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Abstract. In this paper we use some fixed point principles to study the convergence of the iterates
of Stancu operators. To do this we shall investigate the existence of an invariant expression and a
Volterra interval for some classes of positive linear operators on C[0, 1], preserving constant and only
constant functions. Stancu’s operators are relevant examples of such operators.
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1. INTRODUCTION

Let a, 3 € R, 0 < o < f and n € N*. In the paper [9], D.D. Stancu studied the
following linear positive operators (see also [1] and [2])

Sn.a,p: C[0,1] — C[0,1]
defined by

Suas D) = 31 (25 (1)r -t

k=0
In [7] we established the following results on the convergence of the sequence of iterates
of Stancu operators.

Theorem 1.1. Let n € N* and 8 > 0. Then for all f € C[0,1]
mo,5(f)(@) = f(0) as m — oo,
uniformly with respect to x € [0, nnTB]
Theorem 1.2. Let n € N* and a > 0. Then for all f € C[0,1]
S f)(@) = f(1) as m — oo,
uniformly with respect to x € [nj%a, 1].
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Relative to the above results the authors of the paper [3] have the following opinion:
,, - .. due to the fact that the operators considered neither reproduce linear functions
nor interpolate the function at the endpoints, the results formulated by Rus were
limited to proper compact subinterval of [0,1].” On the other hand we established in
[6] the following abstract result (see also [8]):

Theorem 1.3. Let X be a nonempty set and A : X — X be an operator. The
following statements are equivalent:
(i) Fa = Fan #0, ¥n € N*;
(ii) there exists an L-space structure on X, —, such that, A : (X,—) — (X, —)
1s weakly Picard operator;
(iii) there exists a metric d on X such that, A : (X,d) — (X,d) is weakly Picard
operator;
(iv) there exists a €]0,1[, a complete metric d on X and a partition of X, X =

U X, such that:

AEA

(a) A(XA) C Xy, Fan Xy = {l’;}, VA€ A;

(b) A|XA : X — X\ is an a-contraction with respect to d;
(v) there exists o €]0,1[ and a complete metric d on X such that:

(a) A: (X,d) — (X,d) is orbitally continuous;

(b) d(A%(z), A(z)) < ad(z, A(z)), Vz € X.

The aim of this paper is to use this abstract result, as an intuition, to realize a
complete study of the convergence of the iterates of Stancu’s operators. To do this
we shall study the existence of an invariant expression and of a Volterra interval for
these operators.

2. INVARIANT EXPRESSION OF POSITIVE LINEAR OPERATORS PRESERVING
CONSTANT AND ONLY CONSTANT FUNCTIONS

Let o € C([0,1],Ry), k =0,nand 0 < ap < a1 < ... < ap_1 < ap, < 1. We
suppose that:

(15) {¢o,...,¢n} is linearly independent;
n
(24) ngk(a:) =1, Vz € [0,1].
Let ul;:coonsider the following linear positive operator
A C[Oa 1] - C[Ov 1]v A(f) = i f(ak)gOk.
k=0
From (2,) it follows that: the constant functions are fixed points of the operator A.

Moreover we have

Lemma 2.1. Let us suppose that the conditions (1,) and (2,) are satisfied. Then
the following statements are equivalent:

(Bp,a) [ €C0,1], A(f) = f = [ is a constant function;
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(4p,0) rank([pi(ar)] — Ins1) = n.

Proof. First we remark that if f is a fixed point of A, then f = Zpi%', with p; € R,
=0

i =0,n. Sincepp =1, ..., p, = 1 is a solution, we get that rank ([¢;(ar)]—Int1) < n.

Thus, we have (3, ) iff we have (4, 4).

Definition 2.1. Let ¢ = (cg,...,c,) € R*L ¢ £ 0. By definition the expression,
n

Z cif(a;), is an invariant expression by A iff
i=0

D aA(f)ai) =Y eif(a:), Vf € Clo,1].
=0 =0

Lemma 2.2. Let the conditions (1,), (2,) and (3,.a) be satisfied. Then there exists
a unique ¢* € R" such that:

1) c*ZO,Xn:cz‘zl;
ZC*A Zc f(as), Vf € Cl0,1].

i=0
Proof. Let us determine ¢ € R"*!, ¢ # 0, such that

(1r) ZCiA(f)(ai) = Zcif(ai), vfeC[o,1].
i=0 i=0
It is clear that we have (1) if and only if

(2r) Zcz‘@k(ai) =cy, k=0,n.

Let K := {c € R""! | ¢; >0, ch- =1} ¢ R""'. We consider the function
i=0

T:K - K, T(c (ZWO a;), an az>

The invariance of K with respect to T follows from the fact that the matrix [¢x(a;)]
is a stochastic matrix (see, for example, Chapter 9 in [4]). From the Brouwer fixed
point theorem there exists ¢* € K such that T'(¢*) = ¢*. From Lemma 2.1 it follows
that there exists such a unique fixed point. O

Remark 2.1. If pi(a;) > 0, for all k,i € {0,1,...,n}, then ¢ >0 fori=0,n.

Remark 2.2. If A is as in Lemma 2.2 and is a weakly Picard operator in
(€[0,1],“" Y (see [8]), then
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Indeed, from (1) it follows that

DoA™ a) =) ¢ flai), Ym e N,
=0 =

which implies that

n

ST A (f)a) = 3¢ flan).
=0

i=0
Since A* € Fy, we have that A*°(f) is a constant function and A (f) = Z el flay).
=0

Now the problem to study is the following one: In which conditions on ¢; and a;,
i = 0,n, the operator A is weakly Picard operator?
3. OPERATORS WITH A VOLTERRA INTERVAL AND WITH VALUES IN II,,

Let E C R be an interval. We denote by IL,(E) the set of all polynomial functions
on E with values in R. Let A : C[a, b] — Cla,b] be an operator.

Definition 3.1. A non-degenerate interval E C [a,b] is a Volterra interval for A iff
f,9€Cla,b], fl, =g|, = A(f) = Alg).

If A is an operator with a Volterra interval F, then we define the operator Ag :
C(E) — C(E) by Ap(f) := A(f), where f € C[0,1] such that f|_ = f.

Example 3.1. For the Stancu operators, Sy, the interval E = [0, 5] is a
Volterra interval.
Example 3.2. For the Stancu operators, Sp a,a, the interval E := [M%,l] is a

Volterra interval.
‘We have

Lemma 3.1. Let A : Cla,b] — C[a,b] be an operator. We suppose that:
(i) the operator A has a Volterra interval E C [a, b];
(ii) A(Cla,b]) C I,]a,b].

Then the following statements are equivalent:

)

(a) A is weakly Picard operator on (Cla,b], M)

(b) Apg is weakly Picard operator on (C(E), M)

4. ITERATES OF THE OPERATOR A IN §2

It is well known that if a linear positive operator A : C[0,1] — C0,1] is with
Fa = 11,]0,1] then A(f)(0) = f(0) and A(f)(1) = f(1), for all f € C]0,1] (see, for
example [5]). For the operator A in §2 in the case that F4 = IIy[0, 1] we have

Theorem 4.1. We suppose that the conditions (1,), (2,), (3p,a) and the following
are satisfied:
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(5p,a) @i(z) >0 for alli=0,n and x € |ag, a);
(65) @i, i =0,n, are polynomial functions.
Then:
(a) there exists in K (see the proof of Lemma 2.2) a unique ¢* such that

Y A (@) = ¢ flai), Vf € C[0,1].
1=0

Moreover, c* € K.
n

(b) A is weakly Picard operator on (C|0, 1],M) and A*(f) = Zcff(ai).
i=0
Proof. From Lemma 2.2 it follows (a). Let us prove (b). To do this we consider the
Banach space (C[0,1], ||||cc)- Let for a € R,

Xo={f€C0,1]| Y i f(a) = a}.
i=0
We remark that:
(1) X, is a closed subset of C[0, 1], Vo € R;
(2) A(X,) C X,, Ya e R;
(3) Cl0,1] = U Xa, is a partition of C[0, 1].
a€R
Now we shall prove that the restriction of A to X, A‘Xa : X, — X, is a Picard
operator. Since p;, ¢ = 0,n, are polynomial functions, it is sufficient (see Lemma 3.1)
to prove that (A™(f))men- converges on [ag, a,]. Let Y, := {f|[a07an] | fe X} Let
I :=ag,an]. Let Ar:Y, — Y, be defined by A;(f)(z) := A(f)(z), = € I.
Now we shall prove that the operator As is a contraction with respect to dj.__. Since
fyg € Y, implies that f — g € Yj, one need to prove that there exists I €]0,1[ such

that ||A7(f)llee < I|flloos VS € Yo. Since chf(ai) =0, for f € Yy and ¢ > 0, we

=0
have |Ar(f)(2)] = > flax)er(@)| < max ser (1= @r(@))]f]loo- Thus,
50 0<k<n
1AL (Plloo < Ul flloc, Vf € Yo, with 1:= max (1 —p(x)).
0<k<n

5. ITERATES OF STANCU OPERATORS
From Theorem 1.1 and the Lemma 3.1, we have the following theorem.
Theorem 5.1. Let n € N* and 3 > 0. Then the operator S, o is weakly Picard
operator on (C|0, 1],M) and

Spo,6(f) = f(0), Vf € C[0,1].



374 IOAN A. RUS

From Theorem 1.2 and the Lemma 3.1 we have the folloing result.

Theorem 5.2. Let n € N* and a > 0. Then the operator Sy o, is weakly Picard

operator on (C[0,1], —) and

n,o,o

For the case 0 < a < 3 we have the following result.

Theorem 5.3. The operator Sy, o, is weakly Picard operator on (C[0,1], —) and

. . fita
Sn,a,ﬁ(f) = ;Cl‘f(n‘i’ﬂ)’

where ¢* € R is the unique solution in K of the following system

n . n . n—k
1+« 14+ «
i 1-— =cg, k=0,n.
Zc(nw) ( n+ﬂ> o "

i=0
Proof. With a; := :li% and ;(x) = 2'(1 — 2)"~¢, i = 0,n, we are in the conditions
of Theorem 4.1. O

Remark 5.1. By some simple calculations we have

o e (1) (o) g Lta
staath = (1-5)1(55) + 5/ (155)

Thus, Theorem 5.1 corrects Proposition 2.5.5 in [2].

Remark 5.2. Let D C RP be a compact set with D # 0. In a joint paper with O.
Agratini, we extend the above results for a linear positive operator A on (C’(D),M)
with Fa = To(D). For the case of a sequence (Ayn)nen of linear positive operators

with A, — 1o(py as n — oo we also study the limit of the coupled iterates A}}.
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