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Abstract. In this paper we study the following mixed type Volterra-Fredholm functional integral

equation
tq tm b1
x(t):F(tz / K(t,s,z(s )dS,/ H(tsa:( ))ds)‘

Using the Picard operator technique we estabhsh existence, uniqueness, data dependence and Gron-
wall results for the solutions. Also, it is studied the Ulam-Hyers stability of this equation.
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1. INTRODUCTION

The theory of integral equation is an important chapter of nonlinear analysis and
the most used tool for proving the existence of the solution is the fixed point technique
(see [2], [3], [6], [7], [16], [18], etc.)

In this paper we consider the following mixed type Volterra-Fredholm functional
nonlinear integral equation:

w(t)=F (2t /tl th(tsx ds/bl /Htsx))d (L)

where [a1;b1] X ... X [@m;bm] be an interval in R™, K, H : [a1;b1] X ... X [am; bm] X
[a1;01]) X ... X [@m; bm] X R — R continuous functions and F : [a1;b1] X ... X [am; bm] X
R3— R. The mixed type Volterra-Fredholm integral equations have been studied by
many authors (see [1], [4], [15], [17] [27], etc.).

We apply the Picard operators technique to prove the existence and the uniqueness,
data dependence and comparison results for the solutions of (1.1). This technique was
applied by many authors to study some functional nonlinear integral equation, see
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(1], [4], 9], [12], [13], [14], [21], [23], [26], [27], [28]. We use the terminologies and
notations from [19], [23] and [26]. For the convenience of the reader we recall some of
them.

Let (X, d) be a metric space and A : X — X an operator. We denote by A° := 1x,
Al := A, A"l := A" 0 A, n € N the iterate operators of the operator A. We also
have:

PX)= (Y CX | Y £0)
Fy={xeX | A(z) =z}
I(4) = {Y € P(X) | A(Y) C Y}

Definition 1.1. A: X — X is called a Picard operator (briefly PO) if:
(i) Fa ={z*};

(i) A™(x) — z* asn — oo, for allx € X.

The operator A is Picard if and only if the discrete dynamical system generated
by A has an equilibrium state which is globally asymptotically stable.

Definition 1.2. Let (X,d) be a metric space and ¢ > 0. By definition, the operator
A is c-PO if A is PO and

d(z,z*) <c-d(z,A(z)), VrelX.
Definition 1.3. A: X — X is said to be a weakly Picard operator (briefly WPO) if
the sequence (A™(x))nen converges for all x € X and the limit (which may depend
on x) is a fived point of A.
If A: X — X is a WPO, then we may define the operator A* : X — X by
A®(z) ;= lim A"(x).
Obviously, A (X) = F4. Moreover, if A is a PO and we denote by z* its unique

fixed point, then A% (z) = z*, for each x € X.
Also, in this paper we study the following integral inequalities

2(t)<F (ta:(t)/t/; K(t,s,:c(s))ds,/(:.../aim H(t,s,x(s))ds) (1.2)

s(t)>F (t,:c(t),/: /:" K(t,s,x(s))ds,/:.../a:f" H(t,s,x(s))ds) (1.3)

using the Picard operators technique and Abstract Gronwall Lemma (I.A. Rus [22],

[19]).
2. EXISTENCE AND UNIQUENESS

We prove the existence and uniqueness for the solution of integral equation (1.1)
by standard techniques as in [1], [4], [5], [9], our integral equation (1.1) being more
general than integral equations considered in above mentioned papers.

Theorem 2.1. We assume that:
(i) K,H € C([a1,b1] X -+ X [@m, bm] X [a1,b1] X -+ X [@m, bin] X R);
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(i) F € C(la1,b1] X -+ X [@m, bm] X R3);
(iii) there exist o, 3,7y nonnegative constants such that:
|F(t, ur, vy, wi) — F(E, uz, v2, w2)| < orfuy — ug| + Blur — va| + y|wr — wal,

for allt € [ay,b1] X -+ X [am, bm], w1, ug, v1,v2, w1, wa € R;
(iv) there exist Lx and Ly nonnegative constants such that:

|K(t,s,u) — K(t,s,v)| < Lg|u— v,
|H(t,s,u) — H(t,s,v)| < Lg|u—vl,

for allt,s € [a1,b1] X -+ X [am, bm], u,v € R;
(v) a4+ (BLx +vLu)(by1 —a1) ... (by —am) < 1.
Then, the equation (1.1) has a unique solution x* € C([a1,b1] X -+ X [@m, bm])-

Proof. We consider the Banach space X = C([a1,b1] X -+ X [@m,bm], || - ||c), where
|l - || is the Cebyshev’s norm, and the operator

A: X - X,
A1) = F (ta(t), [ [0 KL, w(s))ds, [0 [P H(ts,2(s))ds) (2.1)

Conditions (iii) and (iv) imply that:

[A(u)(t) — A(v)(8)] < au(t) —v(t
bl m
+ / . / (K (t,s,u(s)) — H(t,s,v(s)))ds

§a|u(t)—v(t)|+ﬂ/1.../mLK\u(s)—v(s)\ds

+v/bl / Liglu(s) — v(s)|ds

<la+ (BLk +vLu)(bi —a1) ... (bm — am)]|lu —vc,

K(t,s,u(s)) — K(t,s,v(s)))ds

therefore:

[A(uw) = A(v)lle < [a+ (BLx +7vLa)(br — a1) ... (b — am)][[u —v]|c.

From condition (v) we have that the operator A is a contraction and using the con-
traction principle we obtain that the operator A has a unique fixed point, Fy = {z*},
i.e. the equation (1.1) has a unique solution z* € C([a1,b1] X -+ X [@m, bm])- O

Remark 2.1. In the conditions of the Theorem 2.1, the operator A, given by (2.1),
is PO.

Proof. From the proof of Theorem 2.1 we have that A is a contraction with L, =
a+ (BLx +~vLy)(by —a1) ... (by — am). O

Remark 2.2. The conclusion of Theorem 2.1 remains true if instead of condition
(v) we put the condition
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(V') there exists T > 0 such that

a4 =K ﬂ "YLH He'r (b;—ai)
=1
Proof. We consider the Banach space X = C([a1,b1] X -+ X [@m,bm], | - ||B), Where
|| - || 5 is the Bielecki’s norm
m
|zl 5 = max H Ttia) >0

[al,b1]><---><[am,

and A defined by (2.1). We have

- (it —as BLk - s —a
A®) = ALO] < afju=vlg- [er® )+ 22 Ju vl - [T +
i=1 =1
vLu . .m T(ti—as+bi—t;)
=l 121
therefore

[A(u) = A(v)|| 5 <

L Ly 15
a+ﬂ7K+7,H ~H6T(biai)] lu—v| 5,

Tm
i=1

m

thus A is L4 —contraction with L4 = o + ’BTL—MK + WTL—WH 11 e™(bi=ai) and conclusion is
i=1

obtained from contraction principle. O

Example 2.1. Let consider the integral equation

t b
x(t)=F <t,x(t),/ K(t,s,x(s))ds,/ H(t,s,x(s))ds) , (2.2)

under the following hypothesis:
(i) F € C(la,b] x [a,b] x R?), K, H € C([a,b] x [a,b] x R);
(ii) there exist «, 3,7 nonnegative constants such that:
‘F(ta Uy, V1, wl) - F(t,UQ,'UQ,U)g” S O[‘Ul - UZ‘ + ﬂ‘vl - U2| + ’7|w1 — wa|,
for all t € [a,b],uy,usz,v1, v, wr,ws € R;
(iii) there exist Lx and Ly nonnegative constants such that:
|K(t58au) - K(t,S,U” < LK|u - U|a
|H(t,s,u) — H(t,s,v)| < Lylu—v],
for allt,s € [a,b], u,v € R;
(iv) a+ (BLkx +vLy)(b—a) <1 or there exists T > 0 such that

Lx AL
L Pl dLH a0
T T

Then, the equation (2.2) has a unique solution x* € C([a,b]).

Proof. We apply Theorem 2.1 in particular case of m = 1. U
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The equation (2.2) is a general case of equations considered in [1], [4], [17], [27],
their existence and uniqueness results are a consequence of Theorem 2.1.

Example 2.2. Let consider the integral equation
b’nl

t1 tm by
x(t):f(t,at(t))—i—/ / K(t,s,x(s))ds—i—/ T s (s))ds, (2.3)

under the following hypothesis:
(i) f S C([al,bl] X o0 X [am,bm] X R), K, H € C([al,bl] X o0 X [am,bm] X
[G,l,bl] X -+ X [am,bm] X R);
(i) there exists o > 0 such that:

‘f(t7u1) - f(tau2)| < a|u1 - U2|,

for allt € [ay,b1] X -+ X [am,bm], u1,us € R;
(iil) there exist Lx and Ly nonnegative constants such that:

|K(t,s,u) — K(t,s,v)| < Lg|u—v|,

‘H(tvsau) - H(t,S,U)| < LHlu_U|7

for allt,s € [a,b], u,v € R;
(iv) o+ (Lx + Lg)(b1 —a1) ... (b — am) < 1 or there exists T > 0 such that

m

a+fg 4 Le [Terthime) <1

7—’"1 :
=1

Then, the equation (2.3) has a unique solution x* € C([a1,b1] X -+ X [@m, bm])-

Proof. This is the special case when F' is linear with respect to the last two variables.
We apply Theorem 2.1 for F : [a1,b1] X -+ X [@m, bpm] X R3 — R,

F (t,u,v,w) = f (t,u) + v+ w.
In this case f =~ = 1. O

Example 2.3. Let consider the Darboux problem

Teyp, (t1,t2) = [t ta, 2 (B, t2)),  (t1,t2) € [a1;b1] X [az; bo]
T (tl,ag) = (tl) s t € [a1; bl] (24)
r(ay,ta) =1 (t2), ty € [az;b2], ¥ (a1) = (a2)
under the following hypothesis:
(i) f € C(lar;b1] x [a2;02] X R), ¢ € C([ar;b1]), ¥ € C ([az; ba]):
(ii) there exists Ly > 0 such that:
[f(t,ta,ur) — f(t1,ta,u2)| < Ly - Jug — ual,

fO?” all (tl,tg) S [al;bl] X [ag;bg], U, Uz € R.

Then, the equation Darbouz problem (2.4) has a unique solution z* € C([a1;b1] X
[az; ba]).
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Proof. x € C([a1;b1] X [az; ba]) is a solution of Darboux problem (2.4) iff it is a solution
of the integral equation

2 (b1, 1) = @ (02) + ) (2) — o (1) +/ 1 /,2f(gl,@,x(sl,ez))dadeg. (2.5)

So, we apply Theorem 2.1 in particular case of m = 2 and F : [a1, b1] X [ag, by] X R3 —
R

F(t,t2,u,0,w) = ¢ () + ¢ (t2) — ¢ (a1) +v.
In this case we have a =0, 3 =1,v =0, Lx = Ly and Ly = 0. Also, the condition

(v") from Remark 2.2 is satisfied: there exists 7 > 0 such that % < 1, for example
we can choose 7= Ly + 1. O

3. DATA DEPENDENCE: CONTINUITY

In this section we prove the continuous dependence of the solution for integral
equation (1.1) using the following Abstract Data Dependence Lemma

Lemma 3.1. (L.A. Rus [19], [23], [26]) (Abstract data dependence) Let (X,d) be a
metric space and A, B : X — X two operators such that:

(i) A is c-PO with respect to the metric d, we denote by x% the unique fixed point
of operator A;
(ii) there exists x € Fp;
(iil) there exists n > 0, such that:

d(A(z),B(x)) <n, VrelX.
Then:
d(zh,2p) <c-n.

We consider the following equations:

t1 tm, b1 bm
z(t)=F <t,x(t),/ Kl(t,s,x(s))ds,/ / Hl(t,s,x(s))ds> (3.1)

1 Am m

t1 tm by bm
xz(t)=F (t,x(t),/ Kg(t,s,x(s))ds,/ Hg(t,s,ac(s))ds> , (3.2)

1 Am ai Am

where K;, H; € C([a1,b1] X -+ X [am, b X [a1,b1] X -+ X [am, b] X R), i =1, 2.

Theorem 3.1. We assume that:

(i) F, Ky, Hy satisfy the conditions from Theorem 2.1;
(ii) there exists a nonnegative constant 1 such that:

| K1 (t,s,u) — Ka(t, s,u)| <m, Vi,s€la,bi] X -+ X [am,bn], ¥V ueR,
(iii) there exists a nonnegative constant ny such that:

|Hi(t,s,u) — Ha(t,s,u)| <o, Vit,s€lar,b1] X X [am,bm], VueR.
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If x% is a solution of the corresponding equation (3.2) then:

(B +m2)(by —a1) ... (b — am)
a+ (BLk, +vLu,)(b1 —a1) ... (by — am)]
where 73 is the unique solution of the corresponding equation (3.1).

)

* *
— <
21 — z3llc < 1]

Proof. We consider the Banach space X = C([a1,b1] X -+ X [am,bm], || - |l¢) and
operators
A X — X
Ai(x)(t)=F (Lx(t), f;ll fat:: K;(t,s,z(s))ds, fabll fab:: H;(t, s,x(s))ds)
(3.3)
Vite [al,bl] X - X [am,me Vi=1,2.

From condition (i) we have that the operator A; is contraction with La, = o +
(6L, +vLy, )(b1 —a1)...(bm — am), (see Theorem 2.1). Hence, A; is ¢-PO with
c= i
From (iz) and (iii) we get:

A1 (z)(t) — A2(2) ()] < (B +ym2) (b1 — a1) - ... (b — am),

for V't € [a1,b1] X -+ X [am, bym], which implies that

[A1(x) = Az(x)[lc < (Bm +ynm2) (b1 —a1) ... (b — am).
The conclusion is obtained from Lemma 3.1 for n = (8m1 +yn2) (b1 —a1) . .. (b —am)
and ¢ = ﬁ O
1
4. DATA DEPENDENCE: COMPARISON RESULTS

In this section we prove a comparison result for the solution of integral equation
(1.1) using the following Abstract Comparison Lemma

Lemma 4.1. (I.A. Rus [19], [23], [26]) (Comparison lemma) Let (X,d, <) be an
ordered metric space and A, B,C : X — X operators such that:
(i) A< B<C;
(ii) A, B,C are WPOs;
(iii) the operator B is increasing.
Then
r<y<z= A% (z) <B*(y) <C®(2).

We consider the nonlinear integral equations:

tq tm by bm
o(t) = Fy (t,m(t),/ / Ki(t,s,x(s))ds,/ Hi(t,s,x(s))ds> (4.1)

where K;, H; € C([a1,b1] X -+ X [@m, bm] X [a1,b1] X -+ X [am, bm] X R), i € {1,2,3}.

Theorem 4.1. We assume that:
(i) F;, K;, H; satisfy the conditions from Theorem 2.1 for i = {1,2,3};
(ii) the functions Fy (t,-,-,-), K2 (t,s,-) and Hy (t,s,-) are increasing;
(iii) Fy < F, < F3, K1 < Ky < K3 and Hy < Hy < Hs;
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If x¥ is the solution of the equation (4.1) corresponding to F;, K;, H;, i € {1,2,3},
then:
] <y < a3
Proof. We consider the Banach space X = C([a1,b1] X -+ X [@m,bm], || - ||c¢) and
operators A; : X — X defined by (2.1) corresponding to F;, K;, H;, i € {1,2,3}.
From condition (i) we have that A; are PO, i € {1,2,3}, therefore Fa, = {z]}.
Condition (i7) implies that A is an increasing operator and condition (ii7) implies
that Al S A2 S A3.
Let 2 € X and we denote by u; = A; (), i = {1,2,3}. It is obvious that:
up < u2 < ug
and
thus, from Lemma 4.1, we have:
Ul S (5 S Uz — A(fo (Ul) é Ago (’LLQ) S Ago (’ng)

Hence, the conclusion follows. O

5. GRONWALL LEMMAS

In this section we study the integral inequalities (1.2) and (1.3) using the Abstract
Gronwall Lemma and Abstract Gronwall-comparison Lemma.

Lemma 5.1. (I.A. Rus [19], [23], [26]) (Abstract Gronwall lemma) Let (X,d, <) be
an ordered metric space and A : X — X be an operator. We assume that:

(i) A is a PO;
(ii) A is increasing.
If we denote by z*, the unique fized point of A, then:
(a) < Ax) =z <ax%;
(b) > A(z) =z > 2.
Lemma 5.2. (IL.A. Rus [19], [23], [26]) (Abstract Gronwall-comparison lemma) Let

(X, —,<) be an ordered metric space and A1, Ay : X — X be two operators. We
assume that:

(i) Ay is increasing;
(ii) Ay and Ay are a POs.
(i) Ay < A,
If we denote by x5 the unique fized point of Az, then
< A (z) =z <ux3.

Theorem 5.1. We consider the equation (1.1). We assume that:
(i) F,K,H satisfy the conditions from Theorem 2.1;
(ii) K(t,s,-),H(t,s,:) : R — R are increasing functions for all t,s € [a1,b1] X
X [@m, bn];
(iii) F(t,-,-,-): R® — R is increasing, for all t € [ay,bi] X -+ X [Gm, bm]-
Then we have:
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(a) If = is a solution of (1.2) then x < xz*, where x* is the unique solution of

(1.1);

(b) If z is a solution of (1.8) then x > x* ,where x* is the unique solution of (1.1).

Proof. We consider the operator A defined by (2.1). From Theorem 2.1 we have that
A is PO. Conditions (i¢) and (¢3¢) imply that A is increasing. In terms of the operator
A the integral inequality (1.2) means

x < A(x),
and the integral inequality (1.3) means
x> A(x).
The conclusion is obtained from Abstract Gronwall Lemma, Lemma 5.1. O

Remark 5.1. To have an effective Gronwall Lemma we need to ”construct” x*, which
is usualy a very difficult problem.

In this direction, if we use the Abstract Gronwall-comparison lemma, Lemma 5.2,
we obtain the following result:

Theorem 5.2. We consider the integral equation (1.2) corresponding to F;, K;, H;
fori={1,2}. We assume that:
(i) F;, K;, H; satisfy the conditions from Theorem 2.1 for i = {1,2};
(ii) Fy(t,, "), K1 (t,s,-) and Hy(t,s, ) are increasing functions for all t,s €
[a17b1] X X [amybm];
(111) F1 S FQ, Kl S K2 and H1 S HQ.
If x is a solution of (1.2) corresponding to Fy, K1, Hy then x <z}, where x3 is the
unique solution of (1.1) corresponding to Fy, Ko, Ho.

Proof. We consider the operator A;, As defined by (2.1), corresponding to Fy, K1, Hy
and Fy, Ko, Hy. From Theorem 2.1 we have that A; and A are POs, we denote by
x¥ the unique fixed point of operator 4;, i = {1,2}. Condition (i7) implies that A
is increasing and condition (éi7) implies that A; < As. If z is a solution of (1.2)
corresponding to Fy, K1, H; then

x < Ay (x).
The conclusion is obtained from Abstract Gronwall-comparison Lemma, Lemma 5.2.
d
Example 5.1. (Wendroff inequality [11]) If
t1
x (t1,t2) < a(ty) +b(t2) + //U(f1,€2)$(§17§2)d§1d§2 (5.1)
0 0
where a(t1), b(t2) >0, a'(t1), V'(t2) = 0, z (t1,12), v (t1,t2) = 0, then:
t1 to
0) +b(t t b(0 S [ v(&1.€2)derdg
2 (b1, ta) < 2 (1, ) < O T NI ) FPON, Jfvier st = )

a(0) 4 b(0)
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where x* (t1,t2) is the solution of the Darboux problem

Tyt (t1,t2) = (ty,t2) v (t1,t2),  (t1,t2) € [0501] x [0;by]
x (t17 O) = a(tl) + b(0)7 t € [O, bl] (53)
x (0, tz) a(O) + b(tz), to € [0; bQ]
Proof. Let by > 0 and bs > 0 and we consider the Banach space

X = (C([0;b1] x [0302] ,RL), ||| 5) »

where
ullp, = max u(x i > 0.
|| HB [O;bl]X[O;bz] ‘ ( ay)| , T

We define the operators A1, A : X — X

x%@Mmm%nwﬂ+Wﬂ+//v@@ﬁm@éﬁ%d& (5.4)
0 O

Ao (@) (1,12) =a0) +bit) + [ | 0 o de | o) de,
0 0

(5.5)

It is clear that any solution of the Darboux problem (5.3) is a fixed point of operator

A;. We have that A; : X — X is PO (see Example 2.3), thus F4, = {z*}. Also, 4;
is an increasing operator and from Abstract Gronwall Lemma we have

<A (z) =z < z¥,

which means that any z satisfying (5.1) will satisfy the inequality = < x*.
The function

[a(0) + bi(t2)] [a(t:) + b(0)] ef ffv@l,gz)dfldsz

*(ty,t2) = 5.6
vt a(0) + (0 >0
is not the solution of (5.3), w* is the solution of the problem
’ to
wy, (t1,t2) = <a(tal)(rb)(0) + bfv(tl,ﬁz)dfz) “w (ty, t2) (5.7)
w(0,t2) = a(0) + b(tz)
or
we, (t1,t
8it2 ( w?§1Tt2§)> =0 (tlﬂ t2)
w (t1,0) = a(t1) + b(0) (5.8)
w (0, tz) = a(O) + b(tg)

In order to prove (5.2) we will apply the Abstract Gronwall-comparison lemma,
Lemma 5.2.
We consider the set

Y={reX:zy >0,z¢, >0,2(t1,0) = a(t1) + b(0)}.

It is clear that Y C X is a closed subset, so it is a complete metric space. Moreover, Y
is an invariant set of A; and A; : Y — Y is a contraction, so x* € Y and A; : Y —» Y
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is PO. It is easy to check that also Ay : Y — Y is a contraction, so it is PO and
Fa, = {w*}. Now we prove that A; (x) < Ay (z) for all z € Y.

We have:
Ar (2) (t1,t2) = a(O)+b(t2)+/ a/(ﬁl)+/v(§1,€2)$(§1,€2)d€2 dé&
0 0
< a(0)+b(t2)+/ Cl(gll;(f_lz(())‘*‘/v(fl,&)dfz x (&1,t2) d&y
0 0
= Ay (2)(t1,t2),

a(§1) +b(0) = x (£1,0) < 2 (€1,82), V(&1,82) € [05b1] x [0;b2]
and
z(&1,8) < x(&iyta), V& € [05h1], 0 <& <t <bo.
All the conditions of the Abstract Gronwall-comparison lemma are satisfied, therefore
<A () <Ay (z) =z <z" <w"

and the proof is complete. O

If we consider the case of a(t1) + b(t2) = ¢, ¢ € Ry, we obtain th results from C.
Craciun, N. Lungu [5], N. Lungu [8]. In some particular cases for v (¢1,%2) we can find
the expresion of z* from (5.2), for example, if a(t;) + b(t2) = ¢ and v (t1,t2) = o?
then z* (t1,t2) = ¢Joy (2a\/t1t2), where Jy (2a\/t1t2) is the Bessel function (see C.
Créaciun, N. Lungu [5]).

For other applications of Abstract Gronwall lemma and Abstract Gronwall-
comparison lemma see N. Lungu [9], N. Lungu, I.A. Rus [10], I.A. Rus [19], [22].

6. ULAM-HYERS STABILITY

Definition 6.1. (I.A. Rus [24]) Let (X,d) be a metric space and A : X — X be an
operator. By definition, the fixed point equation

x=A(x) (6.1)

is Ulam-Hyers stable if there exists a real number cq4 > 0 such that for each € > 0
and each solution y* of the inequation

d(y, Ay)) <e
there exists a solution x* of (6.1) such that
d(y*,x") < cye.

Theorem 6.1. In the conditions of the Theorem 2.1, the integral equation (1.1) is
Ulam-Hyers stable, in more precise manner, let € > 0, if
y* € C([a1,b1] X -+ X [am, b)) s a solution of the inequation

)(6) - ( / /Km, ds/“ /HW, )d)
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for every t € [a1,b1] X -+ X [am, bm], then there exists a solution
x* € C([a1,b1] X -+ X [am,bm]) of the equation (1.1) such that
1

() —x* ()] <
v () =" (O] < T

for everyt € [a1,b1]x- - X[am,bm], where Ly = a+(BLk+vLy)(b1—a1) ... (bm—am).

Proof. We consider the operator A, given by (2.1). In the conditions of the The-
orem 2.1, the operator A is contraction, therefore A is ¢-PO with the constant

¢ = (1=Ls)"" and the conclusion is an application of the Remark 2.1 from LA.
Rus [24]. O

7. INTEGRAL EQUATIONS IN BANACH SPACE

Let (B,|:|) a Banach space. The Theorem 2.1 remains also true if we consider
the mixed type Volterra-Fredholm functional nonlinear integral equation (1.1) in the
Banach space B instead of Banach space R.

Theorem 7.1. We assume that:

(i) K,H € C([a1,b1] X -+ X [am, bm] X [a1,b1] X -+ X [@m, bm] X B, B);
(i) F € C(la1,b1] X -+ X [am, bm] x B2, B);
(iii) there exist o, 3,7y nonnegative constants such that:

|F(t,u1,v1,w1) — F(t, ug,v2, wa)| < alur — ua| + Blur — va| + v wi — wal,

for allt € [ay,b1] X+« X [@m, b, U1, Uz, v1,v2, w1, we € B;
(iv) there exist Lx and Ly nonnegative constants such that:

|K(t,s,u) — K(t,s,v)| < Lg|u— v,

|H(t,s,u) — H(t,s,v)| < Lglu—v],
for allt,s € [ar,b1] X -+ X [am, bm], u,v € B;
(v) a+ (BLx +vLu)(b1 —a1) ... (bym —am) < 1.
Then, the equation (1.1) has a unique solution z* € C([a1,b1] X + -+ X [@m, bm], B).

Remark 7.1. The conclusion of Theorem 7.1 remains true if instead of condition
(v) we put the condition (v') from Remark 2.2.

Example 7.1. We consider the following infinite system of integral equation

o0 (8) = f (t)+/: /:" k(t,s)zn+1(s)ds+/:l /im h(t, s)znia(s)ds, n €N,
(7.1)

under the following hypothesis:
(i) fn € C(lar,b1] X -+ X [am,bm]), n €N, f, (t) = 0, n — 400, for every
te [alabl] X X [amabm];
(ii) k‘, h e C([al,bl] X oo X [am,bm] X [a1,b1] X oo X [am,bm]);
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(iii) (mg +mp)(by —a1)...(bm — am) < 1 or there exists T > 0 such that

m
ZE T ] em(bi=ai) < 1 where
i=1

my = max |k(t,s)],
tvse[alybl] XX [annbrn]

m, = max |h(t,s)].

t,s€la1,b1]X - X[am,bm]
Then, the equation (7.1) has a unique solution.
Proof. Let (B, ||-||) the Banach space, where
B=cy={u=(ug,u1,...,Un,...) €s(R):u, — 0}
and
o = ma
Let u = (ug, u1,...,Up,...) € B. We denote by
f = (fo.fi,oooifnsl),
K = (Ko Ki,...,Kn,...),
H = (HoH,...,Hn,...),
where
K, (t,s,u) = k(t, s)unt1,
H, (t,s,u) = h(t,s)unta,
t,s € la1,b1] X -+ X [am, by]. From (i) and (i) we have that £ € C([a1,b1] X --- X
[@m,bm],B) and K, H € C([a1,b1] X -+ X [, bim] X [a1,b1] X -+ X [@m, bm], B). Also,
1K (¢, s,u) — K (t,s,v)]
(|IH (¢, s,u) — H (¢,s,V)]|

for all t,s € [a1,b1] X -+ X [@m, bry] and u, v € B. All the conditions of Theorem 7.1

are satisfied, therefore we get that the equation (7.1) has a unique solution
x* = (af,z3, ... 2k, ...) € Cla,b1] X -+ X [am, bm], B). O

< myflu—v,
<

my, |[a =i,
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