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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and let T be
an operator with domain D(T") and range R(T) in H. A multivalued operator T is
monotone if its graph G(T') := {(z,y) € H x H : x € D(T), y € Tz} is a monotone
set in H x H. That is, T' is monotone if and only if

(x1,91), (72,92) € G(T) = (x1— 22,91 —y2) > 0. (1.1)

A monotone operator T' is maximal monotone if the graph G(T') is not properly
contained in the graph of any other monotone operator on H.

Let T be a maximal monotone operator on H. Then a point z € D(T) is called a
zero of T if 0 € T'z. We denote by ) the set of all zeros of T, i.e., Q@ = T~1(0). It is
known that  is closed and convex.

I This research was partially supported by the National Science Foundation of China (10771141),
Ph. D. Program Foundation of Ministry of Education of China (20070270004), Science and Tech-
nology Commission of Shanghai Municipality grant (075105118), and Shanghai Leading Academic
Discipline Project (S30405).
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One of the major problems in the theory of maximal monotone operators is to
find a point in 2, assuming that 2 is nonempty. A variety of problems, for example,
convex programming and variational inequalities, can be formulated as finding a zero
of maximal monotone operators. The proximal point algorithm (for short, PPA)
is recognized as a powerful and successful algorithm in finding a zero of maximal
monotone operators. Starting from any initial guess zo € H, the PPA generates a
sequence {z,} via the following inclusion:

Tpn € Tpy1 + cnTTpq1, (1.2)

where ¢, > 0 is a regularization parameter.

Based on the fact that solving the inclusion (1.2) may probably be as difficult as
solving the original problem of finding a zero of ), Rockafellar [13] proposed the inex-
act proximal point algorithm (for short, IPPA) which is a more practical algorithm.
Starting from any initial guess zo € H, the IPPA generates a sequence {z,} via the
following relation:

Ty +en € Tpg1 + Ty, (1.3)

where {e,} is a sequence of errors.

In recent years, some iterative algorithms including the PPA and IPPA have played
a powerful and successful role in solving variational inequality problems, optimization
problems, the zero point problem of maximal monotone operators and many others,
see [1,2,4,6-15,19,27-34] and the references therein. It is worth pointing out that the
accuracy criteria for the errors {e,} in the IPPA (1.3) have been extensively studied
so that the convergence of (1.3) is guaranteed. It is well-known that two criteria were
introduced in [13]; these are

lenll < en, D e < oo, (1.4)
n=0
leall < dnllznsr — zulls Z 0n < 00, (1.5)
n=0

Utilizing criterion (1.4), Rockafellar [13] proved the weak convergence of (1.3) pro-
vided the regularization sequence {¢,} remains bounded away from zero. He [11] also
obtained the rate of convergence of (1.3) by virtue of the criterion (1.5). He [11] also
proposed another criterion as follows:

oo

lewll < mallwnsr —2all, Y0 < oo. (1.6)

n=0

It is shown in [10] that if H is a finite dimensional Hilbert space, then the sequence
{z,} generated by (1.3) converges to a point in 2 provided the criterion (1.6) holds
and the regularization sequence {¢,, } remains bounded away from zero.

In [6], Eckstein and Bertsekas considered the following generalized proximal point
algorithm (for short, GPPA):

Tn+1 = (1 - an)xn + Qpwy, vn > Oa (17>



GENERALIZED HYBRID PROXIMAL POINT ALGORITHMS 31

where o, € (0,2) (Yn > 0) and
lwp — (I +cnT) 'an]| <&, Vn>0.

Weak convergence of (1.7) was proved under the conditions

oo
an < oo, inf ¢, > 0,
n>0
n=0 -
and there is some a € (0,2) with the property
a<a,<2-a, VYn>0. (1.8)

Since the PPA (1.2) does not, in general, have strong convergence (see [8]), an
interesting topic is how to modify the PPA (1.2) so that strong convergence is guar-
anteed. Some effort has been made recently (see, e.g., [1,14,18,27]). In 2002, Xu [18]
introduced a contraction proximal point algorithm as follows:

Tpy1 = apu+ (1 — o)) I+, T) ray +e,, Yn>0, (1.9)

and proved strong convergence of (1.9) by virtue of the condition that the regulariza-
tion sequence {c,} tends to the infinity. Later on, Marino and Xu [12] further con-
sidered algorithm (1.9) and obtained some strong convergence results under certain
appropriate assumptions. Very recently, Yao and Noor [19] introduced and analyzed
some generalized proximal point algorithms, which include as special cases the algo-
rithms in Rockafellar [13], Han and He [10], Eckstein and Bertsekas [6], Marino and
Xu [12], and Xu [18]. In [19], several weak and strong convergence results for Yao
and Noor’s GPPAs were established under some mild conditions.

On the other hand, let H be a real Hilbert space. Yamada ([22], see also [23])
recently introduced a hybrid steepest-descent method for the variational inequality
problem (for short, VI(F, (), that is, find a point € C such that

where F' : H — H is a nonlinear operator and C'is the fixed point set of a nonexpansive
mapping A: H — H,ie., C ={xz € H: Ax = z}. Recall that A is nonexpansive if

[Az — Ayl < [lz —yll, Va,yeH,

and let

Fix(A) ={x € H : Az = 2}
denote the fixed point set of A. Yamada’s idea is stated now. Let F' : H — H be
an operator such that for some constants x,7 > 0, F' is k-Lipschitzian and n-strongly
monotone on C. Take a fixed number p € (0,2n/x%) and a sequence {\,} C [0,1].
Starting with an arbitrary initial guess xo € H, one can generate a sequence {x,} by
the following algorithm:

Tyl = Axy — A1 puF(Azy), Vn > 0. (1.10)

Then, Yamada [22] proved that under appropriate conditions, {x,,} converges strongly
to the unique solution of the VI(F, C). Subsequently, Xu and Kim [20] and Ceng, Xu
and Yao [24] improved and extended Yamada’s result [22].
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Inspired and motivated by the above research work, we introduce and analyze
some generalized hybrid proximal point algorithms for finding a common element of
the set of zeros of a maximal monotone operator and the set of fixed points of a
nonexpansive mapping in a Hilbert space. These algorithms include the Eckstein-
Bertsekas type generalized proximal point algorithm and Marino-Xu type contraction
proximal point algorithm as special cases; see, e.g., [6,9,12,18,19]. Moreover, weak and
strong convergence results for these algorithms are proved under some mild conditions.
Our proofs are different from many others. Results presented in this paper can be
viewed as a significant improvement, refinement and development of the corresponding
ones in Eckstein and Bertsekas [6], Han and He [10], Marino and Xu [12], Yao and
Noor [19] and many others.

Throughout this paper, we use the following notations:

e — stands for weak convergence and — for strong convergence.

e w,({zn}) = {z: Iz, — 2} denotes the weak w-limit set of {x,,}.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let T be a
maximal monotone operator on H and €2 be the set of zeros of T'. Let A : H — H be
a nonexpansive mapping such that Fix(A) NQ # (. For r > 0, we use J,. and A, to
denote the resolvent and Yosida approximation of T', respectively; that is,

1
r
It is well-known that A,z € T'(J,x) for all x € H; for more details see [3,12].

Let C be a nonempty closed convex subset of H. Recall that a mapping f : C — C

is called nonexpansive if

Jo=I+rT)"' and A, =-(I-J,).

1 (@) = fF@W) < llz =yl
for all z,y € C. It is known that the resolvent J,. is nonexpansive for r > 0. We use
Fix(f) = {x € C : f(z) = x} to denote the fixed point set of f. Note that Fix(f) is
closed and convex in H. Note also that = Fix(J,.) for each r > 0. We use P to
denote the projection from H onto C; that is, for each x € H

Pox = in ||z — yl.
cw = argmin |z - y|

It is known [25] that P is characterized by: for given z € H and u € C, u = Pex if
and only if
(x —u,u—y) >0, Vyedl. (2.1)
Before starting the main results of this paper, we include some lemmas as follows
Lemma 2.1. (Xu [18]). Assume that {an} is a sequence of nonnegative real numbers
such that
Opy1 < Ap + 0p, VN >0,
where {0, } is a sequence of nonnegative real numbers such that Y .-, o, < 0o. Then
lim,, o a,, exists.
The following two lemmas are well-known.
Lemma 2.2. (see [25, Demiclosedness principle]). Let C' be a nonempty closed
convex subset of a Hilbert space H and f : C — C be a nonerpansive mapping such
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that Fix(f) # 0. Assume that {z,} is a sequence in C' which converges weakly to
x € C and that {(I — f)x,} converges strongly toy € H. Then (I — f)z =y.
Lemma 2.3. (see [12]). The resolvent identity. For A, u > 0, there holds the identity

Iz = Jﬂ(gx +(1- g)m), Vo € H.

Lemma 2.4. (Marino and Xu [12]). Assume that 0 < ¢1 < ca. Then ||,z — z|| <
|[Jeyz — || for all x € H.

The following lemma is very important for proving our main results, one can find
it in [5,16,17].
Lemma 2.5. Let {x,} and {z,} be bounded sequences in a real Banach space X
and let {ay,} be a sequence in [0,1] with 0 < liminf, o o, < limsup,,_,. o < 1.
Suppose that Tpi1 = (1= )Tpn+anzy, for all integersn > 0 and limsup,,_, o (||zn4+1—
Znl|l = |Tnt1 — znll) < 0. Then, lim, o0 ||2n — Znl] = 0.
Lemma 2.6. (see [18,20]). Let {an} be a sequence of nonnegative real numbers
satisfying the property

Gn41 S (1 - Sn)an + Sntn + 6na vn Z Ov

where {sp} C [0,1] and {t,} are such that

(i) 3 oprg $n = 00;

(ii) either limsup,, , t, <0 or > 7 o |sptn| < 00;

(iii) 32°° 6 < 0.
Then {a,} converges to zero.

Let FF : H — H be an operator such that, for some constants «,n > 0, F is
k-Lipschitzian and n-strongly monotone. That is, F' satisfies the conditions

|Fa — Fyll < sl —yll, Va,y e H,

and
(Fx — Fy,x —y) > |z —y||?>, Va,y € H.

Let A be a number in [0,1] and let p > 0. Associating with a nonexpansive mapping
A: H — H, we define the mapping A* : H — H by

A z = Az — \uF (Az), Vze H.

Lemma 2.7. (see [22]). If0 < XA < 1 and 0 < u < 2n/k?, then there holds for
AN H - H,
A% =AMyl < (1= Ar)l|lz —yll, Va,y € H,

where 7 =1 — /1 — u(2n — px?) € (0,1).
Lemma 2.8. Let H be a Hilbert space. Then there hold the following statements:
(i) (see [25]) for each x,y € H and each X € [0,1]

A2 + (1= Nyl* = Mal® + (1 = Ny = A1 =Nz -yl
(i) for each z,y € H
Iz +yl* < ll=1* + 2(y, 2 + ).
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Recall now that a Banach space X satisfies Opial’s property [21] provided, for each
sequence {x,} in X, the condition x, — x implies

limsup ||z, — z|| < limsup ||z, —y||, Yy € X, y #z.

n— oo n—oo

It is known [21] that the Hilbert space H and space I (1 < p < 00) enjoy this property,
while LP does not unless p = 2. It is known [26] that any separable Banach space can
be equivalently renormed so that it satisfies Opial’s property.

3. MAIN RESULTS

We recall the following generalized proximal point algorithm proposed by Eckstein
and Bertsekas in [6]:

Tnt+1 = (1 - an)mn + anJc,L (xn) + €n, vn Z 07 (31)

where e,, is an error. Algorithm (3.1) generalizes Gol’shtein and Tre’yakov’s algorithm
[7] defined as follows:

Tnt1 = (1 — ap)xn + ande(zy), VYn >0, (3.2)

which was considered in a finite dimensional Hilbert space setting where the param-
eters ¢ does not vary with the iteration steps.

Very recently, Yao and Noor [19] consider Gol’shtein and Tre’yakov’s algorithm
(3.2) with errors; namely, the algorithm:

Tn+1 = (1 - an)wn + anJc<xn) + €n, vn Z 0) (33>

Now we introduce the following algorithm in the sense of Gol’shtein and Tre’yakov

{ anrl = (1 - O‘n)xn + anJc(yn) + €n, (3 4)

Yn = (1 = Bn)xn + Bn(Azy, — MppuF (Axy,)), VYn >0.

Let w,(x,) denote the weak w-limit set of {z,}. That is, w,(z,) consists of the

points which are the weak limits of subsequences of {x,,}. Now we give the following
result.
Theorem 3.1. Let F : H — H be a mapping such that for some constants k,m > 0, F
is k-Lipschitzian and n-strongly monotone. Let A : H — H be nonexpansive such that
Fix(A)NQ # 0. Let p € (0,2n/k2%), let xg € H, {e,} C H and {\,}, {an}, {Bn} C
[0,1] satisfying the conditions:

(i) limy, 00 A, = 0;

(#) limy, o0 ||€n]| = 0;

(#3) 0 < liminf,, o a,, < limsup,, . o, < 1;

(i) limy, 00 |Brt+1 — Brn| = 0 and 0 < liminf,, o B, < limsup,,_, . Bn < 1.

Then the sequence {x,} generated by (3.4) converges weakly to a point in Fix(A) N
provided {z,} is bounded.
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Proof. First, let us show that {y,} is bounded. Indeed, pick p € Fix(A) N, then
utilizing Lemma 2.7 we have

lyn —pll = [[(1 = Bn)an + Bn(Azy — ApF (Azy,)) — p|
< (1= Bu)llwn = pll + Ball(Azn — AnpF (Azy)) — pl|
< (1= Bu)llen —pll + 6n[HAA"$n - A)‘"p” + ||A>‘"p _p”]
< (1= B)llen = pll + Bul(1 = AuT)[lzn — pll + Anptl[F(p)]]
< lzn = pll + Anpl F(p)]]-

Hence from the boundedness of {z,} it follows that {y,} is bounded.
Set xn 1 = (1 — ap)xpn + anz,. Note that {z,} is also bounded. Then, we have

_ _ Zpgo—(1—ant1Tny1)  Tppr1—(1—ap)zn
Zn+41 Zn = Qnt1 n (3 5)
€n n :
= Je(Yn+1) = Je(yn) + ﬁ - 271
From the nonexpansivity of J. and (3.5), we have
1 1
[2n41 = znll = [[Yns1 = ynll < lentall + —llenll,
an+1 (6%
which implies that (noting that lim, . ||e,|| = 0)
tim 5up(l2n 41 — 2all = Igns1 — ynl)) < 0. (3.6)
n—oo

Also, observe that

HAA7L+1:L-n+1 _ A)\nmn” < ||A)‘”+1£L'n+1 _ A)‘"+1£L'n|| 4 ||A>\n+lmn _ A)‘"an
< (= A @nt1 — ol + [Ang1 — Anlpl| F(Azn) |,

and hence
[9n+1 = Ynll < 1Bn = Butalllznta | + (1 = B)|[2n+1 — 24|
+1Bn+1 — ﬁn|||A>\n+lxn+1” + ﬁnHA)\nHIn-&-l - A)‘"an
<|Bn = Batilllznll + (L = Bo)llzns1 — zall + |Brtr — ﬁn‘HA)\”“anrlH
+B[(1 = A1) @nt1 — znll 4+ [Ang1 — An|pl| F(Azy) ]
S #nsr = 2ol + [Ansr — Anlpl| F(Azy)||

B = Burrl(lznrall + A+ 20 ).
Since A and F' are Lipschitzian and {z,} is bounded, we know that both {F(Ax,)}
and {A*»2,} are bounded. Hence from A\, — 0 and |B,+1 — Bn| — 0 it follows that

lim sup([lyn41 = yall = l#ns1 = 2n]) 0.
This together with (3.6) implies that
limsup([|zn41 = 2l = [#nt1 = 2al) <0 (3.7)
n—roo

It follows from (3.7) and Lemma 2.5 that

lim ||z, — z,| = 0.
n— oo
So lim,, o0 || Znt1 — @ || = 0. Consequently, we have

T [[Je(yn) — 2] = 0. (3.8)



36 LU-CHUAN CENG AND JUEI-LING HO

Furthermore, observe that for p € Fix(A) N Q

(1 = Bn)zn + Bn(Azn — AppuF (Azy,)) — p”2

(1 = Bn)(@n — p) + Bu(Azy, _p)H2 +2[|(1 = Bn)(2n — p)
Bun(Azy — p) |l BnAnpF (Azy) || + ”ﬂn)\n,UF(Amn)”Q

(1= Bn)(xn — p) + Bu(Azn — p)|I> + X M ul| F(Azy) |

= (1= Bn)llzn — p||2 + Bnl| Ay, — p||2 = Bu(1 = Bp)llzn — Axn”2
FAMp|| F(Azy)||

< |z — p”2 = Bn(1 = Bn)llzn — A$nH2 + A Mpl|F(Azy,) |,

where M is a constant such that M > 2|z, — p|| + p||F(Az,)|. In the meantime,
observe also that

lyn — plI?

|\/\+I/\ [

lZnt1 — p||2 = I(1 = an)rn + ande(yn) + en — p||2
< (1 = an)(@n — p) + an(Je(yn) —p)||2 + 2(en; Tns1 — p)
< (1= an)|zn = pl* + anllyn — pl* +2[lenllllzni —
< (1 —an)lz, - pH2 + ap[l|lzn —p||2 = Bu(1 = Bp)llzn — AanQ

FAn M p||[F(Azy)|I] + 2l enlll| 241 — pl]

<|lzn *pH2 —anfn(1 = Bn)llzn — ACUHHQ + A Mp| F(Azy)|]
+2[|enll|zn+1 — p|

< len =l = anBu(l = B)llen — Azp|* + M(A M + [len]),

Consequently, we obtain
(e p”2 < lzs —p||2 = anBn(l = Bn)llan — Awn”2 + MMM + lenl),

and hence

O‘nﬂn(l - Bn)”xn - A-Tn”2

< lzn = plI* = [#n+1 = pl* + MM + |lenl])

< lzn = pll = llzntr = plll(lzn = pll + 20 = pl) + MM + [len])
< lon = zngall(lzn = pll + 2041 = pl) + MA M + [len]).

Since
0 < liminf o, < limsupa,, < 1,

n— oo n—oo

0< hm 1nf Bn <limsup 3, <1,

n—oo

An — 0 and |le,|| — 0, we deduce from ||z, — 1] — 0 that
lim |x, — Az,| = 0.
n—oo
This together with (3.4) implies that
lyn — znll < Bullzn — Azp|| + BuAnpl F(Azyn)|| < [l2n — Azp|| + AnM — 0.
That is,
lim ||y, — z,| = 0.
n—oo
Thus, we get from (3.8)
[Je(zn) = znll < | Je(@n) = Je(yu) | + (| Te(yn) — 2nll < 20 —ynll + | Je(yn) — znll — 0.
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That is,
lim ||J.(zn) — zn] = 0.
n—oo

Now let us show that w,,(z,) C Fix(A) N Q. Indeed, since {x,} is bounded and
H is reflexive, we know that wy,(x,) # 0. Let {z,,} be a subsequence of {x,} such
that x,, = & € wy(x,). Since ||z, — Az,| — 0 and || Je(z,) — 2| — 0, and
both A and J. are nonexpansive mappings, in terms of Lemma 2.2 we conclude that
Z € Fix(4) NFix(J.) = Fix(A) N Q. This shows that w,(x,) C Fix(A) N Q. Next
let us show that w,(z,) is a singleton. Indeed, let {z,,,} be another subsequence of
{xn} such that z,,,, = = € wy(x,). If & # z, utilizing Opial’s property of H we reach
the following contradiction:

lim ||z, —Z|| = lim |z, — 2|
71— 00

n—oo

< lim ||z,, — Z|| = lim ||z, —Z
71— 00 — 00

< lim ||z, — 2|
j—o0

= lim |z, —Z|.
n—oo

This shows that w,,(x,) is a singleton. The proof is therefore complete. [
Corollary 3.1. (see [19, Theorem 3.1]). Let {x,} be generated by the algorithm
(3.3). Assume that lim, o |len|| =0 and 0 < liminf, o @, < limsup,, . @, < 1.
Then {x,} converges weakly to a point in Q provided {x,} is bounded.

Proof. In Theorem 3.1, put A = I the identity mapping of H, and A\, = 0 for all
n > 0. Then we have

= (1 - Bn)xn + BnTn = Tn.

Hence algorithm (3.4) reduces to (3.3). Therefore, from Theorem 3.1 we immediately
obtain the desired result. O

We remind the reader of the following fact. Although in [19, Theorem 3.1] there
is no requirement of the boundedness of {z,}, in the proof of [19, Theorem 3.1] one
can not see that the combination of Lemma 2.1 with the condition lim, _, ||ex| = 0
implies the existence of the limit lim,_, o ||z, — p|| for p € Q. Thus, in [19, Theorem
3.1] the boundedness of {z,} must be required.

Next we let the parameter ¢, to vary with the iteration steps and introduce the
following generalized hybrid proximal point algorithm in the sense of Eckstein and
Bertsekas:

Tp1 = (1 - an)xn + anJcn (yn> + én,
Yn = (1 = Bn)xn + Bn(Azy, — AppF (Axy,)), Yn > 0.

The convergence result for algorithm (3.9) is given as follows:
Theorem 3.2. Let F': H — H be a mapping such that for some constants k,n > 0,
F is k-Lipschitzian and n-strongly monotone. Let A : H — H be nonexpansive such
that Fix(A) N Q # 0. Let p € (0,2n/k?), let 9 € H, {c,} C (0,00), {e,} C H and
{An}{an}, {8n} C [0,1] satisfying the conditions:

(1) S0 n < 00;

(1) Sy lleal) < o0;

(3.9)
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(i) 0 < liminf,, o o, < limsup,, . @, < 1;

(i) limy, s 00 |Brt1 — Brn| = 0 and 0 < liminf,, o B, < limsup,,_, . Bn < 1;

(v) ¢n > ¢, where ¢ is some positive constant;

(’Ul) hmn—)oo ‘cn-ﬁ—l - Cn| = 0.
Then the sequence {x,} generated by (3.9) converges weakly to a point in Fix(A)NSQ.
Proof. Pick p € Fix(A)NQ and note that J,.p = p for all » > 0. Then utilizing Lemma
2.7 we have from (3.9)

lyn =2l = [I(1 = Bn)zn + Bu(Azn — AupF (Azy)) — |
< (1= Bu)llzn = pll + Bull(Azn — AnpF (Azy,)) — pl|

< (1= Bl — pll + Ball| ANy — AXepl| + A2 p — p]]
< (1= Bu)lzn —pll + Bul(1 = AuT) 20 — Pl + Anpl| F'()]]]
< llzn = pll 4+ AupllE (D),

and hence

[Znt1 —pll =1 —an)zn + ande, (yn) + €n — pll

< (I —an)llzn = pll + anllJe, (yn) — pll + el
< (I —an)llzn = pll + anllyn — pll + llenl| (3.10)
< (1 —an)llzn —pll + anlllzn — pll + Anpl|F ()] + [lexn]
< lzn = pll + AaptlF @) + llenl]-

From Lemma 2.1, (i), (ii) and (3.10), we conclude that lim,,_, ||z, — p|| exists. This
implies that {z,} is bounded.
Put 41 = (1 — ap)zy + @pzy,. Then we have

_ Tnye—(l—omp1Tngy)  Znpi—(l—an)s
Qn

+1 on
= Jcn+1(yn+1) — Je, (yn) + 2t — En

Qn 41 Qn

Zn+1 — Zn

If ¢, < ¢py1, from Lemma 2.3, utilizing the resolvent identity
c c
Jcn+1(yn+1) = Jcn( “ Ynt1 + (1 — . )Jcn+1(yn+1))7
Cn+1 Cn+1

we obtain
||Jcn+1(yn+1) = Je, (yn)” <= ||yn+1 — Ynl + ( cn )||Jcn+1(yn+1) - ynH

Cn+1 Cn+41

Yn+1 — ynll + E|Cn+1 - Cn|HJcn+1 (Ynt1) = Unll-
If ¢, > cpt1, again by Lemma 2.3,

”Jcn (yn) - Jcn+1 (yn+1)” ||Jcn+1(cz+1yn + (1 - CZH )Jcn (yn)) - Jcn+1 (yn+1)”
%”yn Y|l + (1 — cn“ W ew (Yn) = Yntal

< Ynr1 = ynll + 2lenss = el e () = sl
Hence, from the above estimates, we have

IN

IN I

K
1 ensr (Uns1) = e ()|l < Nyntr = ynll + —lenss = cal, (3.11)

where K is a constant such that sup{||.Je,.,, (Yn+1) = ¥nll: | Je,, (Un) = Yng1ll,n > 0} <
K. Therefore, we have
lzns1 = zall < e (Wnsr) = Je, () || + Lzl 4 el

< Hyn-‘rl - yn” + = |Cn+1 - Cn| + lenta] + Hen”)

An41
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which implies
timsup (|21 — 2ull = llgns1 — yall) < 0. (3.12)
n—oo
Also, observe that

HA)\”+1337L+1 - A/\”an < ||A>‘“+1xn+1 - AA”“%H + ”A)\nﬂxn - A)\”xn”
< (= A7) @ns1 = @all + [Ansr = An|ul| F(Azy) |,

and hence
[Ynt1 = ynll < 1Bn = Brtalllznsall + (1 = Bn)ll2n+1 — znl|
HBrs1 = Ball AN @ || + Bl AN @0 — ANy |
<18 = Batillensall + (L = Ba)|zns1 — 2ol + |Bar = Bul| AN+ @ |
+Bnl(1 = A7) |Zns1 = Zall + [Ang1 = Anlpl|F(Azn) ]
Slansr = 2ol + Ansr = An|pl| F(Azy)||

HBn = Busrl(lznrall + 1AM+ 2 ).

Since A and F are Lipschitzian and {x,} is bounded, we know that both {F(Az,)}
and {A*»2,} are bounded. Hence from A, — 0 and |B,+1 — Bn| — 0 it follows that

lim sup([[ynt1 = ynll = 2041 — zal)) < 0.
n—o0
This together with (3.12) implies that
limsup(||zn4+1 — 2znl| — |Tnt1 — 2x]]) <O. (3.13)
n—o0
It follows from (3.13) and Lemma 2.5 that
lim ||z, — z,|| = 0.
n—oo
So limy, 00 ||[Znt+1 — @n|| = 0. Consequently, we have
Jim_ e, (5) = ]| = 0. (3.14)

Furthermore, observe that for p € Fix(A) N Q

1Y _pll2 = [|(1 = Bn)n + Bn(Azn — AppF (Azy)) _pH2
= [|(1 = Bp) (% — p) + Bn(Azn — p) — Bn)\nﬂF(Axn)Hz
<|[[(1 = Bn)(xn —p) + Bn(Azn — p)H2 +2[[(1 = Bn)(@n — p)
+Bn(Azy, — Pl BnAnpnF (Azy) || + ||5n>\n,uF(Axn)”2
<1 = Bn)(xn = p) + Bu(Azy — p)|I> + A Mpl|F(Az, )|

—~

L= Bn)llzn —p||2 + BnllAzy —p||2 = Bn(1 = Bu)llzn — Amn”2
+A M pl||F(Azy,)||
< Hxn - p”2 - /Bn(l - Bn)”xn - Aanz + )\.,LMMHF(Al‘n)”,
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where M is a constant such that M > 2|z, — p|| + p||F(Az,)|. In the meantime,
observe also that
lZn+1 —p||2 (1 = an)ryn + ande, (Yn) + €n — pH2
(1= an)(@n —p) + an(Je, (Yn) —p)||2 + 2(en, Tny1 — p)
(1 —an)llzn = plI> + anllyn — plI* + 2llenl|2n1 — 2l
(1 = an)|zn = pII? + anlllzn — I = Bu(1 = Bn)llzn — Azy |
FAMpl|F(Axy)||] + 2llenll|2nr1 — pll
<|lzn _pH2 — anfBu(l = Bn)l|zn — A$n||2 + A M p||F(Azy,)|]]
+2[|enll|znt1 — p|
< lwp _pHZ — apfn(l— ﬁn)Hxn - Axn”2 + M\ M + Hen”)a
Consequently, we obtain
|Zns1 — p”2 <|lzn —p||2 = anfn(1 = Bn)llzn — A$n”2 + MMM + [lenl]),
and hence
anfBn(1 = Bn)l|zn — Azpl® < llzn — plI? = 2ng1 — plI> + M(AM + |len])).

Since

ININIA I

0 < liminf o, < limsupa,, < 1,

n—0o0 n—00
0< hm 1nf Bn <limsup g, <1,
n—oo

An — 0 and |le, || — 0, we deduce from the existence of lim,,_, ||z, — p|| that
lim |z, — Az,| = 0.
n—oo
This together with (3.9) implies that
yn — zall < Bullen — Azl + Budnpl| F(Azy)|| < |lzn — Azp|| + A M — 0.
That is,
lim [y, —x,|| = 0.
n—oo
Thus, we get from (3.14)
e, (@n) = @l < ([, (2n) — e, (Yn) | + | e, (yn) — 24|
< ll@n = ynll + 1 e, (yn) — @all = 0.

That is,
lim ||J., () — zn] = 0. (3.15)
n—oo

It follows from Lemma 2.4 and (3.15) that
nh—>H;o | Je(xr) — @n]l = 0.

By the same argument as in the proof of Theorem 3.1 we obtain {z,} converges
weakly to a point in Fix(A) N . The proof is therefore complete. [
Corollary 3.2. ([19, Theorem 3.2]). Let {x,} be generated by the algorithm (3.1).
Assume that the following conditions hold

(i) 2% llenll < o;

(#) 0 < liminf, o o, <limsup,,_, . an < 1;

(i) ¢, > ¢, where ¢ is some positive constant;
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(iv) cpy1 — ¢ — 0.
Then {x,} converges weakly to a point in Q.
Proof. In Theorem 3.1, put A = I the identity mapping of H, and A\, = 0 for all
n > 0. Then we have

Yn = (1 - Bn)xn + Bn(Azn - /\meF(ACCn))

Hence algorithm (3.9) reduces to (3.1). Therefore, from Theorem 3.2 we immediately
obtain the desired result. O

We observe that in general the proximal point algorithms have only weak conver-
gence. Recently some modified proximal point algorithms with strong convergence
have been proposed (see, e.g., [1,10,14,15,18,27,32]). Very recently, motivated by
Marino and Xu [12], Yao and Noor [19] suggested the following contraction proximal
point algorithm: for given u € H, let the sequence {x,,} be generated iteratively by

Tn+l = QpU + YnTn + 5njc,,, (an) + en, Vn > O, (316)

where ay,, Y, 90, € [0,1] and o, + v, + 0, = 1 (Y0 > 0), ¢, > 0 and e, is an error.
We remark that algorithm (3.16) includes the algorithm of Marino and Xu [12] as
a special case. Now we introduce the following hybrid contraction proximal point
algorithm in the sense of Marino and Xu: for given u € H, let the sequence {z,} be
generated iteratively by

Tl = Qpt + YpZn + (1 — an — Yn)Je, (Yn) + €n, (3.17)
Yn = (1 - ﬂn)xn + Bn(Axn - AnHF(AIn)), Vn > 0, '

where p € (0,21/K2), Ay Qn, By Y0 € [0,1] and a, +,, < 1 (Y0 >0), ¢, >0 and e,
is an error. The convergence result for algorithm (3.17) is given as follows:
Theorem 3.3. Let F': H — H be a mapping such that for some constants k,n > 0,
F is k-Lipschitzian and n-strongly monotone. Let A : H — H be nonexpansive such
that Fix(A)NQ # 0. Let p € (0,2n/k2), let xo,u € H, {c,} C (0,00), {en} C H and
{An} {an}, {Bn}, {7} C [0, 1] satisfying the conditions:

(i) >ono An < 00;

(ii) lim,, o0 0y = 0 and Y,y = 00;

(#3) 0 < iminf, o0 v, < limsup,,_, v < 1;

(iv) imy, 00 |Brt1 — Brl =0 and 0 < liminf,, o B, < limsup,,_, . Bn < 1;

(v) cn > ¢, where ¢ is some positive constant;

(vi) limy, s o0 [Cnt1 — cn| = O;

(vi1) T2 llen] < oo.
Then the sequence {x,} generated by (3.17) converges strongly to Prpixaynqt, i.¢.,
the nearest point projection of u onto Fix(A) N Q.
Proof. Take p € Fix(A4) N Q. Noting that each resolvent J,. is nonexpansive for r > 0,
we have

lyn — pll (1 = Br)xn + Bp(Azn — AnpF (Azy)) — p|

(1= Bn)llzn = pll + Bnll(Azn — AppF (Azy)) — pll

(1= B)llwn = p|l + Bal| AM 2 — Arepl| + [[AMp — p]l]
(1 - ﬂn)”‘rn - pH + ﬁn[(l - )‘nT)”xn _pll + )‘nMHF(p)H]

[2n = Pl + Anpel F ()],

ININININ I
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and hence
[2n+1 = pll = llanu +Ynzn + (1 = o = ym)Je, (yn) + €n — pl|
< anllu = pll + wllzn —pll + (1 — an =), (yn) — pll + llenll
< apllu = pll + mllzn —pll + (1 = an — ) lyn — pll + [lenll
< anflu=pll + yllen = pll + (1 = an = vn)[ll2n = pll + Anpt[F @] + llenll

< apllu = pll + (1 = an)llzn = pll + Aupl F (D) + [lenll-
By induction we obtain

[2nt1 = pll < max{|lu = pll, [[xo — pll} + ull F(p) Z)\ + Z leill,  Vn=0.

Hence {z,} is bounded.
Next we show that wy, (z,) C Fix(A) N Q. To this end we first prove that ||, +1 —
Znl| = 0. Put 41 = Yn2n + (1 — 5 )2n. Then we have

2 — 2 — ZTn427Vn4+1Tn41 _ Tndl " YnTn
n+l1 noo 1—vn41 1=vn
- an+1u+(1 Qnt1— 'Yn+l)Jcn+1 (yn+1)+eﬂ+1 o anu+(17Q1L*7n)JCn(yn)+6"
1-— 'm+1 1=vn
[e —a _
= (1—%; - 12% Ju + 1"—+»y1n+zn+l (Jenir Yn+1) = e, (Yn)
1—ant1—vn l—an—7n n en
+( O;_tylnﬁ»z == la_’Yn’Y )JCn (yn) + 13)’7::»1 a liﬁ
(3.18)
By the same argument as (3.11), we also have
K,
HJcn+1 Yn+1) = Jep ()| < Ynt1 — ynll + T|Cn+1 — ¢l
where K is some constant such that
SUP{HJcn+1 Yn+1) = Ynll, 1 Je, (Un) = Ynsall,n > 0} < K.
Then, we have
n . l1—ant1—7n
I e e e AR
Qn n
PRy, e,
| — e[| T, ()|
llentall llenl
A el el
which implies that
limsup(|[zn41 = 2|l = [[yn+1 — ynll) < 0. (3.19)

n—0o0

Also, observe that

HAA7L+1xn+1 _ A>‘"xn|| < ||A)‘”+1£L'n+1 — Arntig ” 4 ||A>\n+1 _ A)‘"x ||
< (= Anam)[@ngr — 2ol + [Angr — A |l F'(Azy)],

and hence
Hyn+1 —ynll < ‘5n = Bl l|zng| + (1 - Bn)Hanrl — |
‘HﬁnJrl - ﬁn|||AAn+lxn+l || + ﬂnHA)\n+lxn+1 - A)\nan



GENERALIZED HYBRID PROXIMAL POINT ALGORITHMS 43

<|Bn = BatilllTnsall + (1 = Bu)llTns1 — zoll + |Basr — ﬁnH|A)\"+lxn+lH
+Bu[(1 = A1 T)|Tng1 — @nl + A1 — Anlpl| F(Azy,) ]
< zns1r — znll + [Ans1 = Anlpl|F(Azy) ||

H B = B (znrall + 1AM 21 ).
Since A and F are Lipschitzian and {z,} is bounded, we know that both {F(Ax,)}
and {A*z,} are bounded. Hence from \,, — 0 and |B,,+1 — 8n| — 0 it follows that

limsup(||yn+1 — Ynll = [Tns1 — 2al]) < 0.
n— oo
This together with (3.19) implies that
limsup(||zn+1 — 2nll — |Tnt1 — xn]]) < 0. (3.20)
n—oo

It follows from (3.20) and Lemma 2.5 that

lim ||z, — 2| = 0.
n—oo
Consequently,
lim ||2p4+1 — 2] = 0. (3.21)
n—oo
Note that

|20 — Je, W)l < [[#ng1 — 2nll + Zn41 — Je, ()l
< Nwng1r = zull + anllu = Je, (W) | + ullzn — Je, (Wn)ll + llenlls

that is,
0 = Jon ()] < ——| |+ =l = e, ()| + len
—Je < Tptl — T — .
Tn n \Yn 1—m, n+1 n 1— cn\Yn 11—, n
This together with (ii), (iii), (vii) and (3.21) implies that
e — e, ()| = 0. (3.22)

Furthermore, observe that for p € Fix(4) N Q

Y —p||2 = |(1 = Bn)xn + Bu(Azy — AppuF (Axy)) —p||2

(1= Bn)(@n —p) + Bn(Azn —p) — BnAnﬂF(Amn)HQ

(1 = Bn)(@n — p) + Bu(Azn — p)|I* + 2[(1 = Ba) (20 — p)

2 (Azy = P Ba At F (Azy) || + | Bp A F (A ) |2

|(1 = Bn)(@n — p) + Bu(Azy, _p)H2 + A Mpl|F(Azy,) ||

= Bu)llzn _pH2 + Bnl| Az, — p||2 = Bu(1 = Bp)llzn — Axn||2
A M p|[F(Azy, )|

<z — 19”2 = Bn(1 = Bu)llzn — Aanz + A Mpl|F(Azy,) |,

1A L IA
sy

—~

3.23
where M is a constant such that M > 2|z, — p|| + pl|F(Az,)||. In the meargtime),
observe also that

[2ns1 = plI* = llan(u = p) + (@ = p) + (1 = an = 1) (Je, (Yn) — p) + enl|®
< lan(u —p) +yn(@n —p) + (1 = an — va)(Je, (Yn) _p)Hz + 2{(en, Tnt1 —p)
< apllu=pl* +ynllzn = plI? + (1 = an = ) llyn — plI* + 2[lenll|zn1 — |
< apllu = pl* + ynllzn = ol + (1= an =) [ll2n = plI? = B (1 = Bl — Ay |?
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FAM p|| F(Azy)|[] + 2[len |l lzngr — pll
< apllu—pl* + (1 = an)llzn = plI* = (1 = an = 70)Ba(1 = B)llz — Azn|®
FAMp|| F(Azy)[ 4 2 enll]|2n41 — pl|
< apllu —p||2 + [z, —p||2 = (1= an =) Ba(1 = Bn)lzn — Axn”Z
+M A M + |[enl]),
Consequently, we obtain
st — Pl < @nll = pl2 + 2 — plI2 = (1 = @ = 70)Ba(l = Bl — Aza?
MMM + |len]),
and so
(1= an =) Bn(1 = Bn)llzn — Al'n”2
< agllu—=pl? + llzn = pl* = 2041 = pl* + MM + [lenl])
< agllu—pl* +llzn = pll = 201 = plll(lzn = Pl + 201 = pl) + MM + |len])
< anllu = pl? + l|lzn = zpsr[(l2n = pll + 2nsr = pl) + MM + [leq])).
Since
0 < liminf~y, <limsup~y, <1,

n—oo n—oo

0 < liminf 8, <limsup g, < 1,
n—oo

n—oo

an = 0, A, = 0 and |le, || = 0, we deduce from ||2,41 — x| — O that
lim |z, — Az,| = 0.
n—oo
This together with (3.17) implies that
yn — 2all < Bullzn — Azl + BuAnpl| F(Azy)|| < |lzn — Azp|| + A M — 0.

That is,

lim ||y, — | =0.
n— oo

Thus, we get from (3.22)

e, (Tn) = znll < [|Je, (2n) = Te, (Yn) | + [|Je,, (Yn) — o]
< 2zn = Yall + e, (Yn) — znll — 0.

That is,

nh_)ngo IJe,, () — zn] = 0. (3.24)
It follows from Lemma 2.4 and (3.24) that

nh_}rr;o || Je(xn) — zn]| = 0.

By the same argument as that in the proof of Theorem 3.1 we obtain {z,,} converges
weakly to a point & € Fix(A) N Q.
Now let 2* = Ppix(a)nou. Since € Fix(4) N Q and z, — &, we get that

limsup(u — 2, 2, — ") = (u — Ppix(a)not T — Prixa)nou) < 0. (3.25)
n—o0

Finally, applying Lemma 2.8 (ii), we have from (3.23) (take p = z*)
241 = &1 = [lan(u — &) + yn(@n — &) + (1= an = ) (e, (yn) — ) + en)?
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<lan(u—2%) + yn(zn —2%) + (1 — an — ) (Je, (Yn) — x*)HQ + 2(en, Tny1 — 27)
<lan(u =) + (@ = 2*) + (1 = an = ¥0)(Je, (Yn) = 2)° + 2] zn1 — 2| [len]|
< ynlzn —2%) + (1 = an — ) (Je, (Yn) — 27)|
2l znt1 — z"|[lenll
<Anllzn =22+ (1= an = ) lyn — 2*[° + 200 (u — 2%, 2p g1 — 2¥)
+Q2anllu — &7 + 2[|zns1 — 27 [len]|
< Ynllzn — m*HQ + (1= an —vn)[[|zn — 33*”2 = Bu(1 = Bp)llzn — A$n||2
FAMp||F(Axy)|]] + 20 (u — 2%, 2pp1 — %) + (20, ||u — 27|
+2||znt1 — 2] el
< (1= an)|@n = 2*[|? + Ao Mul| F(Azy) || + 200 (u — 2™, 2041 — 2¥)
+Q2anllu = 2" + 2)zns1 — ") llenl]
<1 —a)|lzn — %) + 200 (v — 2, 2y — 2%)
FAM? + (2|lu — z*|| + M)|lenl, (3.26)
where the constant M > 2|z, — z*|| + p||F(Azy)| for all n > 0. Put ¢, = 2(u —

¥, Tpp1 — o) and 0, = A\, M? + (2||u — 2*|| + M)||e,|| for all n > 0. Then the
inequality (3.26) is rewritten as

|Zni1 — 2> < (1 — an)||lzn — 2> + antn + 6., V0 >0. (3.27)

Since Y07, oy, = 0o (due to (ii)), limsup,,_, . t, < 0 (due to (3.25)) and Yo7 6, <
oo (due to (i), (vii)), it follows from Lemma 2.6 and (3.27) that {x,} converges
strongly to #* = Ppix(a)nou. The proof is therefore complete. [
Corollary 3.3. Let F': H — H be a mapping such that for some constants k,n > 0,
F is k-Lipschitzian and n-strongly monotone. Let A : H — H be nonexpansive such
that Fix(A) N Q # 0. Let p € (0,2n/k?), let zo,u € H, ¢ > 0, {e,} C H and
{Mnt {an}, {Bn}: {7} C [0,1] satisfying the conditions:

(i) >ono An < 00;

(i3) lim,, 00 0y = 0 and Y, ) cun = 00;

(#) 0 < iminf, o0 v, < limsup,,_, v < 1;

(iv) imy, 00 |Brt1 — Brl =0 and 0 < liminf,, o B, < limsup,,_, . fBn < 1;

(6) Y3 lleall < oo

Then the sequence {x,} generated by the algorithm
Tn+1 = U + YnTn + (]- — O — ’Yn)Jc(yn) + €n,

converges strongly to Prix(a)nqu, i.¢., the nearest point projection of u onto Fix(A)N
Q.
Corollary 3.4 ([19, Theorem 3.3]). Let {x,,} be generated by the contraction prozimal
point algorithm (3.16). Assume that

(i) lim,, o v, = 0

(1) D0 ot = 00;

(i) 0 < iminf,, o v, < limsup,, . ¥n < 1;

(iv) ¢, > ¢, where ¢ is some positive constant;

(v) ¢ny1 — cn — 0;

2 * *
+ 20 (u — 2, X1 — ¥ —ep)
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(vi) 3oz lleall < oo
Then {z,} converges strongly to Pou, i.e., the nearest point projection of u onto .
Proof. In Theorem 3.3, put A = I the identity mapping of H, and A\, = 0 for all
n > 0. Then we have

Yn = (1 - Bn)xn + ﬁn(Azn - /\WLNF(Axn))
= (1 - ﬁn)xn + ann = Tp.

Hence algorithm (3.17) reduces to (3.16) with 6, = 1 — a,, — ¥,,. Therefore, from
Theorem 3.3 we immediately obtain the desired result. O
Corollary 3.5. ([19, Corollary 3.1]). Let {z,} be generated by the algorithm

Tl = QpU + YTy + Onde(xn) +eny, VR >0,

where ¢ > 0 is a constant. Assume that

(i) limy, 00 @y = 0;

(i1) S22 0 = 07

(#3) 0 < iminf, o0 v < limsup,,_, v < 1;

(iv) 322 llenl| < oc.
Then {x,} converges strongly to Pqu, i.e., the nearest point projection of u onto €.
Remark 3.1. Let ¢ : H — R U {oo} be a proper lower-semicontinuous convex
function. Let 0¢ be the subdifferential of ¢; that is,

op(x) ={z€ H:¢(y) > ¢(x)+ (y—x,2), Yy € H}, Va € dom(9d¢).

It is well-known [1] that d¢ is a maximal monotone operator on H. The inclusion
0 € 0¢(x) is equivalent to x = argmin,c y¢$(v). Let T = 0¢. Assume that the set Q of
minimizers of ¢ over H is nonempty. If H is infinite dimensional, then Rockafellar’s
proximal point algorithm only has weak convergence, in general. However, our hybrid
contraction proximal point algorithm (3.17) in the sense of Marino and Xu, always has
strong convergence. In the meantime, there is no doubt that our problem of finding
an element of Fix(A) N is more general than the one of finding a point of .
Remark 3.2. (1) It is clear that 07 | |cpq1 — ¢n| < oo implies ¢,41 — ¢, — 05 (2)
We remove the assumption in that ZZOZI [Ant1 — An| < 00 or limy, oo A /Ant1 =1
(see [20,22]), but we add the very weak restrictions that lim, o0 |Bn+1 — S| = 0 and
0 < liminf,, o0 Bn < limsup,,_, o Bn < 1.
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