(f(z+c2) + flw—c2) + fly+c2) + fly — c2))
+2(2 = D)(f(z +y+2cz) + f(z +y — 2c2)) (2.10)

for all z,z,y € X. On the other hand, we substitute z = z + ¢z and y = y — ¢z in
(2.7), we obtain

Flle+ )z + (c— Dy +2¢2] + fle — D+ (e + 1)y — 2¢2]
=4(f(x+c2)+ fly —c2)) +2(c* = 1) f(z +y) (2.11)
for all z,z,y € X. And putting x = — cz and y = y + ¢z in (2.7), we get
flle+ Dz + (c— 1)y —2cz] + fl(c — Dz + (¢ + 1)y + 2¢Z]
=4(f(x —c2)+ fly+c2)) +2(c* = 1) f(z + ) (2.12)
for all z, z,y € X. Adding (2.11) to (2.12), we lead to
flle+ Dz + (¢ =y + 2cz] + fllc+ Dz + (¢ — 1)y — 22
Ffl(e— D+ (e + Dy + 262] + fl(e — D+ (c+ L)y — 2]
=4(f(z+cz)+ flz —cz) + fly +cz) + fy — cz2))
+4( = 1) f(x +y) (2.13)
for all z, z,y € X. Now, replacing z by cz in (2.13), gives
flle+ Dz + (e — Dy +2¢%2] + fl(c+ )z + (c — 1)y — 2¢*2]
+fllc =Dz + (c+ Dy +2%2] + fl(c — D + (¢ + 1)y — 2¢*2]
=A(f(z +*2) + flz = 2) + fy + *2) + (y — *2))
+4(c* = 1) f(z +y) (2.14)
for all z, z,y € X. If we compare (2.10) with (2.14), we conclude that
Af(z +cz) + flz —c2) + fly +c2) + [y — c2))
+2(c® = D) (f(x +y +2c2) + flz +y — 2¢z2))
=A(f(z +*2) + flz = 2) + [y + *2) + [y — *2))
+4(c®* = 1) f(z +y) (2.15)
for all z, z,y € X. Also, if substituting y by cy into (2.6) and then using the identity
flex) = 2 f(x), we get
fla+ey) + flez—cy) = flz+y) + Efle—y) +2(1 - ) f(=) (2.16)
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for all z,y € X and any integer ¢ # 0, £1. It follows from (2.16) that
flx+ez)+ flx—cz)+ fly+cz) + fly — c2)

= (fla+2)+ fla—2)+ fly+2) + fly—2) +2(1 = A)(fx) + fy) (217)
and
flo+c2) + fla = 2) + fly + *2) + fly — ¢*2)
=c(fla+2)+ flz—2)+ fly+2)+ fly—=2) +2(1 =) (f(x) + fly) (2.18)
for all z,y,z € X and any integer ¢ # 0,+1. Hence, according to (2.15) and (2.17)
and (2.18), we obtain that

flx+y+2cz)+ f(z+y—2cz2)

=2f(z+y) +2(fx+2)+ fla—2)+ fly+2)+ fly—2) =4 (f(2) + f(y)) (2.19)
for all ,y,z € X and any integer ¢ # 0, £1. It follows from (1.1) and (2.19) that

fla+y+2c2) + f(z +y —2cz) = 2f(x +y) + 8 f(2) (2.20)
for all ,y,z € X and any integer ¢ # 0, £1. Replacing y by —y in (2.20), we get
flx —y+42c2) + f(x —y — 2c2) = 2f(x —y) + 8% f(2) (2.21)

for all z,y,z € X and any integer ¢ # 0,+1. Adding (2.20) to (2.21), we obtain that
fla+y+2e2)+ flea+y—2c2)+ flx —y+2cz) + flax —y — 2¢cz2)
=2(f(z +y) + fz —y)) + 16 f(2) (2.22)

for all z,y,z € X and any integer ¢ # 0,4+1. We substitute x = ax and y = by in
(2.22), we lead to

flax + by + 2¢z) + flax + by — 2¢2) + f(ax — by + 2¢2) + f(ax — by — 2¢2)
= 2(f(ax + by) + flax — by)) + 16¢*f(2) (2.23)
for all z,y,z € X and any integer ¢ # 0,£1. On the other hand, it is noted that
Eq.(2.6) implies the following equation
flaz +y) + flax —y) = flz +y) + f(z —y) +2(a® — 1) f(2) (2.24)

for all z,y € X and any integer a # 0, +1. Also, it is noted that Eq.(2.16) implies the
following equation

fla+by) + f(z —by) = flz +y) + flz —y) +2(1 - ) f(x) (2.25)
for all z,y € X and any integer b # 0,+1. Replacing y by by in (2.24), we observe
that

flaz 4+ by) + flax — by) = f(x +by) + f(z — by) + 2(a® — 1) f(bx) (2.26)

for all z,y € X and any integers a,b # 0, £1. Hence, according to (2.25) and (2.26),
we get

flax +by) + flax —by) =V f(x +y) + b f(x —y) +2(a® =) f(zx)  (2.27)

for all z,y € X and any integers a,b # 0, %1 and a & b # 0. Now, by using (1.1) and
(2.27), we have

flaz +by) + f(az — by) = 2a* f(x) + 26 f(y) (2.28)
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for all z,y € X and any integers a,b # 0,£1 and a + b # 0. Finally, it follows from
(2.23) and (2.28) that
flax + by + 2c2) + f(ax + by — 2¢z) + f(ax — by + 2¢z) + f(ax — by — 2¢z)

= da® f(x) + 40" f(y) + 16¢* [ (2)
for all x,y,z € X and any integers a,b,c # 0,£1 and a + b # 0. O

3. STABILITY IN BANACH SPACES

From this point on, let X be a real vector space and let Y be a Banach space.
Before taking up the main subject, for the given function f : X — Y we define the
difference operator Ay : X x X x X — Y by

Ag(z,y, 2) == flax+by+2cz) + f(ax+by —2¢cz) + f(ax — by +2cz) + f(ax — by — 2cz)

—4a®f(x) — 4b*f(y) — 16¢* f(2)
for all z,y,z € X and any integers a,b,c # 0,+1 and a + b # 0.

Theorem 3.1. Let j € {—1,1} is fized, and let ¢ : X x X x X — [0,00) be a function
such that

o0

- 1 ”

o(x) = Z %@(a“m,0,0) < o0 (3.1)
1

="

; nj nj nj.\ —
nh—>néo a2nj<p(a x,a™y,a™z) =0 (3.2)

for all x,y,z € X. Suppose that f: X =Y is a function that satisfies

187 @, y, 2)[| < o(,y,2) (3:3)

for all x,y,z € X. Furthermore, assume that f(0) = 0 in (3.3) for the case j = 1.
Then there exists a unique quadratic function Q : X — Y such that

1) = Q@) < i Pl i) (34)
forallx € X.
Proof. For j =1, putting y = z =0 in (3.3), we have
14f (az) — 4a® f ()] < ¢(=,0,0) (3.5)
for all z € X. So ) )
17) ~ 5 fa2)]| < 730(2,0,0) (36)

for all x € X. Replacing z by az in (3.6) and dividing by a? and summing the resulting
inequality with (3.6), we get

(ax,0,0)

1 9 1 o
I1f(x) — P (a”z)[| < @(@(3:,0,0) e ) (3.7)
for all z € X. Hence
m—1
1 k 1 m 1 1 ;
”aka(a x) — —am (a™x)| < Pl Egp(a x,0,0) (3.8)



THE STABILITY OF GENERAL QUADRATIC FUNCTIONAL EQUATION 7

for all nonnegative integers m and k with m > k and for all z € X. It follows from
(3.1) and (3.8) that the sequence {a2" (a™x)} is a Cauchy sequence for all x € X.
f(a™x)} converges. Therefore, one can define

Since Y is complete, the sequence {—+
the function @ : X - Y by

a2n

Q(z) == lim — f(a"z)

n—oo @2"

for all z € X. By (3.2) for j =1 and (3.3),
1
lAg(z,y,2)|| = li_>m ||Af(a x,a™y,a"z)|| < h TS —p(a"z,a"y,a"z) =0

for all z,y,z € X. So Ag(z,y,z) = 0. By Theorem 2.1, the function Q : X — Y is
quadratic. Moreover, letting k = 0 and passing the limit m — oo in (3.8), we get the
inequality (3.4) for j = 1.

Now, let Q' : X — Y be another quadratic function satisfying (1.3) and (3.4). So

Q) - Q@) = - lQ"s) - @' (")

< 5 (1Qa"s) — f(a"a) | + Q' (")  f(a"2)])

— 2a2a2n #la"z)
which tends to zero as n — oo for all z € X. So we can conclude that Q(z) = Q' (z)
for all x € X. This proves the uniqueness of Q.

Also, for j = —1, it follows from (3.5) that

If (@) - a® ()||< w( ,0,0) (3.9)

for all x € X. Hence
2k ¢ L 2 1 —
Ha f(ak) mf Z Z l+17 70) (3'10)
i=k

for all nonnegative integers m and k with m > k and for all x € X. It follows
from (3.10) that the sequence {a®" f(-%)} is a Cauchy sequence for all z € X. Since
Y is complete, the sequence {a®"f(:%)} converges. So one can define the function
Q:X —Y by

N 2n i
Q(z) = lim o™ f(7)
for all z € X. By (3.2) for j = —1 and (3.3),

A = lim a?"||A A < i T Y Zy_p
[Aq(2,y,2)[ = lim_a™| f(an et an)ll lim ? "ol ) =0,
for all z,y,z € X. So Ag(x,y,z) = 0. By Theorem 2.1, the function Q : X — Y is
quadratic. Moreover, letting k£ = 0 and passing the limit m — oo in (3.10), we get the
inequality (3.4) for j = —1. The rest of the proof is similar to the proof of previous

section. 0
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4. STABILITY USING ALTERNATIVE FIXED POINT

In this section, we will investigate the stability of quadratic functional equation
(1.2) using alternative fixed point (see [5]-[8], [17, 18]). Before proceeding to the
proof, we will state the following theorem.

Theorem 4.1. (the alternative of fixed point [16, 25]). Suppose that we are given a
complete generalized metric space (2, d) and a strictly contractive mapping T :  — Q
with Lipschitz constant L. Then for each given x € ), either

d(T"z, T"2) = 0o for alln >0,
or other exists a natural number ng such that
*x d(T"z, T"z) < 0o for all n > ny;
* the sequence {T"x} is convergent to a fized point y* of T;
x y*is the unique fized point of T in the set A ={y e Q:d(T™z,y) < cc};
d(y,y*) < 25 d(y, Ty) for all y € A.

Theorem 4.2. Suppose that j € {—1,1} is fizred, and Let f : X =Y a function with
f(0) = 0 for which there exists be a function ¢ : X x X x X — [0,00) such that

*

1 , A _
. nj nj nj o
nl;rrgo Ty pla™z,a™y,a™z) =0 (4.1)
1Af(z,y,2)|| < ¢(z,y, 2) (4.2)
forall x,y,z € X. If there exists L < 1 such that the function ¢ has the property
x x
=,0,0) < L. a®. o(=,0,0 4.3
P(2,0,0) < L. a. (5,0,0) (43)

for all x € X, then there exists a unique quadratic function Q : X — Y such that, we

have the inequality
L= z
- < — (— 4.4
1£) = Q) € 7 =5 #(5.0.0 (44)

forall x € X.

Proof. Consider the set @ = {g| g: X — Y, ¢(0) = 0} and introduce the generalized
metric

d(g,h) = dy(g,h) = nf{K € (0,00) : [lg(z) — h(z)|| < K@(E,O,O)» ze X}

on Q. It is easy to see that (€,d) is complete.
Now we define a function T': Q@ — Q by Tg(z) = - g(a’z) for all z € X.
Note that for all g,h € Q,

d(g,h) < K = ||g(z) — h(z)| < K@(%,0,0), for all = € X,
. 1 . 1 .
-g(a’x) — Eh(a%)” < = K o(a?""2,0,0), for all x € X,
1 ; 1 , T
—aldi ) — ——h(d *
= ||a2jg(a x) o hoz)|| <L K @(a,0,0)), for all x € X,

= d(Tg,Th) <L K.

Hence we see that
d(Tg,Th) < L d(g,h)
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for all g, h € €, that is, T is a strictly self-mapping of (2 with the Lipschitz constant
L.
Putting y = z = 0 in (4.2), we have
14f (az) — 4a*f ()| < o(z,0,0) (4.5)
for all z € X. Now, by using (4.3) and (4.5), we obtain that

17@) ~ 2 fla)]| < g 9(a,0,0) <

for all x € X, that is, d(f,Tf) < % < 00.

If we substitute x = £ in (4.5), we see that

L x
— ¢(—,0,0
1 #(2,0,0)

T T

1
||f($)—a2f(*)|| 7 ¢(5,0,0)
forallx€X7thatis,d(f,Tf)§i<oo.

Now, from the fixed point alternative in both cases, it follows that there exists a
fixed point @ of T in 2 such that

Q(z) = lim

n—oo @2nJ
for all z € X, since lim,,—o. d(T" f, Q) = 0.
Also, if we replace x, y and z by @™ x, a™ y and a™ z in (2.30), respectively, and
divide by a®™. Then it follows from (4. 1) and (4.6) that

f(a™z) (4.6)

1Aq(@,y, 2)[| = lim 1Af(a"a, 0"y, a™ )|

a2n

1 . . .
< lim —g@(amx,amy,amz) =0

for all z,y,z € X, so Ag(x,y,2) =0. By Theorem 2.1, the function @ is quadratic.
According to the fixed point alterative, since @ is the unique fixed point of T' in
the set A ={ge Q:d(f,g) < oo},Q is the unique function such that

T
for all z € X and K > 0. Again using the fixed point alterative, gives

L=
d(f,Q) < fd(fan) Si-1n)
so we conclude that
. L
1£) - Q@) < =5 #(5.0.0
for all x € X. This completes the proof. O

Corollary 4.3. Let ¢,p,q,7 > 0 be real numbers such that p,q,v < 2 or p,q,r > 2.
Suppose that a function f: X =Y with f(0) =0 satisfies

1Af(,y,2) | <& (lzll” + [yll* + [I[1")
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for all x,y,z € X, then there exists a unique quadratic function @ : X — 'Y such that
€ P
1£2) = Q) < g1z — gl (47)
for all x € X.
Proof. In Theorem 4.2, put ¢(z,y,2) := ¢ (||lz||” + ||y||* + ||z||") for all z,y,z € X.

Then the relation (4.1) is true for p,q,r < 2 or p, g, > 2 and also the inequality (4.3)
holds with L = a(P=2)7. So from (4.4), yields (4.7). O

Corollary 4.4. Assume that 0 > 0 is fized. Let f: X — Y be a function such that
[Af(2,y,2)[ <6
for all x,y,z € X, then there exists a unique quadratic function @ : X — Y such that
0
_ < 7
1£@) - Q@) € =T,
holds for all x € X.

Remark 4.5. Corollary 4.4 that we obtained in this paper is similar to but more
precise than Corollary 4.5 obtained by Y.S. Lee and S.Y. Chung [15].

Theorem 4.6. Suppose that j € {—1,1} be fized, and let f : X — Y be an even
function with f(0) = 0 for which there exists a function ¢ : X x X x X — [0,00)
satisfies (4.2) for all x,y,z € X. If there exists a constant 0 < L < 1 such that

p(x, Iy, Iz) < AL p(a,y,2) (4.8)

for all x,y,z € X. Then there exists a unique quadratic function @ : X — 'Y such
that

1) = Q) € = #(0.0.2) (19)

for all z € X.

Proof. Tt follows from (4.8) that

nll)néo %(p(c"jm,c"jy,c"jz) =0
for all z,y,z € X. Putting x = y = 0 in (4.2), we obtain by evenness of f and
f£(0) =0 that

14f (c2) = 4 F ()| < (0,0, 2) (4.10)
for all z € X. It follows from (4.8) and (4.10) that

1—j
2

| 57(c72) ~ F2) < Zg(0,0,2) (411)

for all z € X. Let E be the set of all even functions g : X — Y with ¢g(0) = 0 and
introduce a generalized metric on F as follows:

d(g,h) :==inf{ K € [0,00] : ||lg(2) — h(z)]| < K¢(0,0,2z) forall z € X }.
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It is easy to show that (E, d) is a generalized complete metric space. Now we consider
the function A : E — E defined by

(Ag)(2) = 1 g(cd?z), forallge Fand z € X.

c2i

Let g,h € E and let K € [0, 00] be an arbitrary constant with d(g,h) < K. From the
definition of d, we have

l9(2) = h(z)|l < K(0,0, 2)
for all z € X. By the assumption and the last inequality, we have
1 < ; 1 .
[(Ag)(2) = (AR = 57 lg(e2) = heT2) | < 5 Kp(0,0,¢2) < KLp(,0,0,...,0)

for all z € X. So
d(Ag, Ah) < Ld(g, h)

1—j
for any g,h € E. It follows from (4.11) that d(Af, f) < L5~ < oo. The rest of the
proof is similar to the proof of Theorem 4.2 and we omit the details. O
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