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Abstract. We consider a Neumann problem involving nonhomogeneous operators
—div(¥(z, Vu)) + (x,u) = pluP "2 u+ f(\ z,u, Vu) in Q

when W, ®, and f satisfy certain conditions and p is not an eigenvalue in some sense. The aim
of this paper is to study the structure of the set of solutions for the above equation, by applying a
bifurcation result for nonlinear equations and a nonlinear spectral theory for homogeneous operators.
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1. INTRODUCTION

Some eigenvalue problems with Neumann boundary conditions have been investi-
gated in [5, 9, 13, 14, 15]. From this background, a bifurcation theory for Neumann
problems can be developed; see e.g. [6, 13, 14]. In fact, Khalil and Ouanan [6] obtained
some bifurcation results for nonlinear Neumann problem of the form

—div(|Vul[P=2Vu) = dm(z)|ulP~2u + f(\, z,u) in Q

%:0 on 0f),

where Q is a smooth bounded domain in RY, p > 1, and % denotes the outer normal
derivative of u with respect to 9. It is based on the fact in [5] that the first eigenvalue
of the p-Laplacian is simple and isolated, under suitable conditions on m.
Concerning Dirichlet boundary conditions, various bifurcation problems from the
first eigenvalue of the p-Laplacian can be found in [1, 3, 10, 11, 12]; see [2] for the
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degenerated p-Laplacian. While one thus deals with bifurcation at the first eigenvalue,
Viath [16] has attempted another approach in the case when p is not an eigenvalue
of the p-Laplacian; see [7]. In this direction, a global bifurcation result for Dirichlet
problems involving nonhomogeneous operators

—div(V(z, Vu)) = pul 2u+ fOz,u, Vu) in Q
u=20 on 0f)
is given in [8]. It is required that ¥ behaves asymptotically at infinity like the p-
Laplacian.
In the present paper, we consider the following nonlinear Neumann problem
—div(¥(z, Vu)) + ®(z,u) = plul’ > u+ fFA z,u, Vu) inQ
du —0 on 99

on

(B)

when g is not an eigenvalue of the form

{—div(w(m) IVulP 2 Vu) 4+ v() [u’?u=pluu inQ

%ZO on 0.

(E)

Here ¥(z,-) : RY — RY and ®(z,-) : R — R are not necessarily positively homoge-
neous and f: R x Q x R x RV — R satisfies a Carathéodory condition. It is known
in [4, 16] that the condition that u is not an eigenvalue of the p-Laplacian is closely
related to nonlinear spectral theory for homogeneous operators. The aim of this paper
is to study the structure of the solution set for the above Neumann problem (B). A
key tool is to use a bifurcation result for nonlinear equations given in [8], with the aid
of nonlinear spectral theory.

This note is organized as follows: In Section 2, to solve our bifurcation problem (B)
in the weak sense, we give some properties of the corresponding integral operators. In
Section 3, the main idea in our approach is to observe the asymptotic behavior of the
integral operator induced by ¥ and ® at infinity, as the Dirichlet problem has shown
in [8]. With this observation, we obtain a spectral result concerning nonhomogeneous
operators provided that u is not an eigenvalue of (E). In Section 4, we prove the main
theorem on global bifurcation for the above Neumann problem (B).

2. SOME PROPERTIES OF INTEGRAL OPERATORS

Let Q be a bounded domain in R with smooth boundary. Let 1 < p < oo and
p :==p/(p—1). Let X = WHP(Q) be the Sobolev space, endowed with the norm

1
full = ([ 1vupde+ [ fear)”,
Q Q

where | - | denotes the Euclidean norm on RY or Rl. We assume that

(J1) ¥: Q x RY — RY and ®: O x R — R satisfy a Carathéodory condition,
respectively, that is, ¥(-,v) is measurable on Q for all v € RN, ¥(z,-) is
continuous on RY for almost all z € Q, ®(-,u) is measurable on ) for all
u € R, and ®(z,-) is continuous on R for almost all 2 € Q.
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(J2) There are functions a; € L () and nonnegative constants b; (i = 1,2) such
that for almost all z € Q, the following growth conditions hold:

| (z,0)] < ay(z) + by [P and  |®(z,u)| < az(x) + by [uP "

for all v € RY and for all u € R.
(J3) There are positive constants ¢; (¢ = 1,2) such that for almost all € , the
estimates hold:

cymin {1, (Ju1| + |v2])P72} vy — vl fl<p<?2

U(x,v1) — V(x,v9),v1 — V) >
(U(x,v1) (x,v2),v1 — v2) {c1|v1v2|p if2<p<oo

for all v1,ve € RY and

comin {1, (Jur| + [u|)?~2} jug —uo|® if1<p<2

P(x,ur) — P(z,uz),us —ug)> .
(@@, u1) (), w1 2) {Cgul—UQP if2< p< oo

for all uy,us € R.

Under (J1) and (J2), we define an operator J: X — X* by

(I (w),0) = /Q (@, Vu()), Vo(@) + (@ (@, u(@)),v(@)) ) do,  (21)

where (-, ) denotes the pairing of X and its dual X* and the Euclidean scalar
product on R or R!, respectively.

The following examples are a particular form of Corollary 3.1 in [8].

Example 2.1. Suppose that ¢: Q x [0,00) — [0,00) has the property that ¢(-,t)
is measurable on ) for all ¢ € [0,00) and ¢(z,-) is locally absolutely continuous on
[0, 00) for almost all € Q. Assume that there exists a positive constant ¢z such that
the following conditions are satisfied for almost all x € Q:

o

Y(x,t) > cstP™?  and ta(w,t) +(x,t) > catP™? (2.2)

for almost all ¢t € (0,1) and in case 2 < p < oo the condition (2.2) holds for almost
all t € (1,00) and in case 1 < p < 2
oy

W(x,t) > c3 and ta(x, t)+v(x,t) > c3 (2.3)

holds for almost all + € (1,00). Then ¥: Q x RY — RN W(z,v) = ¥(z, |v])v
satisfies (J1) and (J3).

Example 2.2. Suppose that ¢: Q x [0,00) — [0,00) has the property that ¢(-, u)
is measurable on Q for all u € [0,00) and ¢(z,-) is locally absolutely continuous on
[0, 00) for almost all z € Q. Assume that there exists a positive constant ¢4 such that
the following conditions are satisfied for almost all z €

o¢

oz, u) > cyuP™? and u%(x, u) 4+ ¢z, u) > cquP > (2.4)
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for almost all u € (0,1) and in case 2 < p < oo the condition (2.4) holds for almost
all u € (1,00) and in case 1 < p < 2

o(x,u) > cq and ug—Z(x, u) + oz, u) > ca (2.5)

holds for almost all u € (1,00). Then ®: QxR — R, ®(z,u) = ¢(x, |u|)u satisfies (J1)
and (J3).

To observe the above integral operator J in a more concrete situation, we assume
that

(J4) w and v belong to L>°(£2) and there are positive constants d; (¢ = 1,2) such
that

w(z) >dy and v(z) > ds for almost all z € Q.

Setting ¥,: @ x RY — RY and ¢,: 2 x R — R by
U,(z,v) = w(x) lw[P"?v  and O, (z,u) = v(z) luP~% u,

we define another operator .J, : X — X* by

(Jp(u),v) = /Q (W@, Vu(@), Vo(@) + @y, u(@), (@) ) da. (2.6)

The first goal of this section is to show that two operators J and J, are bounded
homeomorphisms, where the term ®(x,u) or ®,(z,u) is essential for the case of Neu-
mann conditions.

Lemma 2.3. Under assumptions (J1), (J2), and (J3), the operator J: X — X* is
a bounded homeomorphism. Under assumption (J4), the operator J, : X — X* is a
bounded homeomorphism.

Proof. In view of (J1) and (J2), it is obvious that J is bounded and continuous on
X. We will now show that J~! is continuous on X*; see the proof of Theorem 3.1
in [8], where the term ®(x,u) is not necessary. Set ¢ = min{ci, co}. Assume first that
2 <p< 0. Let u,v € X. Then for almost all z € , we have by (J3) that

(U(z, Vu(z)) — ¥(z, Vo(z)), Vu(z) — Vo(x)) > c1|Vu(z) — Vo(z)|?
and
(@(z,u(z)) — (z,v(x)), u(r) — v(x)) = c2lu(z) — v(z)].
taking the integral at both sides of these inequalities, we obtain

(J(u) — J(v),u —v) = /Q(\I/(x7Vu) —U(z,Vv),Vu — Vo) dz

+/<<I>(m,u)—@(m,v),u—v)dec lu—v|%.
Q
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Next, assume that 1 < p < 2. Then for all u,v € X with (u,v) # (0,0), we obtain by
(J3) that

(J(u) = J(v),u —v) > c/

(m?f_2 |[Vu — VU\Q + mg_Q lu — v|2) dz,
Qo

where we put Qp := {z € Q: (u(z),v(x)) # (0,0)} and use the shortcuts
my(x) := min{l, |Vu(z)| + |Vo(x)|} and mao(z) := min{l, |u(z)| + |v(z)|}.
From Hélder’s and Minkowski’s inequalities, and the inequality
aqfl’r% + b%s% <(a+ b)i(r + s)%
for any positive numbers a, b, r, s, it follows that

"u_M&:i/ m[mpaw2mgFQVﬂVU_VUPd$+/'ném@—mmngwfmmm_dex
Qo Qo

(2-p)/2 /2
g(/ mal” de) 3 (/‘m?ﬂVusﬂ%hy
QO Q0
(2—-p)/2 p/2
+(/ |ma|” dx) ( m’2’72|u—v\2daz)
QO Q0

(2-p)/2 B B
< </Qo (|m1|1’ + |m2|P) dgc) (/QO (m’f 2|Vu . Vv|2 —|—m’2’ 2|u _ v|2) dx)

Applying Minkowski’s inequality twice, we have

/ (\m1|p+\m2|p)da:§/ (|Vu|+\Vv|)pdx—|—/ (Jul + o] )" d
Qo QO

Qo

p/2

< (IVull o, 2y + 190l o,z )
+ (Nl oy + 10l Loy )
<(

[ullx + l[vllx)"

and hence
—2 —2 - 2
/Q (mi " Vu = Vol +mb ™ u —of?) de > ([lullx + 0]l x)P 7 [lu =l -
0
Consequently, we obtain

c(llullx + ol )P 2 lu—v|% if 1<p<2and
(J(u) = J(v),u—v) = (u,v) #(0,0)  (2.7)
¢ |lu—vl% if 2<p<oo.

It is easily checked that J is strictly monotone and coercive. Since J is bounded
and continuous on X, the Browder-Minty theorem hence implies that J is a bounded
homeomorphism on X and J~! is bounded on X*; see e.g. [18, Theorem 26.A].
Moreover, we see from (J4) that ¥, and @, satisfy (J1), (J2), and (J3), respectively.
Using the first assertion gives that .J, is a bounded homeomorphism on X. This
completes the proof. O
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For the sake of convenience, we prove the following result which is formally Corol-
lary 3.4 of [8]. The difference from the assumptions in [8] is the presence of the term
®(x,u) in (2.1) which makes possible to work in the whole Sobolev space. We point
out that the continuity of the map (¢, f) — J; ' (f) is crucial for obtaining our main
result in Section 4.

Lemma 2.4. Suppose that two operators J,Jo: X — X* of the form (2.1) are
generated by functions satisfying (J1), (J2), and (J3), respectively. Then for each
t € [0,1], the operator Ji: X — X* defined by J; := tJ + (1 — t)Jy is a bounded
homeomorphism onto X*. Moreover, the map h : [0,1] x X* — X, (¢, f) — J;*(f)
is continuous on [0,1] x X*.

Proof. For all t € [0,1] and u,v € X, we have
(Je(u) = Ji(v),u —v) =2 min{(Jo(u) = Jo(v),u —v), (Ji(u) = Ji(v),u —v)} (2.8)
and by (2.7)
c(lullx +llollx)P~2 lu— vk if 1<p<2and

(Ji(u) = Ji(v),u—v) > (u,v) # (0,0) (2.9)
¢ |lu—vl% if 2<p<oo

for ¢ =0, 1. Since each bounded continuous operator J; is thus strictly monotone and
coercive, we know as before that it is a bounded homeomorphism. For all s,¢ € [0, 1]
and u,v € X, it follows from the relation

(Je(u) — Js(v),u — vy = (t — 8) {(J1(v) — Jo(v),u — v) + (Je(u) — Jp(v),u — v)
that
([t = sll1J1(v) = Jo()ll x + 1 Te(u) = Ts(W)llx- ) lu—vllx = (Je(w) = Je(v),u—v)
and hence by (2.8) and (2.9)
[t = s[[J1(v) = Jo (@)l x+ + 1Je(w) = Js(v)]| x-
o Jelullx +llvlx)P? lu—vlx if 1<p<2 and (u,v) #(0,0)
- c||ufv||1;(_1 if 2<p<oo.
(2.10)
To show the continuity of h, there are two cases to consider. For 1 < p < 2, let
(tn, fn) be any sequence in [0,1] x X* such that ¢, — ¢ in [0,1] and f,, — f in X* as
n — oo. Set u, = Jt_nl(fn) and u = J; ! (f). We obtain from (2.10) that
lun = ullx < ¢ (Junllx + lullx)* 7 (1tn =t J1(u) = Jo(u)] x-
+ 1, (un) = Je(u)] x-)-

Note that h maps bounded sets into bounded sets, as follows from (2.10) with ¢t = s
and v = 0. Since {u, : n € N} is bounded and J;, (u,) — J(u) in X* as n — oo, we
conclude that

u, — u and equivalently h(t,, f,) — h(t,f) as n — oco.

Thus, h is continuous on [0,1] X X*. For 2 < p < oo, it is clear by (2.10) that h is
continuous on [0,1] x X*. This completes the proof. O
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Let p* denote the critical Sobolev exponent, that is, p* = Np/(N —p) if p < N
and p* = oo if p > N. We assume that

(F1) f: R x Q x R x RY — R satisfies the Carathéodory condition in the sense
that f(\,-,u,v) is measurable for all (A, u,v) € R x R x RY and f(-,z,-,-) is
continuous for almost all z € Q.

(F2) For each bounded interval I C R, there are a function a; € L4(2) and a
nonnegative constant by such that

[FO 2, u,0)] < ag(z) + br(lul @ + [v]7)

for almost all €  and for all (A, u,v) € I x R x RV, where the conjugate
exponent of ¢ > 1 is strictly less than p*.

(F3) There exist a function a € L?'(£2) and a locally bounded function b : [0, 00) —
R with lim, . b(r)/r?~ = 0 such that

[£(0, 2, u,0)| < a(e) + b(lul + [v]),
for almost all z € Q and for all (u,v) € R x RV,

Under (F1) and (F2), we can define an operator F': R x X — X* by

(F(\u),v) :/Qf()\,a?,u(ac),Vu(m))v(x)da: (2.11)

and an operator G : X — X* by
v) :/ Ju(2)|P~2u(z)v(z) d. (2.12)
Q

For our aim, we need the following result. The argument follows the lines of the
proof of Theorem 4.1 in [8], although we work in the whole Sobolev space, not only
in the subspace with zero traces. Recall that F is completely continuous if F' is
continuous and maps bounded sets into relatively compact sets.

Lemma 2.5. If (F1) and (F2) hold, then F : Rx X — X* is completely continuous.
The operator G : X — X* is completely continuous.

Proof. A linear operator I; : R x X — R x LP(Q) x LP(2,R"Y) defined by
LA\ u) = (A u, Vu) for (\u) eRx X
is clearly bounded. Let T': Y = R x LP(Q) x LP(Q,RY) — L4(Q) be defined by
T\ u,v)(x) := f(\ z,u(z),v(z)).

If I is a bounded interval in R and ay € L9(Q) and by € [0, 00) are chosen from (F2),
then we have

T w0 gy < [ (Bmwe{larl,brfaf . byfol £

< 3%(Nlarllze() + @) [ulLoq) + ) 10100, zv) )-

Thus, I is bounded. Since Y is a generalized ideal space and L?(Q2) is a regular ideal
space, Theorem 6.4 of [17] implies that T is continuous on Y. The embedding I :
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X < L9 () is completely continuous and so is the adjoint operator I3 : LI(Q) — X*
given by

(Igv)(u):/ﬂvudx.

From the relation F' = I3 oI' o I it follows that F' is completely continuous. In
particular, if we set f(\, z,u,v) = |u|P~2u (with ¢ = p’ in the notation of (F2)), then
G is completely continuous. This completes the proof. U

We close this section by making observation on the behavior of F(0,-) at infinity
and it was proved in [16].

Lemma 2.6. Under assumptions (F1) and (F3), the operator F(0,-) : X — X* has
the following estimate:
”F(Ovu)HX* _

lullx—oo  flul/%

3. A SPECTRAL RESULT

In this section, we study the asymptotic behavior of the integral operator J induced
by ¥ and ® and then deduce a spectral result for operators that are not necessarily
positively homogeneous.

To do this, we consider the functions ¥,, ®, which induce the integral operator J,
of the form (2.6) and the following asymptotic hypothesis is required as in [8]:

(A) For each € > 0 there are functions M; € LP(Q) (i = 1, 2) such that for almost
all x € Q the following estimates hold:
|\IJ($’ U) — \Pp(x7 ’U)|

o <e, for all v € RN with |v] > |M; ()|
v

and
[D(z,u) — Pp(z,u)|
i

| <eg, for all u € R with |u| > |My(z)|.
u

Now we can show that the operators J and J, are asymptotic at infinity, as in
Proposition 5.1 of [8].

Proposition 3.1. If (J1), (J2), and (A) hold, then
() = Jp()lx-

llull x—o0 [ 5

Proof. Given € > 0, choose functions M; € LP(2) (i = 1,2) such that for almost all
x € €, the following

| (z,0) — Up(z,v)| <elof™" and  |®(z,u) — Bp(z,u)| < eluf’"
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hold for all v € RN with |v| > |My(z)| and for all u € R with |u| > |Ma(x)|. In view
of (J2), choose functions a; € L? (Q) and nonnegative constants b; (i = 1,2) such
that for almost all z € €2, the estimates

(2, 0)| < an(2) + by L@ and Bz, u)] < ax(w) + by [Ma(w)P
hold for all v € RY with |v| < |M;(z)| and for all u € R with |u| < |My(x)|. Set
ansy (2) = a1 (@) + (b +w()) [Mi(2)["™" and anr, (2) = as(w)+(be+v()) | Mo ()"
Then vy, and ayy, belong to LP' (Q) and for almost all z € €2, the estimates

|U(z,v) — Up(z,v)| <anp,(x) and |(x,u) — @p(z,u)| < am,(z)

hold for all v € RN with |v| < |M;(x)| and for all v € R with |u| < |My(x)|. Thus,
for almost all z € 2, the following relations

|¥(z,v) — ¥p(x,v)| < max {O‘Ml (z),¢ \1}|p_1}
and
|®(z,u) — Dp(x,u)| < max {OéMQ(x),g |u‘p—1}

hold for all v € RN and for all v € R. For all v € X, we obtain by Holder’s and
Minkowski’s inequalities that

190 = (@I < [ (190, Vute) ~ ol V)P -+ [000,u(w) = 0o u) ) da
< [ (wax{lass @P . & [Vu@) fmax{lars @), & fu(@)}) da
< /ﬂ (laas, @ + laar @)+ (IVu(@)” + |u(@)]")) de

/ /
 laass 17, g + €7 Ml -

’
= HOC]\/Il Hip’ (Q)

Hence, for all u € X with u # 0, we have

17(w) = @)l _ (Mool g * lorelr o) )"
lulli - [Jull%
This completes the proof. O

Definition 3.2. A real number p is called an eigenvalue of (E) if the equation
Jp(u) = pG(u)
has a solution ug in X that is different from the origin.
The following analogue of Theorem 5.1 in [8] will be used in the next section to

prove the main theorem. We give another direct proof, by applying nonlinear spectral
theory for homogeneous operators given in [4].
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Lemma 3.3. Suppose that (J1), (J2), (J4) and (A) hold. If ju is not an eigenvalue
of (E), we have
) pCW)ly

llull x—o0 t€[0,1] a5

>0, (3.1)

where Jy :=tJ + (1 —t)J, is a convex combination of J and Jp.

Proof. Using a spectral result for homogeneous operators stated in [4], we can obtain
in view of Lemma 2.3 and Lemma 2.5 that
Jp(u) — pG(w)||
« = liminf 75 () ,uil( i > 0.
o Jlull

Let € be an arbitrary positive number. Choose a positive number R; such that
Y -1
lull x = Ry implies || Jp(u) — pG(u)ll . > (o —e) [luly .

By Proposition 3.1, there exists a positive number Ry such that
. . « 1
lullx = Ry implies |7 (u) = Jp(u)lx. < 5 [lullx ™
Set R :=max{Ri, Ry}. For all u € X with |Jul|y > R, we have

. B - B - B
tg[%g]HJt(u) nG(u)l x- = [|Jp(u) = nG(u)]l - tgl[gﬁ]llJp(u) Je(w)|

= [[Jp(u) = pG ()l . = [[J(u) = Jp(u)| x.
(6% —
> (5 &) llullk -
As £ > 0 was arbitrary, we conclude that

J, — uG .
liminf min 17¢(w) ,uil(u)HX > & > 0.
llull x —oo t€[0,1] ||u||§( 2

4. MAIN RESULT
The following bifurcation result is taken from Theorem 2.2 of [8], as a key tool in

obtaining our bifurcation result.

Lemma 4.1. Let X be a Banach space and Y a normed space. Suppose that
J : X — Y is a homeomorphism and G : X — Y is a completely continuous operator
such that the Leray-Schauder degree in X satisfies

degy (Ix — (J ' o (=@)), B,,0) #0
for all sufficiently large v > 0, where Ix denotes the identity operator on X and B,
the open ball in X of radius v centered at the origin, respectively. Let F : Rx X — Y
be a completely continuous operator. If the set
U fueX:Jw)+Gu)=tF(0,u)}
te[0,1]
is bounded, then the set

{\u) eRx X : J(u)+ Gu) = F(A\u)}
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has an unbounded connected set C C (R\ {0}) x X such that C intersects {0} x X.

Definition 4.2. A weak solution of (B) is a pair (A, u) in R x X such that
J(u) — pG(u) = F(Au) in X7,
where J, F', and G are defined by (2.1), (2.11), and (2.12), respectively.

We are now prepared to prove the main result on global bifurcation for Neumann
problems.

Theorem 4.3. Suppose that conditions (J1)-(J4), (A), and (F1)-(F3) are satisfied.
If u is not an eigenvalue of (E), then there is an unbounded connected set C' C
(R\{0}) x X such that every point (A, u) in C is a weak solution of the above Neumann
problem (B) and C intersects {0} x X.

Proof. Since p is not an eigenvalue of (E), we have by Lemma 3.3 that

[/ (w) = pG(u)]] x-

> 0.
Jullx =0 ull 5!

In view of Lemma 2.6, for some 3 > 0, there is a positive constant R such that
-1
() = nG (W)l x- > Bllulll™ > [F0,u)llx. > [[F(0,u)]lx-
for all w € X with ||ul|y > R and for all ¢ € [0,1]. Hence, the set
U {ue X :J(u)—pG(u) =tF(0,u)}
t€[0,1]
is bounded. To apply Lemma 4.1, it thus remains to prove that
degy(Ix —J ' o (uG),B,,0) #0 (4.1)

holds for all sufficiently large r > R. By Lemma 2.4, J, :=tJ+(1—¢t)J, : X — X* is
a homeomorphism on X and h : [0,1] x X* — X, h(t, f) := J; *(f) is continuous on
[0,1] x X*. Since g : [0,1] x X — X*, g(t,u) := (t,uG(u)) is completely continuous
by Lemma 2.5, the homotopy H: [0,1] x X — X*, H(t,u) = J;, *(uG(u)), is also
completely continuous, as the composition of h with g. Moreover, we obtain by Lemma,
3.3 that for sufficiently large r > R we have H(t,u) # u for all (¢t,u) € [0,1] X OB,.
Hence the homotopy invariance of the degree implies that

degX([X - Jil o (H“G)vBTaO) = degX(IX - H(L : )7B7“30)
=degy(Ix — H(0, ), B,,0)
= degx(Ix — J, " o (uG), B, 0).

Since ¥,(x,-) and ®,(z,-) are odd for almost all z € 2, Borsuk’s theorem implies
that the last degree is odd and so (4.1) holds. This completes the proof. O

As a consequence of Theorem 4.3, we can show for which particular problems the
assertion holds; see e.g., Examples 2.1 and 2.2.
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