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Abstract. Let K be a nonempty closed convex subset of a real Banach space E, T : K — K a
uniformly continuous asymptotically pseudocontractive mapping having T'(K) bounded with se-
quence {kp}p>0 C [l,00), lim k, = 1 such that p € F(T) = {# € K : Te = z}. Let
- n—0o0
{an}n>0,{Bn}n>0 € [0,1] be such that >, ~,02 = co and lim o, = 0 = lim SB,. For arbi-
e = = n—oo n—o0

trary zo € K let {xn},>0 be iteratively defined by

Tn+1 = (1 - C‘fn) Tn + OénTnyny
yn = (1 —=P0n)zn+ BT zn, n>0.

Then {x },>0 converges strongly to p € F(T).
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1. INTRODUCTION

Let F be a real Banach space and K be a nonempty convex subset of E. Let J
denote the normalized duality mapping from E to 2" defined by

J(@) ={f* € B": (z, f*) =|lall* and [|f*|| = [«]]},

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing.
We shall denote the single-valued duality map by j.
Let T : D(T) C E — E be a mapping with domain D(T) in E.

Definition 1.1. The mapping T is said to be uniformly L-Lipschitzian if there exists
L > 0 such that for all z,y € D(T)

[Tz =Tyl < Lz -yl

Definition 1.2. T is said to be nonexpansive if for all x, y € D(T), the following
inequality holds:
[Tz —Ty|| < [lz—y |
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Definition 1.3. T is said to be asymptotically nonexpansive [2], if there exists a
sequence {knp}n>0 C [1,00) with lim k, =1 such that
- n—oo

Tz —T"y|| < knllx—y || for allz, y € D(T), n>1.

Definition 1.4. T is said to be asymptotically pseudocontractive if there exists a
sequence {ky}n>0 C [1,00) with lim k, = 1 and there exists j(x —y) € J(x —y) such
- n—oo

that (T"z — Ty, j(x —y)) < kn |z —y ||° for allz, y € D(T), n > 1.

Remark 1.5. 1. It is easy to see that every asymptotically nonexpansive mapping is
uniformly L-Lipschitzian.

2. If T is asymptotically nonexpansive mapping then for all x, y € D(T) there
exists j(x —y) € J(x —y) such that

. 2

(T"x =Ty, j(x —y) < [Tz =T ylllz —y | < kplle =y [I7, n> 1.
Hence every asymptotically nonexpansive mapping is asymptotically pseudocontrac-
tive.

3. Rhoades in [7] showed that the class of asymptotically pseudocontractive map-
pings properly contains the class of asymptotically nonerpansive mappings.

The asymptotically pseudocontractive mappings were introduced by Schu [8] who
proved the following theorem:

Theorem 1.6. Let K be a nonempty bounded closed convexr subset of a Hilbert space
H and let T : K — K be a completely continuous, uniformly L-Lipschitzian and
asymptotically pseudocontractive with sequence {k,} C [1,00); ¢, = 2k, — 1, Vn € N;
S(g2 — 1) < o005 {an}h, {Bn} C[0,1]; € < ap < B < b,Vn € N, e >0 and b €
(0,L72[(14 L2z —1)); 21 € K for all n € N, define
Tpt1 = (1 —ap) zp + T @y,

Then {x,} converges to some fized point of T.

The recursion formula of Theorem 1.6 is a modification of the well-known Mann
iteration process (see [5]).

Also among the most recent results about the same topic, following are due to

Ofoedu [6].

Theorem 1.7. [6] Let K be a nonempty closed convex subset of a real Banach space
E, T: K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with sequence {kn}n>0 C [1,00), lim k, = 1 such that 2* € F(T) = {x € K :
Tz = z}. Let {an}n>0 C [0,1] be such that >, ooan = 00, >, o0 < oo and
Y ns0 Wn(kn — 1) < oo. For arbitrary xg € K let {x,},>0 be iteratively defined by

Tni1 = (1 —ap) zn + anT"n, n>0.

Suppose there exists a strictly increasing function v : [0,00) — [0,00), ¥(0) = 0 such
that

(T2 — o7, j@ —2%)) < hllz — 27| — @z — ")), Vo€ K. (O)
Then {xy, }n>0 is bounded.
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Theorem 1.8. [6] Let K be a nonempty closed convex subset of a real Banach space
E, T: K — K auniformly L-Lipschitzian asymptotically pseudocontractive mapping
with sequence {kp}tn>0 C [1,00), lim k,, = 1 such that z* € F(T) = {z € K :
Tx = x}. Let {an}n>o0 C [0,1] be such that Y, g = 00, Y., 5as < oo and
Y ons0 Qn(kn — 1) < co. For arbitrary xog € K let {x,}n>0 be iteratively defined by
Tpt1 = (1 —ap) zp + @, T2y, n > 0.

Suppose there exists a strictly increasing function v : [0,00) — [0,00), ¥(0) = 0 such
that

(T"x — %, j(x — %)) < kp|jz — 2*|]* — ¢(||]z — 2*]), Vo € K.
Then {xy }n>0 converges strongly to x* € F(T).

Remark 1.9. One can easily see that if we take in Theorem 1.7, Theorem 1.8, oy, =
n(,, 0<o< é, then >, = oo, but also Y. a2 = oo. Hence the conclusions of
Theorems 1.7, 1.8 can be improved. The same argument can be applied on the results

of Chidume and Chidume in [1].

The purpose of this paper is to generalize the results of Schu [8] from Hilbert

spaces to more general Banach spaces and improve the results of Ofoedu [6] in a

significantly more general context by removing the conditions like )~ - a? < oo,

> >0 @n(kn — 1) < oo and (O) from the Theorems 1.7, 1.8.
2. MAIN RESULTS

The following results are well known.

Lemma 2.1. ([10]) Let J : E — 2F be the normalized duality mapping. Then for
any x,y € E, we have

llz +yll* < [|2]* +2(y, j(z + v)), Vi(z+y) € J(z+y).

Lemma 2.2. ([9]) If there exists a positive integer N such that for alln > N,n € N,
we have pypi1 < (1—0,,)pp+by, thenlim,, .o pp = 0, where 0, € [0,1), 3.7 6, = o0,
and by, = o(6y,).

Lemma 2.3. ([4]) Let {a,}, {bn}, and {c,} be three nonnrgative real sequences sat-
isfying, for eachn € N the relation any1 < (1—tp)an+by+c,. Thenlim, o an, =0,
where {t,} € [0,1], Y07 o tn = 00, by = 0(tn), and Yo, cn < 0.

We now prove our main results.

Lemma 2.4. Let {a,}, {bn}, and {c,} be three nonnrgative real sequences satisfying,
for each n € N the relation ap41 < (lftl Yan +bp+cn; 1 > 1. Then, lim, ., a, =0,
where {t,} € [0,1], 307 th = 00, by, = o(t,), and > nrycn < 00.

n=0 "n
Proof. Since b,, = o(t,), let b, = d,t,, and d,, — 0. By a straightforward induction,
one obtains

0§an+1§ﬁ1—t ak—i—z H 1—th ] d; +ch H (1—ty. (L)
j:

i=j+1 i=j+1
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We have
n >
H 1 — tl 6 J=k - 07
j=k
and
th H (1 —té) <1, for all n, k.
j=k i=j+1

Since d,, — 0 and ZZOZO cn, < 00, for arbitrary € > 0, there exists a natural number &
such that d; < € for all j > k, and Z;’ik ¢; < ¢, we have from (L)

0 < lim infa, < lim supa, < 2¢.

n—oo n—oo
Letting € — 0, we obtain lim a, = 0. This completes the proof. O
n—oo

Theorem 2.5. Let K be a nonempty closed convex subset of a real Banach space F,
T: K — K a uniformly continuous asymptotically pseudocontractive mapping having
T(K) bounded with sequence {kn}n>0 C [1,00), lim k, = 1 such that p € F(T) =
{z € K: Tz =x}. Let {an}n>0,{Bn}n>0 € [0,1] be such that }, < 02 = oo and
lim o, =0 = lim B,. For arbitrary xy € K let {x,}n>0 be iteratively defined by:

n—oo n—oo

Tnt1 = (1 — ap) xp + @ Ty,

Yn = (L= Bn) xp + BT xy, n > 0. (2.1)
Then {xy,}n>0 converges strongly to p € F(T).

Proof. Because p is a fixed point of T, then the set of fixed points F(T) of T is
nonempty.
Since T has bounded range, we set

My = [|zo — pl| + sup||T"yn — pl|-
n>0

Obviously M; < oo.

It is clear that ||lzg — p|| < Mj. Let ||z, — p|| < M;. Next we will prove that
[Zn+1 — pl| < M.

Consider

|zt =pll = [I(1 = an)zn + anT"yn = pl|
= [[(1 = an)(@n = p) + an(T"yn — p)l|

(1= an)llen — pll + anl| Ty — pl
(]. — Oln)Ml + Mlan = Ml.

IAIA

So, from the above discussion, we can conclude that the sequence {x,, — p},>0 is
bounded. Let My = supl||x,, — p||-
n>0

Denote M = M + My + sup||T™x,, — p||. Obviously M < cc.
n>0
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Now from Lemma 2.1 for all n > 0, we obtain

| Zn+1 —p||2 = [|(1 = an)rn + an Ty, —p||2
(1 = ) (@ — p) + n(T"yn — )|

< (1- O‘n)znmn _p”2 + 200 (T"yn — P, j(Tn41 — p))
= (1= an)?l[en = pll* + 200 (T" @011 = p, §(Znt1 —p))
200 (T"yn — T"Tn41, j(Tns1 — p))
< (1= an)?llzn = pl* + 20mknl[ens1 — pl?
+200, | T"yn — T"Tns1 || [| #0410 — Pl
< (= an)?lfzn = plI? + 2anknl[eni1 — 0| + 20000, (2:2)
where
An = M [T — T ] (23
Using (2.1) we have
lvn — Zptall < llyn — 2ol + l2n — 2|l
= Bullzn — T zpll + an lzn — T ynl|
< 2M (an + B). (2.4)
From the conditions lim «;, = 0= lim 8, and (2.4), we obtain lim |y, — Zn+1] =0,
and the uniform conTtLi?lfﬁty of T le;d_s)osonli_)rr;o 1Ty, — T”acnﬂr|b|_>:oo 0, Thus, we have:
lim A, = 0. (2.5)
n—oo

The real function f : [0, 00) — [0, o0), defined by f(t) = t? is increasing and convex.
For all A € [0,1] and ¢, t3 > 0, we have

(1= Nty + M) < (1 — Nt + M3, (2.6)

Consider

lznts —pIP = (1= an)an + anTyn — pl|*

= (1 = an)(@n —p) + an(T"yn —p)
(1= an) [|2n = pll + an [T"yn = pl
(1= an) l&n = pI* + an [ T"yn - pl|?
(1 —an)llzn — p||2 + May,. (2.7)
Substituting (2.7) in (2.2), we get

17

}2

IN N IA

s =pl* < [(1 = @n)® + 200 (1 = an)kn]llzn — pl1®
20 (MPkpom + M) - (2.8)
Consider
(1—an)?+ 20,1 —an)k, = (1—ap)*+2a,(1—ay)
+20,(1 = ayp)(kp — 1) <1 — a2 + 2a,(k, — 1).
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Consequently from (2.8), we obtain

a1 —p° < [1—a2 + 2an(kn — D] ||z — pl* + 200 (M kpan + Ay)

< (1=02) |[on — plI? + 2[M3knvn + A + M2 (ky — 1],

= (1 - O‘i) |20 = pl|* + enan, (2.9)
where ¢, = 2 [Manan + A+ M2 (ky, — 1)] . Now with the help of ano a? = oo,
lim a;, = 0, (2.5) and Lemma 2.4, we obtain, from (2.9), that lim,, . ||z, —p|| = 0,
nwﬁfgh completes the proof. O

Corollary 2.6. Let K be a nonempty closed convex subset of a real Banach space

E, T: K — K auniformly L-Lipschitzian asymptotically pseudocontractive mapping

having T(K) bounded with sequence {ky}n>0 C [1,00), lim k, = 1 such that p €
- n—oo

F(T)={x e K:Tx=x}. Let {an}n>0, {Bn}nz0 € [0,1] be such that 3, -, a7, = oo

and lim oy, = 0 = lim B3,. For arbitrary o € K let {x,}n>0 be iteratively defined

n—oo n—oo
by
Tnt1 = (1—an)xn+anT Y,

Then {xy,}n>0 converges strongly to p € F(T).

Remark 2.7. We will try to remove conditions like (O) form the existing literature.
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