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Abstract. Let E be a reflexive Banach space having a weakly sequentially continuous duality
mapping J, with a gauge function ¢, C' a nonempty closed convex subset of E, f : C — C a
contraction, and {T'(t) : ¢t > 0} a nonexpansive semigroup on C with the fixed point set F :=
Ni>o F(T(t)) # 0. Strong convergence theorems of the following implicit and explicit viscosity
iterative schemes are established:
Tt = /\tf(xt) + (1 - )\t)T(t)(Et, te (0,00)

where {At}ie(0,00) 18 @ net in (0, 1) such that lim;—cc At = 0, and

Tnt+l1 = anf(fl'n) + (1 - an)T(tn)zn7 n >0,
where {an} C (0,1) and {t,} C Rt. The limit point is the unique solution of a certain variational
inequality.
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1. INTRODUCTION

Let E be a real Banach space and C be a nonempty closed convex subset of E.
Recall that a mapping f : C — C is a contraction on C if there exists a constant
k € (0,1) such that ||f(z) — f(y)| < k|lz — y||,Vz,y € C. We use E¢ to denote
the collection of mappings f verifying the above inequality. Let T': C — C be a
nonexpansive mapping (i.e., |7z — Ty|| < ||z — y|| Vz,y € C) and F(T) denotes the
set of fixed points of T'; that is, F(T) = {zx € C: z = Tz}.

Recall that a family {T'(¢) : ¢ > 0} of mappings from C into itself is called a
nonexpansive semigroup on C' if it satisfies the following conditions:

(1) T(t1 + to)x = T(t1)T (t2)z for any t1, to € RT and x € C;
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(2) T(0)x = z for each x € C;
(3) for each x € C, t — T(t)z is continuous;
(4) |IT(t)z —T(t)y| < ||z —y|| for each t € RT and z, y € C.
Given a real number ¢t € (0,1), a contraction f € ¥¢ and a nonexpasive mapping
T, let a contraction T} := th : C — C be defined by

Tix=tf(z)+(1—-t)Tz, ze€C.

Denote by x; := x{ € C the unique fixed point of T;. Then z; is the unique solution
of the fixed point equation

A special case of (1.1) has been considered in a Hilbert space by Browder [4] as follows.
Fix u € C and define a contraction G; on C by

Gir=tu+(1—t)Tz, zeC.
Let z; € C be the unique fixed point of G¢. Then z; satisfies the equation
ze=tu+ (1 —1t)Tz.

(Such a sequence {z:} is said to be an approximating fixed point of T since it possesses
the property that if {z;} is bounded, then }in(lJ ITz —z|| = 0.) In 1967, the strong

convergence of {z;} as t — 0 for a self-mapping T of a bounded C was proved in a
Hilbert space by Browder [4] and Halpern [10]. In 1980, Reich [16] extended the result
of Browder [4] to a uniformly smooth Banach space and showed that the limit defines
the (unique) sunny nonexpansive retraction from C onto F(T). Takahashi and Ueda
[21] improved results of Reich [16] to a reflexive Banach space having a uniformly
Géteaux differentiable norm (see also Ha and Jung [9]).

In 1967, Halpern [10] firstly introduced the following explicit iterative scheme in
Hilbert space:

Tnt1 = Qptt+ (1 — o)y, (1.2)

He pointed out that the control conditions

n—oo

(C1) lim a, =0 and (C2) Zan =00
n=0

are necessary for the convergence of the iterative scheme (1.2) to a fixed point of T'.
In 1992, Wittmann [22] obtained a strong convergence result in a Hilbert space for

o0
the iterative scheme (1.2) under the control conditions (C1), (C2) and (C3) Z oy, —
n=0
Q1| < 00.

Shioji and Takahashi [17] extended Wittmann’s results to a reflexive Banach space
having a uniformly Gateaux differentiable norm and in which each nonempty closed
convex and bounded subset has the fixed point property for nonexpansive mappings.
For other control conditions, we also refer Lions [13] and Reich [16].

On the other hand, the viscosity approximation method of selecting a particular
fixed point of a given nonexpansive mapping was proposed by Moudafi [15]. In 2004,
in order to extend Theorem 2.2 of Moudafi [15] to a Banach space setting, Xu [24]
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consider the the following explicit viscosity iterative scheme in a uniformly smooth
Banach space: for T': C'— C' a nonexpansive mapping, f € ¥¢ and «, € (0,1),
Tp+1l = an.f(xn) + (1 - an)Txna n >0, (13)
and under control conditions (C1), (C2) and (C3) or (C4) lim n _ 1, he studied
n—00 Qi1

the strong convergence of the sequence {z,} generated by (1.3) to a fixed point of
T which is the unique solution of a certain variational inequality. Moreover, in [24],
he also studied the strong convergence of {z;} defined by (1.1) as ¢ — 0 in either
a Hilbert space or a uniformly smooth Banach space. For the case of more general
Banach spaces, see also Jung [11].

On the another hand, in order to extend Browder’s and Reich’s results to the
nonexpansive semigroup case, Shioji and Takahashi [18] introduced in a Hilbert space
the implicit iterative scheme

Ty =opu+ (1 —ap)oy, (x,), n>1,

where {a,} C (0,1) and {t,} C RT such that lim ¢, = oo, and for each ¢t > 0 and

n—oo
x € C, oi(x) is the average given by

o¢(x) = %/0 T(s)xds.

Under suitable conditions on the sequence {a,}, they proved the strong convergence
of {xy,} to a point in F' :=(,~ F(T(t)).

In 2007, Chen and Song [5]_considered the following implicit and explicit viscosity
iterative scheme:

Ty = anf($n) + (1 - Oén)O'tnIL'n, n>1,
Tl = A f(2n) + (1 — an)or, 2, n>1,

and proved that the sequence {z,} converges to a same point of F' in a uniformly
convex Banach space having a uniformly Gateaux differentiable norm.

In 2003, Suzuki [20] introduced firstly in Hilbert space the following implicit iter-
ative scheme for the nonexpansive semigroup case:

Ty = apu+ (1 — )T (ty)xn, n>1, (1.4)

and proved strong convergence of the sequence {x,} generated by (1.4) with ap-
propriate conditions imposed upon the parameter sequence {a,}. In 2005, Xu [25]
proved that Suzuki’s result holds in a uniformly convex Banach space having a weakly
sequentially continuous duality mapping.

In 2005, Aleyner and Reich [2] considered the following explicit iterative scheme:

Tnt1 = apu+ (1 — )T (tn)zn, n>0 (1.5)

in a reflexive Banach space having a uniformly Gateaux differentiable such that each
nonempty, bounded, closed and convex subset of E has the fixed point property for
nonexpansive mappings (Note that all these assumptions are fulfilled whenever E
is uniformly smooth). Under appropriate assumptions imposed upon the semigroup
{T'(t) : t > 0} and the control conditions (C1), (C2) and (C3) on {«,}, they showed
that the sequence {z,} generated by (1.5) converges strongly to Qu, where @ is
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the unique sunny nonexpansive retraction from C onto F := (1,5, F(T(t)), Qu =
s — 75lim z¢ and z; is the unique solution of the following equation:
— 00

Zt = )\t’ll, + (1 - At)T(t)Zt, te (O, OO),
where {\¢}ic(0,00) is @ net in (0,1) such that tlim A+ = 0. Benavides et al. [3] also

studied in a uniformly smooth Banach space that the implicit iterative scheme (1.4)
and the explicit iterative scheme (1.5) converges to a same point of F' under the
asymptotic regularity on the semigroup {7T'(¢) : ¢ > 0} and the control conditions
(C1), (C2) and (C4) on {ay,}.

In 2008, Song and Xu [19] considered the following implicit and explicit viscosity
iterative schemes in a reflexive and strictly convex Banach space having a uniformly
Gateaux differentiable norm:

T = apf(an) + (1 —an)T(tn)z,, n>1,

Tn4+1 = anf(xn) + (1 - O‘n)T(tn)xnv n>1,
where {a,,} C (0,1) and {t,} C RT such that lim ¢, = oo, and proved that the

n—oo

sequence {x,} converges to a same point of F under the control conditions (C1) and
(C2) on {a,} and uniform asymptotic regularity on {T'(¢) : ¢ > 0}.

In this paper, motivated by above-mentioned results, we consider the following
implicit and explicit viscosity iterative schemes for nonexpansive semigroup {7T(t) :
t >0} from C — C; for f € ¥¢,

= Mf(z) + (1= A)T )z, te€(0,00) (1.6)

where {A¢}ie(0,00) 18 @ net in (0,1) such that flim A =0, and

Tpy1 = anf(xn) + (1 — )T (tn)xn, n>0. (1.7)

where {a,,} C (0,1) and {t,,} C RT. First, by using the uniform asymptotic regularity
on {T'(t) : t > 0}, we establish a strong convergence theorem for the sequence {z;}
defined by (1.6) in a reflexive Banach space having a weakly sequentially continuous
duality mapping. Then, under the control conditions (C1) and (C2) on {«,} and
lim ¢, = oo, and the uniform asymptotic regularity on {T'(¢) : ¢ > 0}, we prove in

n—oo

the same Banach space that the sequence {z,} generated by (1.7) converges strongly
to a common fixed point of {T'(¢) : ¢ > 0}, which is the unique solution of a certain
variational inequality. The main results develop and improve the corresponding results
of Aleyner and Censor [1], Aleyner and Reich [2], Benavides et al. [3], Chen and Song
[5], Shioji and Takahashi [18], Song and Xu [19], Suzuki [20] and Xu [25].

2. PRELIMINARIES
Let E be a real Banach space with norm || - || and let E* be its dual. The value
of f € E* at € FE will be denoted by (z, f). When {z,,} is a sequence in F, then
z, — x (resp., T, — x, , — x) will denote strong (resp., weak, weak*) convergence
of the sequence {z,} to z.
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The norm of F is said to be Géteauz differentiable (and E is said to be smooth) if

N R L
t—0 t
exists for each x, y in its unit sphere U = {x € E : ||z| = 1}.
By a gauge function we mean a continuous strictly increasing function ¢ defined
on Rt := [0, 00) such that ¢(0) = 0 and lim ¢(r) = co. The mapping J, : E — 25
T—00
defined by

Jo(x) ={f € E*: (z, f) = =[], If] = #(llz])}, forallzeE

is called the duality mapping with gauge function . In particular, the duality mapping
with gauge function ¢(t) = t denoted by J, is referred to as the normalized duality
mapping. It is known that a Banach space E is smooth if and only if the normalized
duality mapping J is single-valued. The following property of duality mapping is also
well-known ([6]):

Jo(Ax) = sign A(W) J(z) forallz € E\ {0}, XeR, (2.1)
where R is the set of all real numbers; in particular, J(—z) = —J(x) for all x € E.

We say that a Banach space E has a weakly sequentially continuous duality
mapping if there exists a gauge function ¢ such that the duality mapping J, is
single-valued and continuous from the weak topology to the weak® topology, that
is, for any {z,} € E with z, — o, J,(z,) = J,(x). For example, every [P space
(1 < p < o) has a weakly sequentially continuous duality mapping with gauge func-
tion (t) = tP~1. Set

¢
O(t) = / o(r)dr, forallt e RT.
0

Then it is known that J,(x) is the subdifferential of the convex functional ®(|| - ||) at
2. Thus it is easy to see ([6]) that the normalized duality mapping J(x) can also be
defined as the subdifferential of the convex functional ®(||z||) = ||z||?/2, that is, for
allz e &

J(@) = 00(||zl]) = {f € £ : @([lyl}) = (||z[}) = (y — =, f) forally € E}.

Let D be a subset of C. Then a mapping @ : C — D is said to be a retraction
from C onto D if Qx = z for all x € D. A retraction @) : C' — D is said to be sunny
if Q(Qr +t(x — Qx)) = Qx for all x € C and ¢t > 0 with Qz +t(z — Qx) € C. A
subset D of C' is said to be a sunny nonexpansive retract of C' if there exists a sunny
nonexpansive retraction of C' onto D. In a smooth Banach space F, it is well-known
[8, p. 48]) that @ is a sunny nonexpansive retraction from C onto D if and only if
the following condition holds:

(x—Qx,J(z—Qx)) <0, xz€C, z€D. (2.2)

(Note that this fact still holds if the normalized duality mapping J is replaced by a
general duality mapping J, with gauge function ¢.)
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We need the following lemmas for the proof of our main results. (Lemma 2.1 was
also given in [12]. Lemma 2.2 is essentially Lemma 2 in [14] (also see [23]). We refer
also [6, 7, 8] for Lemmas 2.3, 2.4 and 2.5).

Lemma 2.1. Let E be a real Banach space and ¢ a continuous strictly increasing
function on RT such that ©(0) =0 and rll{go ©(r) = oo. Define

¢
d(t) = / o(r)dr, forall t € RT.
0

Then the following inequality holds:
O(llz +yll) < @(llzl) + (v, jo(x +y)), forall z,y € E,
where jo(x +y) € Jy(x +y). In particular, if E is smooth, then one has
lz +ylI* < ll2l® + 20y, J(z +y)), forall z,y € E.
Lemma 2.2. Let {s,} be a sequence of non-negative real numbers satisfying
Snt1 < (1= An)sn + A+, n 20,
where {\,}, {Bn} and {v,} satisfy the following conditions:

(1) {A\} C[0,1] and Z A = 00 or, equivalently, [T o(1 —A,) =0,

n=0
(ii) limsup 8, <0 or Z AnBn < 00,
n—oo n=0
o0
(iii) 0 >0 (> 0), Yy < 0.
n=0

Then lim s, = 0.

n—oo

Lemma 2.3 (Demiclosedness principle). Let E be a reflexive Banach space having
a weakly sequentially continuous duality mapping J, with a gauge function ¢, C a
nonempty closed convex subset of E and T : C'— E a nonexpansive mapping. Then
the mapping I — T is demiclosed on C, where I is the identity mapping; that is,
Tn =z in Eand (I —T)x, —y imply that x € C and (I — T)x = y.

Lemma 2.4. If E is a Banach space such that E* is strictly convez, then E is smooth
and any duality mapping is norm-to-weak”™ continuous.

Lemma 2.5. Let E be a smooth Banach space, C a nonempty closed convexr subset
of E and T : C'— C' a nonexpansive mapping. If J is the normalized duality mapping
on E, then

(I-T)(x)=(I-=T)y),J(x—y)) >0, forall z, yeC.

Finally, recall that a nonexpansive semigroup {T'(t) : ¢ > 0} on C is said to be
uniformly asymptotically regular (shortly, u.a.r) on bounded subsets of C' if

T(s+t)x=T(s)I(t)x, for all s,t >0 and z € C
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and for all bounded subset K of C' there holds
tlim sup || T(s)T'(t)x — T(t)z|| =0, (2.3)

uniformly for all s > 0 (also see [1, 2, 3]). Examples of u.a.r operator semigroup can
be found in [1, 19].

3. MAIN RESULTS

First, we study the convergence of implicit viscosity iterative scheme to the unique
solution of a certain variational inequality.

For any ¢t > 0, T(t) : C — C is nonexpansive and so, for any A\; € (0,1) and
feXe, Mf+ (1 —=X)T(t) : C — C defines a contraction. Thus, by the Banach

contraction mapping principle, there exists a unique fixed point x{ satisfying

95{ = )\tf(ac{) + (1= )\t)T(t):v{. (3.1)

For simplicity we will write z; for x,{ provided no confusion occurs.
Now we show that the sequence {z:} defined by (3.1) converges strongly some

common fixed point of {T'(¢) : ¢ > 0}.
Theorem 3.1. Let E be a reflexive Banach space having a weakly sequentially contin-
uous duality mapping J, with gauge function ¢. Let C' be a nonempty closed conves
subset of E and {T(t) : t > 0} a w.a.r. nonexpansive semigroup from C into itself
with F = ;50 F(T(t)) # 0. Let {x;} be defined by (3.1) and A € (0,1) such that
tlim At = 0. Then ast — oo, {:} converges strongly to a point in F. If we define
— 00
Q : ZC — F by

QU =7:=limu, feSe,
then q is the unique solution in F of the variational inequality

((I-£@,J(@—p) <0, feXc, peF.

Proof. Note that the definition of the weak sequential continuity of duality mapping
J, implies that E is smooth. Let {z;, } be a subsequence of {z;} such that lim ¢, =
n—oo

oo and
z, = A, f(@e,) + (1= A, )T (n) 2, -
Let pe F. Then ay, —p = M, (f(ze,) —p) + (1 — Ap, )(T(tn)ze,, — T'(tn)p). Therefore
e, = pllellze, —pll) = (@1, —p, Jo(e, —p))
< A (flae,) =y Jo(ae, —p)) + (1= M)z, —plle(llze, — pl)-
It follows that for all p € F,

e, —pllellze, —pll) < (f(2t,) — P, Jp(2t, — D)) (3.2)

Hence
(xt, — f(xt,), Jw(xtn - D))

= (w1, —p, Jp(T1, — D)) + (0 — f(21,), Jp(T1, — D))
> [|@g, = plle(|ze, —pll) = =6, — plle(|z:, —pl) = 0.
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That is, (2, — f(x+,), Jo(xt, —p)) > 0. Now

e, —pll < A, f(@e,) = pll + (L= N )NT(En)ze, — T (tn)pll
< A f(ze,) = pll + (1= A ) |2, — pll-

This gives that

2, —pll < If(2e,) —pll < 1f(20,) = F() +11f () = 2l
< Kllze, =pl + 1) =2l
and so ||lz;, — p| < 2% f(p) — pl. In particular, {z;,} is bounded, so are {f(zy,)}

and {T'(t, )z, }. Since E is reflexive, {z;,} has a weakly convergence subsequence
{w+,, }, say, a1, — u € E. Since Ay, — 0,

Iz, = T(tn)e, || = A, 1 f (2e,) = T(tn)ze, || = 0 (as n — o0).
Also by (2.3), we have for each t € R,
1T )z, — 24, |
SNT@T(tn)ze, — T(t)ae,, || + [|T(E)T (En)ze, — T(tn)zs, |
+ 1T (tn) e, — 2, ||
T ()T (tn)xe, — T(t)as, || + 2| T (tn) e, — x4, ||
s?(p I T)T (tn)x — T (tn)z|| + 2||T (tn) e, — 21, ]| — 0 (a8 n — o0),

IAIA

where K is a bounded subset containing {z;, }. So, by Lemma 2.3, u € F. Therefore
by (3.2) and the assumption that J, is weakly sequentially continuous, we obtain

e, —ullp(lle, —ull) < {f(e,) —u Jp(ze, —u)) =0 (asn — 00).

Since ¢ is continuous and strictly increasing, we must have z, — u € F.
We will now show that every weakly convergent subsequence of {z;, } has the same
limit. Suppose that Tt — U and Ty, = . Then by the above proof, u, v € F,

t,, — wand z;,  —v. It follows from (3.2) that

l[u = vlle(lu —vfl) < (f(u) = v, Jp(u = v)) (3-3)
and

lv = ulle(llv = ull) < {f(v) = u, Jp(v —u)). (3.4)
Adding (3.3) and (3.4) yields

2flu=vlle(lu = oll) < llu=wvle(u=vl) = (f(u) = f©), Jp(u—v))
< (L= E)flu = vle(flu—ol)).
Since k € (0,1), this implies that ||u — v|/¢(||lu — v||) <0, and so u = v. Hence {z;,}
converges strongly to a point in F' as t,, — oco.
The same argument shows that if ¢; — oo, then the subsequence {z} of {z:}

converges strongly to the same limit. Thus, as t — oo, {z;} converges strongly to a
point in F.



VISCOSITY ITERATIVE SCHEMES FOR NONEXPANSIVE SEMIGROUPS 297

If we define Q : Y — F by Q(f) =7 = Jlim z,, f € > ", then g solves the
c C
variational inequality

(I-H@,J@-p) <0, f€Xc, peF.
In fact, since (I — f)(x¢) = —1;—5"'(1 — T'(t))zt, by Lemma 2.5, we have for p € F,

(1= 1)), I = p)) = =224 = ()i~ (1= T@)p. (o~ ) <0,

Since E is smooth, it follows that E* is strictly convex for E reflexive (cf, [6, p. 43]).
Noting that J is norm-to-weak® continuous by Lemma 2.4 and taking the limit as
t — oo, we obtain (I — f)(q),J(@—p)) <0, f € Xc, p € F. Since Jy(x) =
(eUlzD/ =) J (x) for x # 0 by (2.1), this implies that

(I =N@,Jp(@—p) <0, feXc, peF. (3.5)

Finally, we show the uniqueness of solution of the variational inequality (3.5) in F.
In fact, suppose that p,q € F satisfy (3.5). Then we have

(=), Je(p—q) <0 (3.6)

and

(I = 1)(9), Jo(qg = p)) < 0. (3.7)
Combining (3.6) and (3.7), it follows that

(I =K)llp —qllellp —all) < (I = f)p) — I~ ), Jo(p —q)) <0.

So, we have p = ¢ and the uniqueness is proved. [
Remark 3.2. (1) In Theorem 3.1, if f(z) = u, x € C, is a constant, then

<QU7U7J§0(QU7P)>§07 UGC, pGF

Hence by (2.2), Q reduces to the sunny nonexpansive retraction from C to F'.

(2) Theorem 3.1 develops Theorem 3.2 in Song and Xu [19] to different Banach
space.

(3) Theorem 3.1 generalizes the corresponding results of Suzuki [20] and Xu [25]
to the viscosity method in more general Banach space.

(4) When f(x) = u for all x € C, Theorem 3.1 complements the corresponding
results of Aleyner and Reich [2] and Benavides et al. [3] in different Banach space.

(5) Theorem 3.1 also improves the corresponding results of Chen and Song [5] and
Shioji and Takahasi [18].

By using Theorem 3.1, we establish the strong convergence of the explicit viscosity
iterative scheme.

Theorem 3.3. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping J, with gauge function p. Let C be a nonempty closed
convex subset of E and {T(t) : t > 0} a u.a.r. nonexpansive semigroup from C into
itself with F := (5o F(T(t)) # 0. Let {a,} C (0,1) and {t,} C RT be sequences
satisfying the following conditions:

o0
(i) lim a, =0, Z ap =o0; (ii) lim ¢, = co.
n—oo "0 n—oo
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Let f € Y and xo € C be chosen arbitrarily . Let {x,} be defined by

ro=x € C,
{xn+1 =anf(xn) + (1 — an)T(ty)z,, (38)

Then {x,} converges strongly toq € F, which is the unique solution of the variational
inequality

<(I—f)(§)7Jq:(§—p)> <0, feXq, pecrF.

Proof. First we note that by Theorem 3.1, there exists the unique solution g € F' of
the variational inequality

(1= 1)@, Je(@—p) <0, feXc, peF, (3.9)
where § = tlim x¢ and x4 is defined by (3.1). We will show that z, — G.
—00

We divide the proof into several steps.

Step 1. We show that ||z, — z|| < max{|zo — 2|, 2% || f(2) — 2|} for all n > 0 and
all z € F and so {zn}, {f(zn)} and {T(t,)x,} are bounded. Indeed, let z € F. Then

we have
[2ni1 = 2]l = llan(f(zn) = 2) + (1 = an)(T(tn)zn — 2)||
< anllf(@n) — 2| + (1 — an)llzn — 2||
< an(|[f(@n) = FEI+I1f(2) = 2l) + (1 = an)lzn — 2|
< ankllzn — 2] + anl[f(2) = 2l + (1 — an)lJon — 2|
= (1= (1 =k)an)|zn — 2] + anl[f(2) — 2|

< max{ o, = 21, T2 17) <1 .

Using an induction, we obtain
1
|z — 2| < maX{Hmo — 2|, ﬁﬂf(z) — z}, for all n > 0.

Hence {z,} is bounded, and so are {T'(t,)z,} and {f(z,)}.
Step 2. We show that lim ||T'(r)z, — 2| = 0 uniformly in » € R*. Indeed, it
follows from condition (i) that

[ns1 = Tta)zall = Al f(2n) = Ttn)zall = 0 (as 1 — o0). (3.10)
Since {T'(t)} is u.a.r. nonexpansive semigroup,

Um ||T(r)T(tp)xn — T(tn)xs|| < lim sup |T(r)T(ty)x — T(tn)z|| =0, (3.11)
n— oo N—x xeD

uniformly r € RT, where D = {z € C : ||z — 2| < max{||lzo — z||, 725 [ f(2) — 2|} for
z € F. Combining (3.10) and (3.11), we have that for all > 0

1T (r)zns1 — zpga || < (| T(r)znsr = T(r)T () an ||
+ HT(T)T(tn)xn - T(tn)InH + ||T(tn)~73n - mn—&-l”
< s — Tltn)aall + sup [T()T(tn) — T(ta)e] — 0, — ox.
zeD
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Step 3. We show that limsup((I — f)(g), J,(§ — z,)) < 0. Since E is reflexive and

n—oo

{x,} is bounded, there exists a subsequence {z,,} of {z,} such that z,, = p € C
and

lim sup((/ = f)(@), Jo(q — wn)) = lim (I = F)(@), /o (q = 2n,))

n—oo

From Step 2. it follows that ||T(r)2n, — @n,|| — 0 as i — co. By Lemma 2.3, we have
p = T(r)p for each r € R* and so p € F. Thus by the weakly sequentially continuity
of the duality mapping J, and (3.9), we have

limsup((1 = £)(@), /o @ = 22) = lim (I = 1)(@), Jo(@ = 2n,))
— (I = @ Jo@—p) 0.

Step 4. We show that lim ||z, —g|| = 0. By using (3.8), we have

Tpt1 —§ = an(f(zn) — f(@) + (1 — an)(T(tn)zn —q) + an(f(@) — Q).

As a consequence, since ® is an increasing convex function with ®(0) = 0, by applying
Lemma 2.1, we obtain

O(||zn41 —qll)

< @([lan(f(zn) — £(@) + (1 — an)(T(tn)zn — @)|)
+on(f(@ =@ Jo(wni1 — )

< O(kaplzn —qll + (1 — an)llen — 7))
+ an(f(@) = T Jp(Tnt1 — 7))

< (A=A =kan)®(lzn —gl) + an(f(@) = 7 Jo(xni1 — 7).

Put A, = (1 —k)ay, and 6, = (I — f)(@), Jo(q — n11)). From (i) and Step 3, it

(3.12)

oo
follows that A, — 0, Z An = o0 and limsupd,, < 0. Since (3.12) reduces to

n—o0
n=0

O(lznsr —al) < (1= An)@(llzn —qll) + Andn,

from Lemma 2.2, we conclude that lim ®(||z, —¢q|) =0, and thus lim z, =g. O
Remark 3.4. (1) Theorem 3.3 develops Theorem 4.2 in Song and Xu [19] in different
Banach space.

(2) Theorem 3.3 complements the corresponding result in Aleyner and Censor [1],
Aleyner and Reich [2], Benavides et al. [3] to the viscosity method in different Banach

space. In particular, the conditions Z loy, — 1] < ooin [1, 2] and lim An_ 4
o n—00 Oy
in [3] can be removed.
(3) Theorem 3.3 also improves the corresponding results of Suzuki [20] to the

viscosity method in more general Banach space.
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