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Abstract. Every asymptotically nonexpansive mapping is uniformly continuous, but this fact is not
true for asymptotically S-nonexpansive mappings in general. In a Banach space X, by constructing a

sequence {xn} defined in Browder’s technique for a demicontinuous asymptotically S-nonexpansive
semigroup T = {T (t) : t ≥ 0} of mappings from C ⊂ X into itself with function k(·), we prove

that the common fixed point set F (S) ∩ ∩t>0F (T (t)) is the sunny nonexpansive retract of F (S),

where F (S) is the fixed point set of a weakly continuous mapping S form C into itself. Under the
assumption on uniform convexity of X, we prove that the common fixed point set F (S)∩∩t>0F (T (t))

is closed and convex.

Key Words and Phrases: Asymptotically S-nonexpansive mapping, commutativity, S-contraction
mapping, S-Lipschitzian semigroup, weakly continuous mapping, weakly continuous duality map-

ping.

2010 Mathematics Subject Classification: 47H09, 46B20, 47H10, 54H25.

1. Introduction

Let C be a nonempty subset of a normed space X and let S and T be two self-
mappings of C. Then T is said to be

(i) nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C;
(ii) S- nonexpansive ([13]) if ‖Tx− Ty‖ ≤ ‖Sx− Sy‖ for all x, y ∈ C;
(iii) S- contraction if ‖Tx − Ty‖ ≤ k‖Sx − Sy‖ for all x, y ∈ C and for some

k ∈ [0, 1);
(iv) asymptotically S-nonexpansive ([19]) if there exists a sequence {kn} of real

numbers with kn ≥ 1 and lim
n→∞

kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖Sx− Sy‖
for all x, y ∈ C and n ∈ N.
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An asymptotically S-nonexpansive is called asymptotically nonexpansive ([6]) if S = I.
Here I is the identity operator.

In 1967, Browder [2] proved the following strong convergence theorem for nonex-
pansive mappings: Let C be a nonempty closed convex bounded subset of a Hilbert
space H and T : C → C a nonexpansive self-mapping. Let u ∈ C and for each
t ∈ (0, 1), let

Gtx = tu + (1− t)Tx, x ∈ C.

Then Gt has a unique fixed point xt in C and {xt} strongly converges, as t → 0, to
a fixed point of T in C.

Consequently, considerable research effects have been devoted, especially within
the past 40 years, to generalize this result for the classes of nonexpansive mappings,
pseudocontractive mappings and asymptotically nonexpansive mappings in Banach
spaces (see, e.g. [1, 10, 11, 14, 15, 20]).

Recently, Beg, author and Diwan [5] studied the strong convergence of a sequence
{xn} defined in a reflexive Banach space by

Sxn = xn = µnTnxn + (1− µn)u (1.1)

where T is asymptotically S-nonexpansive, µn = λn/kn and λn ∈ (0, 1) such that
lim

n→∞
λn = 1.

In this paper, an important existence result as a significant improvement of a result
of Jungck [8] for non-continuous semigroup of S-contraction mappings is proved. This
result is applied for existence of a sequence {yn} similar to {xn} defined by (1.1) and
existence of common fixed points of a semigroup of non-continuous asymptotically S-
nonexpansive mappings. Finally, we prove prove strong convergence of sequence {yn}
in a reflexive Banach space with a weakly continuous duality mapping. Our results
are significant improvements of corresponding results of Al-Thagafi [4], Dotson [7],
Jungck [9] and Shahzad [17]. One of our results is an extension of celebrated result of
Browder [2] from Hilbert space to Banach space for a semigroup of demicontinuous
asymptotically S-nonexpansive mappings.

2. Preliminaries

Let C be a nonempty subset of a normed space X. The set C is called q-starshaped
with q ∈ C if for all x ∈ C, the line segment [x, q] joining x to q is contained in C,
that is, tx + (1− t)q ∈ C for all x ∈ C and 0 ≤ t ≤ 1. Note that if C is q-starshaped
for every q ∈ C, then C is convex.

Let C be a nonempty subset of a normed space X. Then a mapping S : C → C is
said to be

(I) affine if C is convex and S(tx + (1 − t)y) = tSx + (1 − t)Sy for all x, y ∈ C
and 0 ≤ t ≤ 1.

(II) q-affine if C is q-starshaped with q = Sq and S(tx+(1− t)q) = tSx+(1− t)q
for all x ∈ C and 0 ≤ t ≤ 1.
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Let C be a nonempty subset of a normed space X and T : C → C a mapping. We
adopt the following notations:

F (T ) = {u ∈ C : Tu = u}.

When {xn} is a sequence in X, we denote the strong convergence of {xn} to x by xn →
x and the weak convergence of {xn} to x by xn ⇀ x. T is said to be demicontinuous if
{xn} is a sequence in X such that xn → x, then Txn ⇀ Tx. The mapping T is said to
be weakly continuous if {xn} is a sequence in X such that xn ⇀ x, then Txn ⇀ Tx.
Note that every continuous mapping is weakly continuous but not conversely (see
[18]).

Let X be a Banach space with dual space X∗. A mapping T with domain D(T )
and range R(T ) in X is said to be demiclosed at a point y ∈ R(T ) if whenever {xn} is
a sequence in D(T ) which converges weakly to a point u ∈ D(T ) and {Txn} converges
strongly to y, then Tu = y.

A Banach space X is said to satisfy the Opial condition ([12]) if for each sequence
{xn} in X which converges weakly to a point x ∈ X, we have

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

for all y ∈ X, y 6= x.

Let X be a Banach space. Then a mapping J : X → 2X∗
defined by

J(u) = {j ∈ X∗ : 〈u, j〉 = ‖u‖2, ‖j‖ = ‖u‖}, u ∈ X

is called the normalized duality mapping. Suppose that J is single-valued. Then
J is said to be weakly sequentially continuous if, for each {xn} in X with xn ⇀ x,
J(xn) ⇀∗ J(x). It is well known that if X admits a weakly sequentially continuous
duality mapping, then X satisfies the Opial condition.

By a gauge we mean a continuous strictly increasing function ϕ defined on R+ :=
[0,∞) such that ϕ(0) = 0 and lim

r→∞
ϕ(r) = ∞. We associate with a gauge ϕ a

(generally multi-valued) duality mapping Jϕ : X → X∗ defined by

Jϕ(x) := {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖ϕ(‖x‖) and ‖x∗‖ = ϕ(‖x‖)}, x ∈ X.

Clearly the (normalized) duality mapping J corresponds to the gauge ϕ(t) = t. Note
that

Jϕ(x) =
ϕ(‖x‖)
‖x‖

J(x), x 6= 0.

Browder [3] initiated the study of certain classes of nonlinear operators by means of
duality mappings of the form of Jϕ. For t ≥ 0, let

Φ(t) :=
∫ t

0

ϕ(r)dr.

It is known that Jϕ(x) is the subdifferential of the convex function Φ(‖ · ‖) at x.

Now let us recall that X is said to have a weakly continuous duality mapping if there
exists a gauge ϕ such that the duality mapping Jϕ is single-valued and continuous
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from X with the weak topology to X∗ with the weak* topology. Every `p (1 < p < ∞)
space has a weakly continuous duality mapping with the gauge ϕ(t) = tp−1.

One sees that Φ is a convex function and

Jϕ(x) = ∂Φ(‖x‖), x ∈ X,

where ∂ denotes the subdifferential in the sense of convex analysis. We need the
subdifferential inequality:

Φ(‖x + y‖) ≤ Φ(‖x‖) + 〈y, j(x + y)〉 for all x, y ∈ X and j(x + y) ∈ Jϕ(x + y).

For a smooth X, we have

Φ(‖x + y‖) ≤ Φ(‖x‖) + 〈y, Jϕ(x + y)〉 for all x, y ∈ X;

or considering the normalized duality mapping J , we have

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J(x + y)〉 for all x, y ∈ X.

Let C be a closed convex subset of X, D a nonempty subset of C and PD a
retraction from C into D that is, PDx = x for all x ∈ D. A retraction PD is said
to be sunny if PD(PDx + t(x − PDx)) = PDx for all x ∈ C and t ≥ 0. The set D
is said to be a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction of C onto D.

In the sequel, we shall need the following results.
Lemma 2.1. ([1]) Let C be a nonempty convex subset of a smooth Banach space, D
a nonempty subset of C and PD a retraction from C onto D. Then PD is sunny and
nonexpansive if and only if

〈x− PDx, J(z − PDx)〉 ≤ 0 for all x ∈ C and z ∈ D.

3. Auxiliary results

First, we introduce the concept of semigroup of asymptotically nonexpansive map-
pings with respect to S.
Definition 3.1. Let X be a metric space, S : C → C a mapping and T := {T (t) :
t ∈ R+} a family of mappings from C into itself. Then T is said to be a strongly
continuous semigroup of S-Lipschitzian semigroup with k(·) : R+ → (0,∞) if the
following conditions are satisfied:

(S1) T (0)x = x for all x ∈ C;
(S2) T (s + t) = T (s)T (t) for all s, t ∈ R+;
(S3) for each t > 0, there exists a function k(·) : R+ → (0,∞) such that

d(T (t)x, T (t)y) ≤ k(t)d(Sx, Sy) for all x, y ∈ C;

(S4) for each x ∈ C, the mapping T (·)x = x from R+ into C is continuous.

A strongly continuous semigroup of S-Lipschitzian semigroup with k(·) : R+ →
(0,∞) is said to be
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(i) asymptotically S-nonexpansive semigroup if k(·) : R+ → [1,∞) with
limt→∞ k(t) = 1,

(ii) S-contraction semigroup if k(t) < 1 for all t > 0,
(iii) S-nonexpansive semigroup if k(t) = 1 for all t > 0.

The following lemma is an improvement of Jungck [8, Lemma 2.1] in the following
ways:

(i) C is not necessarily closed,
(ii) T is not necessarily continuous,
(ii) location of unique common fixed point is given.

Proposition 3.2. Let X be a metric space, S : C → C a mapping and T := {T (t) :
t ∈ R+} a family of mappings from C into itself. Let T be a strongly continuous
semigroup of S-contraction mappings such that

(i) T (t)(C) ⊆ S(C) for all t > 0,
(ii) for each t > 0, {S, T (t)} is commuting on C.

If S(C) is complete, then F (S) ∩ F (T ) ∩ S(C) is a singleton.
Proof. Pick x0 ∈ C and t > 0. Since T (t)(C) ⊆ S(C), we can construct a sequence
{xn} in C such that Sxn = T (t)xn−1 for all n ∈ N. Then

d(Sxn+1, Sxn) = d(T (t)xn, T (t)xn−1) ≤ k(t)d(Sxn, Sxn−1) for all n ∈ N,

it follows that {Sxn} is a Cauchy sequence in S(C).
Suppose S(C) is complete. Then Sxn → z for some z ∈ S(C) and there exists

u ∈ C such that z = Su. By the S-contractivity of T , we have

d(T (t)u, T (t)xn) ≤ k(t)d(Su, Sxn).

Taking limit as n →∞ yields

d(T (t)u, z) ≤ k(t)d(z, z) = 0.

Thus, Su = T (t)u = z. Since {S, T (t)} is commuting on C, it follows that Sz = T (t)z.
Note that

d(T (t)z, T (t)xn) ≤ k(t)d(Sz, Sxn).

Letting limit as n →∞, we obtain

d(T (t)z, z) ≤ k(t)d(Sz, z) = k(t)d(T (t)z, z).

It shows that Sz = T (t)z = z. Hence for each r > 0, there exists a unique element zr ∈
C such that Szr = T (r)zr = zr. For s > 0, we obtain that T (s)zr = T (s)T (r)zr =
T (r)T (s)zr and ST (s)zr = T (s)Szr = T (s)zr. Therefore, there exists a unique point
z ∈ C such that Sz = T (t)z = z for all t > 0. �
Corollary 3.3. Let X be a metric space and let S, T : C → C be two mappings such
that T is S-contraction, T (C) ⊆ S(C), and {S, T} is commuting on C. If S(C) is
complete, then F (S) ∩ F (T ) ∩ S(C) is a singleton.

Using Proposition 3.2, we have
Proposition 3.4. Let C be a nonempty subset of a normed space X. Let S : C → C
be a mapping with F (S) 6= ∅ and let T = {T (t) : t ∈ R+} be a strongly continuous



388 D. R. SAHU

semigroup of asymptotically S-nonexpansive mappings from C into itself with function
k(·) satisfying the conditions:

(i) S(C) is q-starshaped and S is q-affine with q ∈ F (S),
(ii) for each t > 0, T (t)(C) ⊆ S(C),
(iii) for each t > 0, {S, T (t)} is commuting on C,
(iv) S(C) is complete.

Then there exists exactly one point xn ∈ S(C) such that

xn = Sxn = (1− µn)q + µnT (tn)xn, n ∈ N, (3.1)

where µn = λn/k(tn), λn ∈ (0, 1) and tn ∈ (0,∞) with lim
n→∞

λn = 1 and lim
n→∞

tn =
∞.
Proof. Let {λn} be a sequence in (0,1) such that λn → 1 and let {tn} be a sequence
in (0, ∞) such that lim

n→∞
tn = ∞. For each n ∈ N, define a mapping Tn by

Tnx = (1− µn)q + µnT (tn)x for all x ∈ C.

Note that each Tn : C → C is an S-contraction on C. Indeed,

‖Tnx− Tny‖ = µn‖T (tn)x− T (tn)y‖ ≤ λn‖Sx− Sy‖ for all x, y ∈ C.

Since {S, T (tn)} is commuting and S is q-affine, we have

STnx = (1− µn)q + µnST (tn)x = (1− µn)q + µnT (tn)Sx = TnSx, x ∈ C.

Thus, the pair {S, Tn} is commuting on C.

For x ∈ C and n ∈ N, we have T (tn)x ∈ T (tn)(C) ⊆ S(C), i.e., there exists a point
y ∈ C such that T (tn)x = Sy ∈ S(C). Observe that

Tnx = (1− µn)q + µnT (tn)x = (1− µn)q + µnSy ∈ S(C).

It follows that Tn(C) ⊆ S(C), for all n ∈ N.

For each n ∈ N, we conclude that
(i)

′
Tn(C) ⊆ S(C),

(ii)
′
Tn is S-contraction,

(iii)
′ {S, Tn} is commuting on C,

(iv)
′
S(C) is complete.

Therefore, Proposition 3.2 implies that there exists exactly one point xn ∈ S(C) such
that xn = Sxn = (1− µn)q + µnT (tn)xn. �

4. Existence

Before presenting main result of this section, we need the following:

Proposition 4.1 Let C be a nonempty subset of a normed space (X, ‖ · ‖). Let
S : C → C be a weakly continuous mapping and let T = {T (t) : t ∈ R+} be a
strongly continuous semigroup of demicontinuous asymptotically S-nonexpansive map-
pings from C into itself. Let {tn} be a sequence in (0, ∞) such that lim

n→∞
tn = ∞
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and let {yn} be a sequence in C such that lim
n→∞

yn = z, lim
n→∞

(yn − Syn) = 0 and

lim
n→∞

(yn − T (tn)yn) = 0. Then z = Sz = T (t)z for all t > 0.
Proof. Since S is weakly continuous and Syn ⇀ z, we obtain that Sz = z. Since
lim

n→∞
yn = z, it gives that lim

n→∞
T (tn)yn = z. By asymptotic S-nonexpansiveness of

T (tn), we have

‖T (tn)yn − T (tn)z‖ ≤ k(tn)‖Syn − Sz‖ = k(tn)‖Syn − z‖.

Taking limit as n → ∞ yields lim
n→∞

T (tn)z = z. Let t > 0. Note T (tn)z ⇀ z,

it follows from the demicontinuity of T (t) that T (t)T (tn)z ⇀ T (t)z. Observe that
T (t)T (tn)z = T (t + tn)z ⇀ z. By the uniqueness of weak limit of {T (t)T (tz)z}n∈N ,
we have T (t)z = z. Therefore, T (t)z = Sz = z for all t > 0. �
Theorem 4.2. Let C be a nonempty subset of a normed space (X, ‖ ·‖). Let S : C →
C be a mapping with F (S) 6= ∅ and let T = {T (t) : t ∈ R+} be a strongly continuous
semigroup of demicontinuous asymptotically S-nonexpansive mappings from C into
itself with function k(·) satisfying the conditions (i) ∼ (iii) of Proposition 3.4. Suppose
that S is weakly continuous and S(C) is compact. Then there exists y∗ ∈ S(C) such
that y∗ = Sy∗ = T (t)y∗ for all t > 0.
Proof. By Proposition 3.4, there exists exactly one point xn ∈ S(C) such that xn =
Sxn = (1 − µn)q + µnT (tn)xn for all n ∈ N, where µn = λn/k(tn), λn ∈ (0, 1) and
tn ∈ (0,∞) with lim

n→∞
λn = 1 and lim

n→∞
tn = ∞. By the compactness of S(C), there

exists a subsequence {xm} of {xn} such that lim
m→∞

Sxm = y ∈ S(C). Thus, y = Su

for some u ∈ C. The assumption (ii) implies that {T (tm)xm} is bounded. It follows
that

‖xm − T (tm)xm‖ ≤ (1− λm)‖q − T (tm)xm‖ → 0 as m →∞.

By Proposition 4.1, we conclude that T (t)y = Sy = y for all t > 0. �
Remark 4.3. The mapping S in Theorem 4.2 is not necessarily linear. Therefore,
Theorem 4.2 improves Al-Thagafi [4, Theorem 2.2], Dotson [7, Theorem 1], Jungck
[9, Theorem 3.1] and Shahzad [17, Lemma 2.2].
Theorem 4.4. Let C be a nonempty closed convex subset of a uniformly con-
vex Banach space X, S : C → C an affine weakly continuous mapping and
T = {T (t) : t ∈ R+} a strongly continuous semigroup of demicontinuous asymp-
totically S-nonexpansive mappings form C into itself. Then F (S) ∩ F (T ) is closed
and convex.
Proof. Closedness of F (S) ∩ F (T ):

Let F := F (S) ∩ F (T ). Let {zn} be a sequence in F such that zn → z. Then it
remains to show that z ∈ F . Note zn = Szn and S is weakly continuous, we have
z = Sz. For t ∈ R+, we have

‖zn − T (t)z‖ = ‖T (t)zn − T (t)z‖ ≤ k(t)‖zn − z‖,

which implies that z = T (t)z.
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Convexity of F (T ): Let x, y ∈ F (S) ∩ F (T ) such that x 6= y. Let z = 1
2 (x + y).

Then, for t > 0, we have

‖T (t)z − x‖ = ‖T (t)z − T (t)x‖ ≤ k(t)‖Sz − Sx‖ = k(t)
1
2
‖x− y‖.

Thus,

‖T (t)z − z‖ = ‖1
2
(T (t)z − x) +

1
2
(T (t)z − y)‖

≤ k(t)(
1
2
‖x− y‖)

{
1− δX

(
2

k(t)

)}
for all t ∈ R+, where δX is the modulus of convexity of X. It follows that
limt→∞ T (t)z = z and hence, by demicontinuity of T (r) (r > 0), we have T (r)z = z.
Thus, z ∈ F (T ). �
Corollary 4.5. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and T = {T (t) : t ∈ R+} be a strongly continuous semigroup of
asymptotically nonexpansive mappings form C into itself. Then F (T ) is closed and
convex.

5. Browder’s type strong convergence theorem

The following result extends Browder’s strong convergence theorem for S-non-
expansive mappings.
Theorem 5.1. Let X be a reflexive Banach space with a weakly continuous duality
mapping Jϕ : X → X∗ with gauge function ϕ. Let C be a nonempty subset of X,
S : C → C a affine weakly continuous mapping with F (S) 6= ∅ such that S(C) is
closed and convex. Let T = {T (t) : t ∈ R+} be a strongly continuous semigroup
of demicontinuous asymptotically S-nonexpansive mappings form C into itself with
function k(·) and T (t)(C) ⊆ S(C) for all t > 0. Let {xn} be a bounded sequence in
S(C) defined by (3.1). Here λn ∈ (0, 1) and tn ∈ (0,∞) such that

lim
n→∞

λn = 1, lim
n→∞

tn = ∞,

lim
n→∞

k(tn)− 1
k(tn)− λn

= 0

and
lim

n→∞
‖xn − T (tm)xn‖ = 0 for all m ∈ N.

Then we have the following:
(a) F (S) ∩ F (T ) 6= ∅
(b) lim

n→∞
xn = PF (S)∩F (T )(q), where PF (S)∩F (T ) is a sunny nonexpansive retrac-

tion from F (S) onto F (S) ∩ F (T ).
Proof. (a) Note X is a reflexive and {xn} ⊂ S(C) is bounded. Denote {xn} a
subsequence of a sequence {xn} defined by (3.1) such that xn ⇀ x ∈ S(C) since S(C)
is weakly closed. Since S is weakly continuous, Sxn ⇀ Sx ∈ S(C). By xn = Sxn, we
obtain that x = Sx.
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Note lim
n→∞

‖xn − T (tm)xn‖ = 0 for all m ∈ N, it follows that T (tm)xn ⇀ x for all
m ∈ N. Set

rm := lim sup
n→∞

‖T (tm)xn − x‖, m ∈ N.

Let m, s ∈ N. Since T (tm + ts)xn ⇀ x as n →∞, by Opial’s condition, we have

rm+s = lim sup
n→∞

‖T (tm + ts)xn − x‖ < lim sup
n→∞

‖T (tm + ts)xn − T (ts)x‖

≤ lim sup
n→∞

k(ts)‖ST (tm)xn − Sx‖

= lim sup
n→∞

k(ts)‖T (tm)Sxn − Sx‖

= k(ts)rm.

It follows that lim sups→∞ rs ≤ rm, which implies that

lim sup
s→∞

rs ≤ lim inf
m→∞

rm.

Thus, lim
m→∞

rm exists. Suppose lim
m→∞

rm = r for some r > 0. Noting by Agarwal,

O’Regan and Sahu [1, Theorem 2.5.23 ] that

Φ(‖x + y‖) = Φ(‖x‖) +
∫ 1

0

〈y, Jϕ(x + ty)〉dt for all x, y ∈ X.

For m, s ∈ N, we have

Φ(‖T (tm + ts)xn − x‖) = Φ(‖T (tm + ts)xn − T (tm)x + T (tm)x− x‖)
= Φ(‖T (tm + ts)xn − T (tm)x‖)

+
∫ 1

0

〈T (tm)x− x, Jϕ(T (tm + ts)xn − T (tm)x

+t(T (tm)x− x))〉dt

≤ Φ(k(tm)‖ST (ts)xn − Sx‖)

+
∫ 1

0

〈T (tm)x− x, Jϕ(T (tm + ts)xn − T (tm)x

+t(T (tm)x− x))〉dt.

Since T (tm + ts)xn ⇀ x as n →∞, we obtain

Φ(rm+s) = Φ(lim sup
n→∞

‖T (tm + ts)xn − x‖)

≤ Φ(k(tm)rs)

−
∫ 1

0

〈T (tm)x− x, Jϕ((1− t)(T (tm)x− x))〉dt

≤ Φ(k(tm)rs −
∫ 1

0

‖T (tm)x− x‖ϕ(t‖T (tm)x− x‖)dt

= Φ(k(tm)rs − Φ(‖T (tm)x− x‖),
which implies that

Φ(‖T (tm)x− x‖) ≤ Φ(k(tm)rs)− Φ(rm+s).
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Since lim
s→∞

rs exists, we have

Φ(‖T (tm)x− x‖) ≤ Φ(k(tm)r)− Φ(r) → 0 as m →∞.

By the demicontinuity of T (t), we have

T (tm)x ⇀ x ⇒ T (t)T (tm)x ⇀ T (t)x for all t > 0.

Note T (t)T (tm)x = T (t + tm)x ⇀ x for all t > 0. Thus, T (t)x = x for all t > 0 and
hence F (S) ∩ F (T ) is nonempty.

(b) For u ∈ F (S) ∩ F (T ), we have

〈xn − T (tn)xn, Jϕ(xn − u)〉
= 〈xn − u + T (tn)u− T (tn)xn, Jϕ(xn − u)〉
= ‖xn − u‖ϕ(‖xn − u‖)− 〈T (tn)xn − T (tn)u, Jϕ(xn − u)〉
≥ ‖xn − u‖ϕ(‖xn − u‖)− ‖T (tn)xn − T (tn)u‖ ϕ(‖xn − u‖)
≥ ‖xn − u‖ϕ(‖xn − u‖)− k(tn)‖Sxn − Su‖ ϕ(‖xn − u‖)
= −(k(tn)− 1)‖xn − u‖ϕ(‖xn − u‖). (5.1)

Since xn − T (tn)xn = k(tn)−λn

λn
(q − xn), it follows from (5.1) that

〈xn − q, Jϕ(xn − u)〉 ≤ λn
k(tn)− 1
k(tn)− λn

‖xn − u‖ϕ(‖xn − u‖) (5.2)

for all u ∈ F (S) ∩ F (T ). It is proved in part (a) that xn ⇀ x ∈ F (S) ∩ ∩t>0F (T (t)).
Note {‖xn − x‖} is bounded. Using (5.2), we get

〈xn − q, Jϕ(xn − x)〉 ≤ k(tn)− 1
k(tn)− λn

M (5.3)

for some constant M ≥ 0. From (5.3), we have

‖xn − x‖2 = 〈xn − x, Jϕ(xn − x)〉
= 〈xn − q, Jϕ(xn − x)〉+ 〈q − x, Jϕ(xn − x)〉

≤ k(tn)− 1
k(tn)− λn

M + 〈q − x, Jϕ(xn − x)〉. (5.4)

Since Jϕ is weakly continuous, it follows from (5.4) that xn → x as n →∞.
In summary, we have proved that {xn} is sequentially compact and each cluster

point of {xn} (n →∞) equals x. Therefore, xn → x as n →∞.

(c) Set F := F (S) ∩ F (T ). We can define a mapping PF from F (S) onto F by
lim

n→∞
xn = PFv, since v is an arbitrary point of F (S). From (5.3), we know that

〈v − PFv, Jϕ(x− PFv)〉 ≤ 0 for all v ∈ F (S) and x ∈ F .

This proves that PF is a sunny nonexpansive retraction from F (S) onto F by Lemma
2.1. �
Corollary 5.2. Let X be a reflexive Banach space with a weakly continuous duality
mapping Jϕ : X → X∗ with gauge function ϕ. Let C be a nonempty subset of X,
S : C → C a affine weakly continuous mapping with F (S) 6= ∅ such that S(C) is
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closed and convex. Let T = {T (t) : t ∈ R+} be a strongly continuous semigroup
of demicontinuous S-nonexpansive mappings form C into itself and T (t)(C) ⊆ S(C)
for all t > 0. Assume that λn ∈ (0, 1) and tn ∈ (0,∞) such that lim

n→∞
λn = 1 and

lim
n→∞

tn = ∞. Then we have the following:

(a) There exists sequence {xn} in S(C) such that

xn = Sxn = (1− λn)q + λnT (tn)xn for all n ∈ N.

(b) If {xn} is bounded and lim
n→∞

‖xn − T (tm)xn‖ = 0 for all m ∈ N, then F (S)∩
F (T ) 6= ∅

(c) lim
n→∞

xn = PF (S)∩F (T )(q), where PF (S)∩F (T ) is a sunny nonexpansive retrac-

tion from F (S) onto F (S) ∩ F (T ).
Theorem 5.1 generalizes Schu [16, Theorem 1.7] from the class of asymptoti-

cally nonexpansive mappings to a semigroup of demicontinuous asymptotically S-
nonexpansive mappings. Corollary 5.2 is a generalization Browder [2, Theorem 2],
who assumes in addition that X is uniformly convex and that T is a nonexpansive
mapping defined in the whole space X.
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