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1. INTRODUCTION

In this paper, we shall concern with the existence and uniqueness of solutions for
the following impulsive partial hyperbolic fractional order differential equations at
variable times:

(“Dou)(z,y) = f(z,y,u(z,y)), if (z,y) €J, z#ax(u(z,y)), k=1,....m, (11
U(I+’y) = Ik(u(xa y))v if (Qj,y) €J, z= Ik(u(x7y))a k=1,...,m, (12)
u(z,0) = p(x), u(0,y) =¥(y), = €[0,a], y € [0,0] (1.3)
where J = [0,a] x [0,b], a,b > 0, ©<Df is the fractional Caputo derivative of order
r=(ry,r) € (0,1] x (0,1], 0 =20 <21 < -+ < Ty < Typ1 =a, f: JxR* =
R™ I :R™ - R", k=1,...,m are given functions and ¢ : [0,a] — R™, ¢ : [0,b] —
R™ are absolutely continuous functions with ¢(0) = ¢(0).
The problem of existence of solutions of Cauchy-type problems for ordinary dif-
ferential equations of fractional order in spaces of integrable functions was studied

in numerous works (see [34, 48]), a similar problem in spaces of continuous functions
was studied in [49]. We can find numerous applications of differential equations of
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fractional order in viscoelasticity, electrochemistry, control, porous media, electro-
magnetic, etc. (see [26, 28, 41, 42]). There has been a significant development in
ordinary and partial fractional differential equations in recent years; see the mono-
graphs of Kilbas et al. [36], Lakshmikantham et al. [38], Podlubny [45], Samko et al.
[46], the papers of Abbas and Benchohra [1, 2], Agarwal et al. [3], Belarbi et al. [9],
Benchohra et al. [12, 13, 14, 15], Diethelm [22], Kilbas and Marzan [35], Mainardi
[41], Vityuk and Golushkov [50], Zhang [51] and the references therein.

The theory of impulsive differential equations have become important in some
mathematical models of real processes and phenomena studied in physics, chemical
technology, population dynamics, biotechnology and economics. There has been a
significant development in impulse theory in recent years, especially in the area of im-
pulsive differential equations and inclusions with fixed moments; see the monographs
of Bainov and Simeonov [7]|, Benchohra et al. [14], Lakshmikantham et al. [37],
Samoilenko and Perestyuk [47], and the references therein. The theory of impulsive
differential equations and inclusions with variable time is relatively less developed due
to the difficulties created by the state-dependent impulses. Some interesting exten-
sions to impulsive differential equations with variable times have been done by Bajo
and Liz [6], Belarbi and Benchohra [8], Benchohra et al. [10, 14, 16], Frigon and
O’Regan [23, 24, 25], Kaul et al. [29], Kaul and Liu [32, 33], Lakshmikantham et al.
[39], and the references cited therein.

Very recently, some extensions to impulsive fractional order differential equations
have been obtained by Agarwal et al. [4], Ait Dads et al. [5], Benchohra and Slimani
[17], and Mophou [43].

In this paper, we present two results for the problem (1.1)-(1.3). The first one
is based on Schaefer’s fixed point (Theorem 3.5) and the second one on Banach’s
contraction principle (Theorem 3.6) As an extension to nonlocal problems, we present
two similar results for the problem (4.1)-(4.3). The present results initiate the study
of impulsive hyperbolic differential equations with fractional order and variable times.
In particular our results extend those with integer order derivative [10, 11, 18, 19, 20,
21, 30, 31, 40, 44] and those with fractional derivative and without impulses [1, 2, 35].

2. PRELIMINARIES

In this section, we introduce notations and definitions which are used throughout
this paper. By L!(J,R") we denote the space of Lebesgue-integrable functions f :

J — R"™ with the norm
a b
1 = / / 1 (e, ) lldyda,

where ||.|| denotes a suitable complete norm on R™.
To define the solutions of problems (1.1)-(1.3), we shall consider the space

Q:{u:J—HR”: there exist 0 =29 <21 < 22 < ... < Ty, < Typt1 = G
such that xj, = zy(u(xy,.)), and u(xy,.), u(zy,.) exist with u(z,,.) = u(zy,.);
k=1,...,m, and u € C(Jg,R");k=0,...,m},
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where Ji, := (g, k+1] X [0,b]. This set is a Banach space with the norm
[ulle = max{[Jug[|, k= 0,...,m},
where uy, is the restriction of u to Ji, k=0,...,m.

Let a; € [0,a], 2t = (a],0) € J, J, = [a1,a] x [0,b], 71,72 > 0 and r = (ry,72).
For f € L'(J.,R™), the expression

(7 F)ary) = W / / M@ ) iy — )7 (s, t)deds,

where T'(.) is the Euler gamma function, is called the left-sided mixed Riemann-
Liouville integral of order r.

Definition 2.1. ([50]). For f € L'(J,,R"™), the Caputo fractional-order derivative
of order r is defined by the expression (D7, f)(x,y) = (IZIIT 8g;yf)(m,y).

3. EXISTENCE OF SOLUTIONS
Let us define what we mean by a solution of problem (1.1)-(1.3). Set
J = I\{(z1,9), .-, (Tm,y), y € [0,0]}.

Definition 3.1. A function u € Q whose r-derivative exists on J’ is said to be a
solution of (1.1)-(1.3) if u satisfies (°Dju)(z,y) = f(x,y,u(z,y)) on J" and conditions
(1.2) and (1.3) are satisfied.
Let h € C([xk, Tr+1] X [0,b],R™), 2z = (xx,0),

/,Lk(l',y) = 'U/(Jf, O) + u(x$7y) - U(JZZ_, O)a k= Oa ceey MM,
and Dgy = %Zy denotes the mixed second order partial derivative.

For the existence of solutions for the problem (1.1) — (1.3), we need the following
lemma:

Lemma 3.2. A function uw € AC([xk, Tr+1] % [0,0],R™); kE=0,...,m is a solution
of the differential equation

(Do) (z,y) = Wz, y); (2,y) € [wn, 2r4a] X [0,0],

if and only if u(x,y) satisfies

w(z,y) = pr(z,y) + (I h)(2,y); (2,y) € [zk, Tpga] X [0, 0]. (3.1)
Proof. Let u(x,y) be a solution of (°D] u)(x,y) = h(z,y); (x,y) € [k, Tr41] x [0, 0].
Then, taking into account the definition of the derivative (“D”, u)(z,y), we have

k
I:ET(Diyu)(x,y) = h(z,y).
Hence, we obtain
I (1" D2yu)(a,y) = (I k) (@, y),
zp Y e

then
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Since
L (DZyu) (e, y) = u(z,y) — u(@,0) — u(xf,y) +u(x],0),
we have
u(@,y) = pr(@,y) + (L h) (@, y)-
Now let u(x,y) satisfies (3.1). It is clear that u(x,y) satisfy
(°Diu)(z,y) = h(z,y), on [Tk, Tky1] X [0,D].

Lemma 3.3. Let 0 < 11,72 <1 and let h: J — R™ be continuous, denote pu(x,y) :=
wo(z,y); (z,y) € J. A function u is a solution of the fractional integral equation

1, 9) + woores Jo Jo (@ = 9) 7y — )72 h(s, t)dtds;
if (,y) € [0,21] x [0, 0],
u(z,y) = () + L(u(zr, y) — Ie(u(zg, 0)) (3.2)
+m f;k J @ =)=y — t)"2 " h(s, t)dtds;
if (x,y) € (g, xr41] X [0,0], k=1,...,m,

if and only if u is a solution of the fractional IVP
‘D'u(z,y) = h(x,y), (x,y) €], (3.3)
u(xf,y) = I(u(zr,y), k=1,....m.
Proof. Assume u satisfies (3.3)-(3.4). If (x,y) € [0, 1] x [0,b] then
‘D"u(x,y) = h(x,y).
Lemma 3.2 implies

1 * Y ri—1 _ p\r2—1 s S
u(x,y>=u<x7y>+m/o/o<x—s> (y — )" h(s, t)dtds.

If (x,y) € (x1,22] x [0,b] then Lemma 3.2 implies

u(z,y) = (2, y) + N // x— )17y — )2 h(s, t)dtds

:90( )+ux1,y —U(Il,O)

// )1y — )2 h(s, t)dtds

( )+11 u(z1,y)) — Ii(u(z1,0))

// (x —s)" Yy — )2 h(s, t)dtds.
L(r)0(r2)
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If (z,y) € (x2,23] x [0,b] then from Lemma 3.2 we get

u(z,y) = po(z,y) + T () // (2 — s) "y — )2 h(s, t)dtds

:90( )+ux27y 7U(x2,0)

// Yy — )27 (s, t)dtds

( )+12 u(xa,y)) — I2(u(z2,0))
_ 'r‘1 1 _ 7‘2—1
T(rOT () / / r—s) t)"2 " h(s,t)dtds.

If (z,y) € (xk, x+1] X [0,b] then again from Lemma 3.2 we get (3.2).
Conversely, assume that u satisfies the impulsive fractional integral equation (3.2).
If (x,y) € [0,21] x [0,b] and using the fact that D" is the left inverse of I" we get

¢D"u(z,y) = h(z,y), for each (z,y) € [0,2z1] x [0,].
If (z,y) € [zk,xp+1) X [0,0], K = 1,...,m and using the fact that *D"C = 0, where
C is a constant, we get

*D"u(z,y) = h(z,y), for each (z,y) € [xk, xr+1) X [0, b].

Also, we can easily show that

u(mﬁ,y)z]k(u(xk,y)), ye [Ovb]7k:1a-~'am
In the sequel we will make use of the following generalization of Gronwall’s lemma

for two independent variables and singular kernel.

Lemma 3.4. ([27]) Let v,w : J — [0,00) be nonnegative, locally integrable functions
on J. If there are constants ¢ > 0 and 0 < ry1,7m2 < 1 such that

v(z,y) <w(z,y) —|—c// v(s:t) —dtds,

fI/'_Sl T1 y_t)l T2

then, for every (x,y) € J,

(eT'(r1)T(rq))? w(s,t)
< . —dtds. (3.5
v(,y) < wly) / / Z mrm (o= sy — pyim s (39)

If w(z,y) = w constant on J, then the inequality (3.5) is reduced to
v(,y) € WE(r ) (cl(r1)T(r2)2™ y"),
where E, ) is the Mittag-Leffler function [36], defined by

k

z
E § ;1,2 €C, Re(ry) >0; j=1,2.
(7”1,7"2) ]_'\ kT1+1)F(k7’2+1) T],ZE ’ 6(7“]) > 3 J i

We are now in a position to state and prove our existence result for our problem
based on Schaefer’s fixed point theorem.
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Theorem 3.5. Assume that

(H1) The function f:J x R™ — R™ is continuous.
(H2) There exists a constant M > 0 such that

lf(z,y,w)|| < M(1+ ||u||), for each (z,y) € J, and each u € R™.
(H3) The function z € CY(R™,R) for k =1,...,m. Moreover,
0=uxo(u) <z1(u) <...<xmu) < Tpmii(u) =a, for allu e R™.
(H4) There exists a constant M* > 0 such that
Ik (w)|| < M*(1+ ||ull), for eachueR", k=1,...,m

(H5) For allu € R™, x(Ii(u)) < xp(u) < pp1(Ix(w)) fork=1,...,m
(H6) For all (s,t,u) € J x R™, we have

2wl (s) + ”‘1 / / S = 0)" (¢ — )= (8,1, w6, 7)) dnd6) # 1

k=1,...,m. Then ( . )-(1.3) has at least one solution on J.

Proof. The proof will be given in several steps.
Step 1. Consider the following problem

(“Dou)(z,y) = f(z,y,ul(z,y)), if (z,y) € J, (3.6)

u(z,0) = @(x), u(0,y) =(y), = €[0,a], y € [0,0]. (3.7)
Transform problem (3.6)-(3.7) into a fixed point problem. Consider the operator
N : C(J,R") — C(J,R™) defined by

N(u)(z,y) = play) + W / ’ / Y@ — sy Ny — 6y f (st (s, 1) dids,

Lemma 3.2 implies that the fixed points of operator N are solutions of problem
(3.6)-(3.7) . We shall show that the operator N is continuous and completely contin-
uous.

Claim 1. N is continuous.

Let {u,} be a sequence such that u, — u in C(J,R™). Let n > 0 be such that
lun || < 7. Then for each (z,y) € J, we have

IIN(un)(x 0) (@, )|l

/ / x—8)" Ty — )2 Y| f (s, tun(s, ) — f(s,t,u(s,t))||dtds

Hf(v - U (" ||<>o rl 1 _ 4\r2—1 s
- FTe / / By did

T1b7“2Hf( .y . ,un( )) - f( °y . 7u( ||00
= T(ry + 1D (ro 4+ 1) '

Since f is a continuous function, we have

IN(ur) — N(u)]loo = 0 asn— oco.



IMPULSIVE PARTIAL HYPERBOLIC DIFFERENTIAL EQUATIONS 9

Claim 2. N maps bounded sets into bounded sets in C(J,R™).

Indeed, it is enough to show that for any n* > 0, there exists a positive constant
¢ such that for each u € B, = {u € C(J,R") : |Ju|loc < n*}, we have | N(u)||e < L.
By (H2) we have for each (z,y) € J, we have

IN) )| < )]
L rr =ty — )| f (s, u(s s
Rt arey A AR R VAR I

M1+ n*)a™ b
< .
< (e 0l + For e

Thus
M1+ n*)a"™ b

F(Tl + I)F(TQ =+ 1)
Claim 3. N maps bounded sets into equicontinuous sets of C'(J,R™).

IV (w)lloo < {lplloo + =L

Let (11,41), (T2,92) € J, 11 < 72 and y1 < y2, By« be a bounded set of C(J,R) as
in Claim 2, and let u € B,«. Then for each (z,y) € J, we have

IV ()2, 2) = N(w)(ra o)l = ||ra, ) = (2, 2)

1 T1 Y1 . B B o -
e, S, (e =
(y1 — )27 f(s,t, u(s,t))dtds
# T Y2 s ri—1 _ p\ra—1 s w(s s
T () /T /y (12— 8)" My — 1) f(s, t,u(s, t))dtd

1

TTGr)

# T2 Y1 g r1—1 _ \ra—1 s uls <

)T (ra) /n /0 (12— 8)" " y2 = )7 (s, u(s, t))dtd H
< lp(r1,91) — p(r2, 2) ||

(1 =) Ty = )7 = (2 = 9)" " (y2 — )™ dtds

/T1 /y2 (12— 8)" Ny — )27 (s, t,u(s, t))dtds
0 Y1

M 1+ * T2 Y2 - .
N r(ﬁor&; / (12— 8)" " (y> — 1) dtds
T1 Y1
M 1+ * T1 Y2 - .
+r<£1>r (B ./0 [ty
Y1
M(1+n*) [T [0 . o
r(ﬁor&; ./0 (2 = o)y = £)7 " dtds
T1
< N, y1) — (72, yo) |l
M(1+4n*) ” , , i,
+F(r1 + 1)L (ry +1) [2y5* (2 — 7)™ + 275" (y2 — y1)"™

T1,,T2 T1,,T2

+1 Y — T yst = 2(me — 1) (2 — 1))
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As 71 — 75 and y; — y9, the right-hand side of the above inequality tends to zero.
As a consequence of Claims 1 to 3 together with the Arzeld-Ascoli theorem, we can
conclude that N : C(J,R") — C(J,R") is completely continuous.
Claim 4. A priori bounds.

Now it remains to show that the set

E={ueC(J,R") :u=AN(u) for some 0<\<1}

is bounded. Let u € &, then u = AN (u) for some 0 < A < 1. Thus, for each (z,y) € J,
we have

lut )l < Nt v
_ : yxfs”*l — )27 Y| (s, t,uls s
R oo ) A AR e VR T RO

Ma™ b

< oo
<l N £ T 7 1)
M Ty i -
- T(r))T(r2) Jo 0("’”—5) (y — )" u(s, t)||dtds.
Set
Ma™ b M
w = ||l + L c=

F(’/‘l =+ l)F(r2 =+ 1) F(Tl)F(TQ).

Then Lemma 3.4 implies that for each (z,y) € J,
(@, y)|| € WE( 1) (cl'(r1)L(r2)a™b™) := R.

This shows that the set £ is bounded. As a consequence of Schaefer’s fixed point
theorem, we deduce that N has a fixed point which is a solution of the problem
(3.6)-(3.7). Denote this solution by wu;. Define the functions

rp1(z,y) = xgp(ur(x,y)) —x, foraz>0,y>0.
Hypothesis (H3) implies that r; 1(0,0) # 0 for k=1,...,m.
Ifrp1(z,y) #0on J for k=1,...,m; ie.
x # xi(u(z,y)) onlJ, fork=1,...,m,

then uy is a solution of the problem (1.1)-(1.3).

It remains to consider the case when 71 1(z,y) = 0 for some (z,y) € J. Now
since r1,1(0,0) # 0 and 713 is continuous, there exists z; > 0,y1 > 0 such that
7/'1,1(5751,y1) = Oa and 7"171(1’,y) 7& 07 for all (x,y) € [O,Zl) X [anl)

Thus by (H6) we have
ri,1(z1,y1) =0 and ri 1 (x,y) # 0, for all (z,y) € [0,2z1) % [0,y1] U (y1,b].

Suppose that there exist (Z,7) € [0,21) x [0,y1] U (y1,b] such that r 1(Z,7) = 0. The
function r; ; attains a maximum at some point (s,t) € [0,21) X% [0,b]. Since

(“Dgur)(z,y) = f(z,y, w1 (z,y)), for (z,y) € J,

then
Ouy(s,t)

aul (.T, y)
ox

or

aTl,l(S,t) ’

exists, and o =2 (u1(s,t)) —-1=0.

Since
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W = (p/(x) T1 - 1 / / T — S ’1“1 2 t)rzilf(s,t,ul(s,t))dtd&

then
2 (un(5,0) [/ () + “*1 /‘/s— 0" 2(t — n)"> (6, 1, ux (8, m))dnd6] = 1,

which contradicts (H6) From (H3) we have
re1(z,y) # 0 for all (z,y) € [0,21) x [0,0] and k =1,..m
Step 2. In what follows set
Xi = [xg,a] X [0,0]); k=1,...,m.
Consider now the problem
(‘Dyu)(z,y) = f(z,y,u(z,y)), if (z,y) € X1, (3.8)
w(zf,y) = L(ui(21,y)), if y € [0,0].
Consider the operator Ny : C'(X7q, ]R") — CO(X;,R"™) defined as
Ni(u) = oz )+11 u(z1,y)) — Ii(ui(w1,0))

// x—s) "y — )2 f (s, t,uls, t))dtds.
L(r1)T(r2)

As in Step 1 we can show that N7 is completely continuous. Now it remains to show
that the set

E ={ueC(X,R") :u=ANy(u) for some 0< A< 1}

is bounded. Let u € £*, then u = AN;(u) for some 0 < A < 1. Thus, from (H2) and
(H4) we get for each (z,y) € X7,

Izl < o) I )l + (s 0D
4 /"/ SNy — 07V (s, 8, us, 0)) | deds
7"1 T2
Ma™ b2

< lelloe + 207+ hal) + 5= yres 1)
i, ) e
4+ —— x—s)" — )" H|u(s, t)||dtds.
o) o ) (@ =)y =) luls, 1)
Set
Ma™b" M
* — |lgllo + 2M*(1 , c= :
w ||<P|| + ( +||u1||)+ F(T1+1)F(T2+1) ¢ F(rl)F(’I’Q)

Then Lemma 3.4 implies that for each (z,y) € X1,
|u(z, y)|| < W By ) (cl(r1)T(r2)a™b"™) := R*.
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This shows that the set £* is bounded. As a consequence of Schaefer’s theorem, we
deduce that N; has a fixed point u which is a solution to problem (3.8)-(3.9). Denote
this solution by us. Define

Th2(,y) = 2 (uz(z,y)) —x,  for (z,y) € X;.
If ri2(z,y) # 0 on (x1,a] x [0,b] and for all k =1,...,m, then
if 0 0,b
’U/($,y): ul('ray)7 1 (z,y)é[ 7'r1)><[ ) }7
UZ(xvy)’ if (Z,y) € [xl,a] X [O’b]a
is a solution of the problem (1.1)-(1.3). It remains to consider the case when
ro2(x,y) = 0, for some (z,y) € (z1,a] x [0,b]. By (H5), we have
ro2(xf,y1) = wa(ug(af,y1) — 21
= wa(l1(ur(21,91))) — 1 > w1 (ur(w1,91)) — 21 = r11(21,91) = 0.

Since 12,2 is continuous, there exists xo > 1, y2 > y1 such that rg 2(x2,y2) = 0, and
roo(z,y) # 0 for all (z,y) € (z1,22) x [0,0].
It is clear by (H3) that

rpo(z,y) #0 forall (z,y) € (z1,22) x [0,8], k=2,...,m

Now suppose that there are (s,¢) € (z1,22) x [0, b] such that 1 2(s,t) = 0. From (H5)
it follows that

7“1,2(37f, Y1) = 331@2(33?73/1) — X

o1 (L (ua (w1, 1)) — 21 < 21 (ur (@1, 91)) — 21 = ria(ze,91) = 0.

Thus r1 2 attains a nonnegative maximum at some point (s1,1) € (21, a) x [0, z2)U
(22, b]. Since

(CDSUQ)(x’y) = f(x,y,U2(x,y)), for (x,y) € Xy,

then we get
uz(z,y) = ¢z )+—’1 ui(z1,y)) — Ii(ui(z1,0))
+ / / x— )"y — )2 (s, t,ua(s, t))dtds,
7’1 T2
hence
QUQ

%(z,y) = (x) + Tl — 1 / / x—8)"1 2 (y — )2 (s, t,uz(s, t))dtds,

0r12(s1,t1)

9
ol xﬁ(ug(sl,tl))%(sl,tl) —1=0.

Therefore

_1 S1 t1
@ (ug(s1,t1))[¢" (51)+ r1 // s1—=0)" "2 (ti—n) "1 £(0,m,u2(0,m))dndb]=1

which contradicts (H6)
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Step 3. We continue this process and take into account that w,,+1 = u . is a

solution to the problem
(“Dou)(x,y) = f(z,y,u(z,y)), ae. (z,y) € (xm,a] x[0,0],
w(@y;y) = I (Um—1(zm, y)), if y € [0,8].
The solution u of the problem (1.1)-(1.3) is then defined by
ui(z,y), if (x,y) € [0,21] x [0, b],

w(z,y) = uz(x,y), if (z,y) € (w1, x2] x [0,0],

Umt1(2,y), if (z,y) € (zm,a] x [0,0)].

We give now (without proof) a uniqueness result for the problem (1.1)-(1.3) using
the Banach contraction principle.

Theorem 3.6. Assume (H1),(H3),(H5),(H6) and the following conditions
(H7) There exists d > 0 such that
| f(z,y,u) = flz,y, @) <d|u—a|, for each (z,y) € J, u,u € R",
(H8) There exists ¢, > 0; k=1,2,...m such that
1 k(z,y,u) — I(z, y, @) || < ckllu—all, for each (z,y) € J, u,u € R",
hold. If

da™ b <1
F(?“l + ].)F(?"Q + ].) ’
then the IVP (1.1)-(1.3) has a unique solution.

2cy, +

4. NONLOCAL IMPULSIVE PARTIAL DIFFERENTIAL EQUATIONS

This section is concerned with a generalization of the result presented in the pre-
vious section to nonlocal impulsive partial hyperbolic differential equations. We shall
present existence results for the following nonlocal initial value problem

(‘Dyu)(z,y) = f(z,y,u(z,y)), if (z,y) €J, v #zp(u(z,y)), k=0,...,m, (4.1)
w(@®,y) = I(u(z,y), if (z,y) € J, © = zx(u(z,y)), k=0,...,m, (4.2)
w(@,0) + Qu) = (), u(0,y) + K(u) =4(y), = €[0,a], y €[0,b], (4.3)

where f, ¢, ¥, Ix; k=1,...m, are as in problem (1.1)-(1.3) and @, K : Q — R" are
continuous functions.

Definition 4.1. A function u € Q whose r-derivative exists on J' is said to be a so-
lution of (4.1)-(4.8) if u satisfies (°Dyu)(z,y) = f(z,y,u(z,y)) on J' and conditions
(4.2) and (4.3) are satisfied.

Theorem 4.2. Assume (H1) — (H6) and the following conditions hold:

(H}) There exists L > 0 such that||Q(u)|| < L(1 + ||ullso), for any u € Q,
(HY) There exists L* > 0 such that|| K (u)| < L*(1 + ||Julleo), for any u € Q. Then
there exists at leat one solution for IVP (4.1)-(4.3) on J.
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Theorem 4.3. Assume (H1),(H3),(H5) — (H8) and the following conditions hold:
(H}) There exists | > 0 such that||Q(u) — Q(v)|| < I|lu — v||oo, for any u,v € Q,
(HY) There exists I* > 0 such that| K (u) — K(v)|| < I*||u — v||oo, for any u,v € Q.
If

da"b™
T(ri + DT (re + 1)
then there exists a unique solution for IVP (4.1)-(4.3) on J.

L4+ 1%+ 2¢p, + <1,

5. AN EXAMPLE

As an application of our results we consider the following impulsive partial hyper-
bolic differential equations of the form

(‘Dyu)(z,y) = %ﬁig)’ if (z,y) € J, x # xx(u(z,y)); k=1,...,m, (5.1)

u(z),y) = dyu(zg,y); y € 0,1, k=1,...,m, (5.2)

u(z,0) =z, w(0,y) =y*, = €0,1], y € [0,1], (5.3)

where J = [0,1] x [0,1], » = (r1,72), 0 < ri,re < 1, z4(u) = 1 — W and
? <dp, <1, fork=1,...,m.

Denote f(z,y,u) = git4y, (z,y,u) € [0,1] x [0,1] x R and I(u) = diu, u €

R, and £k =1,...,m. Let u € R then we have

"Ek+1(u)—l’k(u) = m > 0 for k = 1,...7m.

Hence 0 < z1(u) < 22(u) < ... < zp(u) < 1, for each u € R.
Also, for each u € R we have

1+ (247 - 1Du?

C M1 4 u?)(1+d3)
Thus, for all (z,y) € J and each u € R we get | I, (u)| = |dpu| < |u] < 3(1+]|ul) for k =
1,...,m, and |f(z,y,u)| = 24 < L (1 + |u)).

9terts = 10
Since all conditions of Theorem 3.5 are satisfied, the problem (5.1)-(5.3) has at least

one solution on [0, 1] x [0, 1].

> 0.

Ti+1(x(u) — 25 (u)

REFERENCES

[1] S. Abbas, M. Benchohra, Partial hyperbolic differential equations with finite delay involving the
Caputo fractional derivative, Commun. Math. Anal., 7(2009), 62-72.

[2] S. Abbas, M. Benchohra, Darbouz problem for perturbed partial differential equations of frac-
tional order with finite delay, Nonlinear Anal. Hybrid Syst., 3(2009), 597-604.

[3] R.P. Agarwal, M. Benchohra, S. Hamani, A survey on existence result for boundary value prob-
lems of nonlinear fractional differential equations and inclusions, Acta. Appl. Math., 109(2010),
no. 3, 973-1033.

[4] R.P. Agarwal, M. Benchohra, B.A. Slimani, Ezistence results for differential equations with
fractional order and impulses, Mem. Differential Equations Math. Phys., 44(2008), 1-21.

[5] E. Ait Dads, M. Benchohra, S. Hamani, Impulsive fractional differential inclusions involving
the Caputo fractional derivative, Fract. Calc. Appl. Anal., 12(2009), no. 1, 15-38.



[6]

(22]
23]
(24]
(25]
(26]
27]
28]
29]
(30]
(31]

(32]

IMPULSIVE PARTIAL HYPERBOLIC DIFFERENTIAL EQUATIONS 15

I. Bajo, E. Liz, Periodic boundary value problem for first order differential equations with
impulses at variable times, J. Math. Anal. Appl., 204(1996), 65-73.

D.D. Bainov, P.S. Simeonov, Systems with Impulse Effect, Ellis Horwood Ltd., Chichister, 1989.
A. Belarbi, M. Benchohra, FEzistence theory for perturbed impulsive hyperbolic differential in-
clusions with variable times, J. Math. Anal. Appl., 327(2007), 1116-1129.

A. Belarbi, M. Benchohra, A. Ouahab, Uniqueness results for fractional functional differential
equations with infinite delay in Fréchet spaces, Appl. Anal., 85(2006), 1459-1470.

M. Benchohra, L. Gérniewicz, S.K. Ntouyas, A. Ouahab, Impulsive hyperbolic differential in-
clusions with variable times, Topol. Methods Nonlinear Anal., 22(2003), 319-329.

M. Benchohra, L. Gérniewicz, S.K. Ntouyas, A. Ouahab, Existence results for impulsive hyper-
bolic differential inclusions, Appl. Anal., 82(2003), 1085-1097.

M. Benchohra, J.R. Graef, S. Hamani, Ezistence results for boundary value problems with non-
linear fractional differential equations, Appl. Anal., 87(2008), no. 7, 851-863.

M. Benchohra, S. Hamani, S.K. Ntouyas, Boundary value problems for differential equations
with fractional order, Surv. Math. Appl., 3(2008), 1-12.

M. Benchohra, J. Henderson, S.K. Ntouyas, Impulsive Differential Equations and Inclusions,
Hindawi Publishing Corporation, Vol. 2, New York, 2006.

M. Benchohra, J. Henderson, S.K. Ntouyas, A. Ouahab, Ezistence results for functional differ-
ential equations of fractional order, J. Math. Anal. Appl., 338(2008), 1340-1350.

M. Benchohra, J.A. Ouahab, Impulsive neutral functional differential inclusions with variable
times, Electron. J. Differential Equations, 2003(2003), no. 67, 1-12.

M. Benchohra, B.A. Slimani, Ezistence and uniqueness of solutions to impulsive fractional
differential equations, Electron. J. Differential Equations, 2009(2009), no. 10, 11 pp.

L. Byszewski, Theorem about existence and uniqueness of continuous solutions of nonlocal
problem for nonlinear hyperbolic equation, Appl. Anal., 40(1991), 173-180.

L. Byszewski, Differential and functional-differential problems with nonlocal conditions, (in
Polish), Cracow University of Technology Monograph, 184, Krakow, 1995.

L. Byszewski, Ezistence and uniqueness of solutions of nonlocal problems for hyperbolic equation
ugt = F(z,t,u,uz), J. Appl. Math. Stochastic Anal., 3(1990), 163-168.

M. Dawidowski, I. Kubiaczyk, An existence theorem for the generalized hyperbolic equation
2y € F(z,y,2) in Banach space, Ann. Soc. Math. Pol. Ser. I, Comment. Math., 30(1990), no.
1, 41-49.

K. Diethelm, N.J. Ford, Analysis of fractional differential equations, J. Math. Anal. Appl.,
265(2002), 229-248.

M. Frigon, D. O’Regan, Impulsive differential equations with variable times, Nonlinear Anal.,
26(1996), 1913-1922.

M. Frigon, D. O’Regan, First order impulsive initial and periodic problems with variable mo-
ments, J. Math. Anal. Appl., 233(1999), 730-739.

M. Frigon, D. O’Regan, Second order Sturm-Liouville BVP’s with tmpulses at variable mo-
ments, Dynam. Contin. Discrete Impuls. Systems, 8 (2001), no. 2, 149-159.

W.G. Glockle, T.F. Nonnenmacher, A fractional calculus approach of selfsimilar protein dy-
namics, Biophys. J., 68(1995), 46-53.

D. Henry, Geometric Theory of Semilinear Parabolic Partial Differential Equations, Springer-
Verlag, Berlin-New York, 1989.

R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.
S.K. Kaul, V. Lakshmikantham, S. Leela, Extremal solutions, comparison principle and stability
criteria for impulsive differential equations with variable times, Nonlinear Anal., 22(1994),
1263-1270.

Z. Kamont, Hyperbolic Functional Differential Inequalities and Applications, Kluwer Academic
Publishers, Dordrecht, 1999.

Z. Kamont, K. Kropielnicka, Differential difference inequalities related to hyperbolic functional
differential systems and applications, Math. Inequal. Appl., 8(2005), no. 4, 655-674.

S.K. Kaul, X.Z. Liu, Vector Lyapunov functions for impulsive differential systems with variable
times, Dynam. Contin. Discrete Impuls. Systems, 6(1999), 25-38.



16

SAID ABBAS AND MOUFFAK BENCHOHRA

[33] S.K. Kaul, X.Z. Liu, Impulsive integro-differential equations with variable times, Nonlinear

Stud., 8(2001), 21-32.

[34] A.A. Kilbas, B. Bonilla, J. Trujillo, Nonlinear differential equations of fractional order in a

space of integrable functions, Dokl. Ross. Akad. Nauk, 374(2000), no. 4, 445-449.

[35] A.A. Kilbas, S.A. Marzan, Nonlinear differential equations with the Caputo fractional derivative

in the space of continuously differentiable functions, Differential Equations, 41(2005), 84-89.

[36] A.A. Kilbas, Hari M. Srivastava, Juan J. Trujillo, Theory and Applications of Fractional Differ-

ential Equations, North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam,
2006.

[37] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations,

World Scientific, Singapore, 1989.

[38] V. Lakshmikantham, S. Leela, J. Vasundhara, Theory of Fractional Dynamic Systems, Cam-

bridge Academic Publishers, Cambridge, 2009.

[39] V. Lakshmikantham, N.S. Papageorgiou, J. Vasundhara, The method of upper and lower solu-

tions and monotone technique for impulsive differential equations with variable moments, Appl.
Anal., 15(1993), 41-58.

[40] V. Lakshmikantham, S.G. Pandit, The method of upper, lower solutions and hyperbolic partial

differential equations, J. Math. Anal. Appl., 105(1985), 466-477.

[41] F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical mechanics,

42]
[43]
[44]

[45]
[46]

(47]
(48]
(49]
[50]

(51]

in "Fractals and Fractional Calculus in Continuum Mechanics” (A. Carpinteri and F. Mainardi,
Eds.), Springer-Verlag, Wien, 1997, 291-348.

F. Metzler, W. Schick, H.G. Kilian, T.F. Nonnenmacher, Relazation in filled polymers: A
fractional calculus approach, J. Chem. Phys., 103(1995), 7180-7186.

G. Mophou, Ezistence and uniqueness of mild solutions to impulsive fractional differential
equations, Nonlinear Anal., 72(2010), 1604-1615.

S.G. Pandit, Monotone methods for systems of nonlinear hyperbolic problems in two independent
variables, Nonlinear Anal., 30(1997), 235-272.

1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives. Theory and
Applications, Gordon and Breach, Yverdon, 1993.

A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientific, Singa-
pore, 1995.

N.P. Semenchuk, On one class of differential equations of noninteger order, Differents. Uravn.,
10(1982), 1831-1833.

A.N. Vityuk, Ezistence of solutions of partial differential inclusions of fractional order, Izv.
Vyssh. Uchebn., Ser. Mat., 8(1997), 13-19.

A.N. Vityuk, A.V. Golushkov, Ezistence of solutions of systems of partial differential equations
of fractional order, Nonlinear Oscil., 7(2004), no. 3, 318-325.

S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional diffrential
equations, Electron. J. Differential Equations, 2006(2006), no. 36, 12 pp.

Received: September 10, 2009; Accepted: April 10, 2010.



