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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that H is a real Hilbert space, whose inner
product and norm are denoted by (-, ) and || - ||, C' is a closed convex subset of H and
A : C' — H is a nonlinear mapping. We denote by Pc be the projection of H onto the
closed convex subset C. The classical variational inequality problem is to find u € C
such that

(Au,v —u) >0, YveC. (1.1)
We denoted by VI(C, A) the set of solutions of the variational inequality. For a given
z € H,u € C satisfies the inequality

(u—z,v—u) >0, YveClC,

if and only if u = Pgz. It is known that projection operator Po is nonexpansive. It is
also known that Pox is characterized by the property: Pox € C and (x — Pox, Pox —
y) >0 forall y € C.

Remark 1.1. One can see that the variational inequality problem (1.1) is equivalent
to a fixed point problem, that is, an element u € C is a solution of the variational
inequality (1.1) if and only if u € C'is a fixed point of the mapping Po (I —AA), where
A > 01is a constant and I is the identity mapping.
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Recall the following definitions.
(1) A mapping A : C — H is said to be inverse-strongly monotone if there exists
a positive real number y such that

(Az — Ay, x —y) > p||Az — Ay||*, Vao,y € C. (1.2)

For such a case, A is also said to be p-inverse-strongly monotone.
(2) A mapping T : C — C is said to be nonexpansive if

[Tz =Tyl <[l —yl, Va,yeC.

Next, we denote by F(T') the set of fixed points of T'.
(3) A mapping f : C — C is said to be contractive if there exists « € (0,1) such
that

If(x) = f)l < allz—yll, Vz,yecC.

(4) A linear bounded operator B : C' — C' is said to be strongly positive if there exists
a constant 4 > 0 such that

(Bx,z) > 7||z||?, VxeC.

(5) A set-valued mapping T : H — 2 is said to be monotone if, for all z,y € H,
f €Tz and g € Ty imply (x —y, f —g) > 0.

(6) A monotone mapping 7' : H — 2 is said to be maximal if the graph of G(T)
of T is not properly contained in the graph of any other monotone mapping.

It is known that a monotone mapping T' is maximal if and only if, for any (z, f) €
HxH,(x—y,f—g)>0forall (y,g9) € G(T) implies f € Tx.

Let A be a monotone mapping of C into H and Ngv be the normal cone to C at
veC, ie, Nov={we H: (v—u,w) >0, Vu € C} and define

Av+ Nev, wveC,
Tv =
0, v ¢ C.

Then T is maximal monotone and 0 € T if and only if v € VI(C, A) (see [26]).
Regarding to the class of nonexpansive mappings, we have the following results.

Let C' be a nonempty bounded closed and convex subset of a real Hilbert space H
and T : C — C a nonexpansive mapping. Then T has a fixed point in C.

Remark 1.2. The above result is still valid if the framework of the space is uniformly
convex Banach spaces; see [1]. In 1965, Kirk [15] proved that the existence of fixed
points of a single nonexpansive mapping in the framework of reflexive Banach spaces
which enjoy the normal structure. We also remark that the existence of common fixed
point for a nonexpansive semigroup was given by Browder, see [1] for more details.

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems (see [11,16,31-33] and the references therein). A typical
problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H:
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where B is a linear bounded operator on H, € is the fixed point set of a nonexpansive
mapping S and b is a given point in H.

In [32], it is proved that the sequence {z,} defined by the iterative method below,
with the initial guess xo € H chosen arbitrarily,

T+l = (I - OénB)Sl‘n + anb7 vn Z 07

converges strongly to the unique solution of the minimization problem (1.3) provided
the sequence {a,, } satisfies certain conditions.

Recently, Marino and Xu [16] introduced a general iterative scheme by the viscosity
approximation method:

x0o € H, xpt1={—a,B)Sx, +apyf(z,), Vn>0, (1.4)

where S is a nonexpansive mapping on H, f is a contraction on H with the coefficient
«, B is a bounded linear strongly positive operator on H with the coefficient 4 and ~ is
a constant such that 0 < v < 7/a. They proved that the sequence {z,} generated by
the iterative scheme (1.4) converges strongly to the unique solution of the variational
inequality:

<(B*’yf)x*,1:71’*>20, VIEF(S);
which is the optimality condition for the minimization problem

.1
min —

Ba,z) —h
uin 5 (B, z) = h(z),

where h is a potential function for vf (i.e., h'(z) = vf(x) for all x € H.)

Recently, variational inequalities and fixed point problems have been considered
by many authors. See, e.g., [8,12,13,17-20,25,28] and the references therein. For
finding a common element of the sets of fixed points of nonexpansive mappings and
solutions of variational inequalities for u-inverse-strongly monotone mapping, liduka
and Takahashi [12] proposed the following iterative scheme:

x1=2€C, Zpy1 =apr+ (1—a,)SPo(xy, — AAzy,), Vn>1, (1.5)

where {a,, } is a sequence in (0,1) and {\,} is a sequence in (0, 2u). They proved that
the sequence {z,} defined by (1.5) converges strongly to some z € F(S)NVI(C, A).
Very recently, Chen et al. [8] studied the following iterative process:

21 €C, Zpi1 =anf(xn)+ (1 —an)SPo(z, — A\Axy,), Yn>1,

and also obtained a strong convergence theorem by so-called viscosity approximation
method discussed by Moudafi [17] in the framework of Hilbert spaces.

Concerning a family of nonexpansive mappings has been considered by many au-
thors. See, e.g., [4,6,7,9,19-24,27,29,32] and the references therein. The well-known
convex feasibility problem reduces to finding a point in the intersection of the fixed
point sets of a family of nonexpansive mappings. See, e.g., [3,5,29] and the references
therein. The problem of finding an optimal point that minimizes a given cost function
over the common set of fixed points of a family of nonexpansive mappings is of wide
interdisciplinary interest and practical importance. See e.g., [4,10,34] and the refer-
ences therein. A simple algorithmic solution to the problem of minimizing a quadratic
function over the common set of fixed points of a family of nonexpansive mappings is



276 YAN HAO AND MEIJUAN SHANG
of extreme value in many applications including set theoretic signal estimation. See,
e.g., [14,34].
In this paper, we consider the mapping W,, defined by
Un,n+1 == I,
Un,n = ’YnTnUn,n+1 + (]- - ’Yn)-[a
Un,n—l = ’Yn—lTn—lUmn + (1 - 771—1)[7

Unk = W TkUn 1 + (1 =), (1.6)
Un -1 = Ve—1Th—1Un ks + (1 — y—1)1,

Un2=7T2Un3+ (1 —y2)1,
Wyp=Up1=7T1Un 2+ (1 —7)I,

where 71, 72,... are real numbers such that 0 < v, < 1 and 71,75, - be an in-
finite family of mappings of C' into itself. Nonexpansivity of each T; ensures the
nonexpansivity of W,.

Concerning W,,, we have the following lemmas which are important to prove our
main results.

Lemma 1.1. (Shimoji and Takahashi [27]) Let C be a nonempty closed convex subset
of a strictly convex Banach space E. Let T1,T5,--- be nonexpansive mappings of C
o0

into itself such that ﬂ F(T,) # 0 and v1,72,- -+ be real numbers such that 0 < v, <
n=1
b<1 foranyn > 1. Then, for allx € C and k € N, the limit lim U, ,x exists.
Using Lemma 1.1, one can define the mapping W of C' into itself as follows.

Wz = lim Wyx = lim U, 2z, VzeC. (1.7)

n—oo n—oo
Such a mapping W is called the W-mapping generated by 17,715, -+ and 1,72, - .

Remark 1.3. Throughout this paper, we shall always assume that 0 < 3; < b < 1
for all 7 > 1.

Lemma 1.2 (Shimoji and Takahashi [27]). Let C' be a nonempty closed convex subset
of a strictly convex Banach space E. Let T1,T5,--- be nonexpansive mappings of C
o0

into itself such that ﬂ F(T,) # 0 and v1,72,- -+ be real numbers such that 0 < ,, <

n=1

b<1 foranyn >1. Then F(W) = ﬂ F(T,).

Lemma 1.3 (Chang et al. [6]; Ceng and Yao [7]). Let C be a nonempty closed convex
subset of a Hilbert space H. Let Ty, T5,--- be nonexpansive mappings of C' into itself
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such that ﬂ w) £ O and y1,72,- -+ be a real sequence such that 0 < vy, < b <1

for alln 2 1. If K is any bounded subset of C, then
lim sup Wz — Wyz|| = 0.

n—oo , e

In this paper, motivated by Chen et al. [8], Cho et al. [9], liduka and Takahashi
[12], Marino and Xu [16], Maingé [18] and Takahashi and Toyoda [28], we introduce
a general iterative process as follows:

1 €C, xpt1=anyf(@n)+ I —anB)W,Po(I — \yA)x,, Vn>1, (1.8)

where A is a p-inverse-strongly monotone mapping from C into H, B is a linear
bounded strongly positive self-adjoint operator with the coefficient 5, f : C — C
is a contraction with the coefficient o (0 < a < 1) and W,, is a mapping defined
by (1.6), and prove that the sequence {x,} generated by the iterative scheme (1.8)
converges strongly to a common element of the sets of common fixed points of an
infinite nonexpansive mappings and solutions of variational inequalities for the u-
inverse-strongly monotone mapping, which solves another variational inequality:

(vf(q) = Ba,p —q) <0, peﬂF )N VI(C, A),

and is also the optimality condition for the minimization problem:
1
:rpnelg §<BI7 ZC> - h(l‘),

where F is the intersection of the common fixed point set of the infinite family of
nonexpansive mappings 77,75, -+ and the set of solutions of variational inequali-
ties for p-inverse-strongly monotone mappings, h is a potential function for vf (i.e.,
W(z) =~f(z) for all z € C.)

The results obtained in this paper improve and extend the recent ones announced
by Chen et al. [8], liduka and Takahashi [12], Marino and Xu [16] and many others.

In order to prove our main results, we also need the following lemmas.

Lemma 1.4 In a real Hilbert space H, the the following inequality holds:
o +yl? < lz)* + 2(y.x +y), Va,ye H.

Lemma 1.5. (Marino and Xu [16]) Assume that B is a strong positive linear bounded
operator on a Hilbert space H with coefficient ¥ > 0 and 0 < p < ||B||~'. Then
1= pBll <1 p.

Lemma 1.6 (Marino and Xu [16]). Let H be a Hilbert space, B be a strongly positive
linear bounded self-adjoint operator on H with the coefficient ¥ > 0. Assume that
0<~vy<#7/a. Let T : H— H be a nonexpansive mapping with a fized point x; of
the contraction x +— tyf(z)+ (I —tB)Tx. Then {x;} converges strongly as t — 0 to
a fized point T of T, which solves the variational inequality:

(B=~f)z,z—2) <0, VzeF().
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Equivalently, T = Pp(vf + I — B)Z.
Lemma 1.7 (Xu [31]). Assume that {a,} is a sequence of nonnegative real numbers
such that
Qp41 é (]- - ’Vn)an + 6n7
where {y,} is a sequence in (0,1) and {0y} is a sequence such that

(i) 27n = O3

5 oo
(ii) limsup — <0 or Z |0n] < 0.
n—oo Yn el

Then lim a, = 0.

n—oo

Lemma 1.8. Let H be a Hilbert space, C a closed convex subset of H, f : C — C
a contraction with the coefficient a € (0,1) and B a strongly positive linear bounded
operator with the coefficient 7 > 0. Then, for any 0 <y < I,

(@ —y,(B=7fle—(B=7fly) = (7 —a)llz —ylI*, Va,yeC.
That is, B —~f is strongly monotone with the coefficient ¥ — ary.

Proof. From the definition of strongly positive linear bounded operator, we have

(€ —y,B(z —y)) = 7llz — y|*
On the other hand, it is easy to see that

(& —y,vfe —fy) <vale—y|*.
Therefore, for all z,y € C, we have
(@ =y, (B=9flx = (B=7f)y) = (& —y,Blx —y)) — (z —y,vfz —vfy) =
(¥ —ya)llz —yl*. O

2. MAIN RESULTS
Now, we are ready to give our main results in this paper.

Theorem 2.1. Let H be a real Hilbert space, C be a nonempty closed convex subset
of H such that C+C C C and A : C — H be a p-inverse-strongly monotone mapping.
Let f : C — C be a contraction with the coefficient o (0 < o < 1) and Ty, To,--- be
a sequence of nonexpansive self-mappings on C. Let B be a strongly positive linear
bounded self-adjoint operator of C into itself with the coefficient 57 > 0. Assume that
0<vy< z Let the sequence {x,} be generated by (1.8), where the mapping W, is
defined by (1.6), {an} is a sequence in (0,1) and {\,} is a sequence in (0,2u). If

F= ﬂ F(T,)NVI(C,A) # 0 and {an} and {\,} are chosen such that
i=1

(C1) lim «a, =0;

n—oo

(C2) i Q= 00;
n=1
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(C3) Z ‘An—i-l - )\n‘ < oo and Z |Oén+1 — an‘ < 00;
n=1

n=1
(C4) {\n} C [u,v] for some u,v with 0 < u < v < 2p,
then the sequence {x,} converges strongly to some x* € F, which uniquely solves the
following variation inequality:

(Bx® —~f(z*),z" —p) <0, VpeF. (2.1)
Equivalently, we have x* = Pp(vf + I — B)z*.

Proof. First, we show that the mapping I — A\, A is nonexpansive for each n > 1.
Indeed, from the condition (C4), for =,y € C, we have

I(I = AnA)a — (I = X, A)y]|?

= [[(z = y) = Aa(Az — Ay)||?

<z = yl* = 2x (A — Ay, — y) + A2 || Az — Ay|®

< o —yl? = 2\pllAz — Ay|]* + A7) Az — Ay]?

= [l =yl + X (An — 20)[| Az — Ay]?

< lla — gl
This shows that I — A\, A is a nonexpansive mapping for each n > 1. Noticing that
condition (C1), we may assume, with no loss of generality, that «,, < ||B||~! for all
n > 1. From Lemma 1.5, we know that, if 0 < «,, < ||B||7! for all n > 1, then
I —anB|| <1—a,7.

Now, we are in a position to show that the sequence {z,} is bounded. Letting

p € F, we have

[#n+1 —pll
= |lan(vf(2n) = Bp) + (I = anB)(WnPo(I — \yA)z, — )|
< an|[vf(2n) = Bpll + (1 — an¥) Wi Po (I — AnA)zn — pl|
< any|lf(zn) = ()l + anllvf(p) — Bpll + (1 — ap¥)[|zs — pl|
<1 —an(¥ =7a)]llzn — pll + anllvf(p) — Bpl|.

By simple inductions, we obtain

B _
|’II P vf(p)ll} > 1,
5 —ya

which yields that the sequence {z,} is bounded.
Next, we show that lim ||x,411 — 2| = 0. Putting p,, = Po(I — A\, A)z,, we have

[2n — pll < max{||z; —p]

o1 = pnll
=||Poc(I = My1A)xpt1 — Po(I — A\pA)x,||
<N = A1 A)zpng — (I = ApA)za| (2.2)

= ||(I — )\n-ﬁ-lA)xn—i-l — (I — )\n—i-lA)xn + (I — )\n—&-lA)xn — (I — AnA)$n||
= |znt1 — @l + [Ans1 — Anl[|Azy-
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From (1.8), we see that
|72 — xn+1H
=[|({ = an+1B)Wit1pn+1 — Wapn) — (ant1 — an) BWypp
Y on 1 (f(Tnt1) = f(@n)) + f(2n) (antr — an)]|| (2.3)
< (1 = ant 1M lons1 = pull + [Wag1pn = Wapnll) + a1 — o[ | BWnpn |
+Yant1efznir — 2ol + (| f (@0)lllansr — anl]-

Since T; and U, ; are nonexpansive, it follows from (1.6) that

||Wn+1/0n - Wnpn” = ||'71T1Un+1,2pn - ’YlTlUnQan
<Y1 lUns1,20n — Un 2pnll
=71 [72T2Un+1,30n — v2T2Un 300l

< 7172\|Un+1,3pn - Un,SPn” 9.4

< Y12 - "Yn||Un+1,n+1pn - n,n+1pn||
n
S Ml HIY’M
1=1

where M; > 0 is an appropriate constant such that ||[Upt1 n+10n — Unnt1ponl|l < My
for all n > 1. Substituting (2.2) and (2.4) into (2.3), we arrive at

[nt2 = Znga || < [1 = g1 (¥ = ay)]l[@ns1 — 24|
= 2.5
+M2(H7i+2|05n+1_an|+|/\n+1_)\n‘)y ( )
=1

where M, is an appropriate constant such that

My = max{ My, sup{| Az, |}, up{[L£ (@) [}, sup{ | BWopa ]}

Observing the conditions (C1)-(C3) and applying Lemma 1.7 to (2.5), we obtain that
lim ||2p4+1 — 2zn] = 0. (2.6)

Next, we prove that lim ||[Wp, — p,| = 0. For all p € F, we have
n—oo

lon — plI?

= |Pc(I = AyA)zn, — Po(I — A, A)pl|?

< (@n = p) = An(Az, — Ap)||®

= l&n — plI> = 20 (20 — p, Az, — Ap) + A2 || Az, — Ap||?
<l = plI? = 2Mnpl| Azy — Apl|? + N2 || Az, — Ap|?

= ||z — plI* + An(An — 2u) || Az, — Apl|.

(2.7)
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On the other hand, we have

| &ns1 = plI?
= Han'Vf(xn) + (I —anB)Wypy — p”2
< (an|vf(zn) = Bpl + (1 = any) [Wnpn — pll)? (2.8)

< (anllvf (@n) = Bpll + (1 = anF)llpn — pl)?
< anlvf(@n) = Bl + lon — ol + 2007 f (24) = Bpllllpn — pll-
Substituting (2.7) into (2.8), we obtain
zns1 = plI* < anllvf(zn) = Bpll* + llzn — plI* + An(An — 20) || Az — Apl|?
+ 20 |1vf (zn) — Bpllllon — pl-
It follows from the condition (C4) that
u(2p —v)|| Az, — Apl®
< anllvf(@n) = Bpl* + llen = pl* = |2n41 = p]?
+ 20m|1vf (zn) — Bpllllon — pl
< anllvf(xn) = Bl + (l2n = pll + |21 = pI)l|2n = Znia |
+ 2an|vf(zn) — Bplllon — pll.
From the condition (C1) and (2.6), it follows that
nh_)rréo ||Az,, — Ap|| = 0. (2.9)
On the other hand, from the firm nonexpansivity of Po, we have
1 = PI2 =I1Pe(I = A A)n — Po(I = A A)p?

§<(I — )\nA)LL'n - (I - )\nA)p7 Pn — p>

1

:§{||(I - AnA)xn - ([ - /\nA)p||2 + ”pn *pH2

— I = MA)zy — (I = XaA)p — (o —p)II*}
1
<S{llzn = plI* + lon =PI = (@0 = pn) = Anl(Azp = Ap)[*}

=l = ol + llpn =PI = llza = pul” = X2 Azy — Ap?
+ 2\ (X, — pp, Az, — Ap) },
which yields that
lpn = plI* <llzn = pI* + 2Xnllzn — pallllAzn — Ap]| = |20 — pall*. (2.10)

Substitute (2.10) into (2.8) yields that

241 — pl1?

< anlvf(@n) = Bpll? + l|lzn — plI* + 2Xn |20 — pallll Az, — Ap|

+ 207 f(2n) = Bpllllon = pll = |20 — pall*.
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It follows that
lzn = pull?
< anllvf (@) = Bpl? + llon = pl* = llzns1 — ol
+ 20 llzn = pulll[Azn — Apl| + 2an |7 f(2n) = Bpllllon = pll
< anllvf(zn) = Bpll* + (lzn = pll + 2nt1 = pl)[@ns1 — @nll
+ 200 = pullllAzn = Apll + 2c v f (2n) = Bpllllpn — pll
From the condition (C1), (2.6) and (2.9), we have
lim |z, — || = 0. (2.11)
Notice that
lon = Wapnll < |Zns1 = Wapnll + [l2n — 2nga| + l2n — pull
< anllvf(@n) = BWapn| + l#n = Znga || + 120 — pnll-
It follows from the condition (C1), (2.5) and (2.10) that
Jim [ = Wapnl| = 0. (2.12)

Since the sequence {z,} is bounded, we see that {p,} is also a bounded sequence in
C. Without loss of generality, we can assume that there exists a bounded set K C C
such that p,, € K for all n > 1. On the other hand, we have
W on = pull < W pn — Wapn|l + [[Wapn — pull
< sup [Wp — Wapll + [[Wipn — pull.
pEK

From Lemma 1.3 and (2.12), we obtain
lim ||Wp, — pu|l = 0. (2.13)

Finally, we show that x, — z* as n — oo. First, we prove that the uniqueness of
the solution of the variational inequality (2.1), which is indeed a consequence of the
strong monotonicity of B —«f. Suppose that * € F' and z** € F' both are solutions
to (2.1). Then we have

(B=7fla",a" —a™) <0
and
(B=~f)z™,z"" —a") <0.
Adding up the two inequalities, we see that
(B =~ f)a* — (B -y )e™,a" —a™) <0.

The strong monotonicity of B — vf (see Lemma 1.8) implies that z* = z** and
the uniqueness is proved. Let z* be the unique solution of (2.1). That is, z* =
Pp(vf+ (I - B))z".
Next, we show that
limsup(Bz* — vy f(z"), 2™ — xz,) < 0. (2.14)

n—oo
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To show it, we choose a subsequence {x,,} of {z,} such that

limsup(Bz* — vf(z*),2* — x,) = lim (Ba™ — vy f(z¥),z* — z,,).

n—oo

Since {z,, } is bounded, it follows that there is a subsequence {alcmJ } of {x,,,} converges

weakly to p. We may assume, without loss of generality, that x,,, — p. Therefore, we
have p € F. Indeed, let us first show that p € VI(C, A). Put

Ty — Av+ Nov, veC
o, vé¢C.

Then T is maximal monotone. Let (v,w) € G(T'). Since w — Av € N¢wv and p, € C,
we have

(v = pn,w — Av) > 0.
On the other hand, from p,, = Po(I — A\, A)z,, we have

(V= pnspn — (I = AnA)wy) >0

and hence
<v*pn,pn;zn + Az,) > 0.

It follows that

<U - Pn”w>

> (0= gy AV) 2 (0= poy, Av) = (0= po, P 4 Axy)

> (0 — pu,, Av — p"/\i — Aw,.)

Pn; — Tn,
= <”U - pniaAv - Apm> + <’U - Pn,,APm - Axn7.> - <U — Pnis /\7>
pni - :I;ni
> <U — Pni> Apni - Axm> - <U — Pn;s )\7%
7

which implies that (v — p,w) > 0. We have p € A~10 and hence p € VI(C, A).
Next, let us show p € m F(T;). Since Hilbert spaces are Opial’s spaces, it follows

i=1

from (2.11) that
liminf {|pp, — pl| <lminf [|pn, — Wp|
= liminf [|pn; = Won, +Wpp, = Wp|
< lim inf [|Wp,, — Whp||

< liminf [|p,, — pl|,
1— 00
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which is a contradiction. Thus we have p € F(W) = ﬂ F(T;). On the other hand,
i=1

we have
limsup(Bz* — vy f(z"), 2™ — z,) = Zl;n;l(}(B:E* —f(x"),z" —xzp,)
= (Ba" —=7f(z"),z" —p) <0.
That is, (2.14) holds. It follows from Lemma 1.4 that
lns1 — 2|
= llan(vf(@n) = Ba*) + (I — anB)(Wapn — 27)|I?
< (1= an?)?[Wapn — ™[> + 200 (yf (20) = Ba™, @np1 — 2%)
< (1= an)?lzn — 2" + ayan(on — 2" + [enss — 27|)
+ 20, (vf(2¥) — Bx*,xpy1 — 2¥).
Therefore, we have

1 — 2|2

1—a,”y 2 4 QpyQ N 200, . .
< 1=0n) o = 2 + 22 (@) — Ba*, 241 - ")
s 1= anya
(1= 20,5 + apay) * afﬁ2 *
= lzn — 2| + " |z — 2"||?
I —anya 1 —apya
2a, (2.15)
* _ B * " _ *
+ 1_0["70{<’Yf(x ) T ,Tn41 X >
20 (Y — o) .
<p-% [EN
— apya
2007~ 7)1 r?
+ [= (vf(z*) — Bx*,xpy1 — ") + ———— M5,
l—apya "y —ay 2(3 — ay)

where Ms is an appropriate constant such that Mz > sup,,> ||z, — z*||*. Put

, _ 20m(7 =)

n

1—a,ay
1 any?
Cp = = vf(x*) = Bx*,wpy1 — q) + 50— M.
vfcw< =) +14) 2y —av)
Then, from (2.15), we have
Znse1 — 21> < (1= by) ||z — 2*|| + bpcn. (2.16)

It follows from the conditions (C1), (C2) and (2.14) that

o0
lim b, =0, Z b, = 0o, limsupec, < 0.
n—oo ne1 n—oo
Therefore, applying Lemma 1.7, we have x,, — z* as n — oo. This completes the

proof.
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Taking v = 1 and B = I (the identity mapping) in Theorem 2.1, we have the
following results.

Theorem 2.2. Let H be a real Hilbert space, C be a nonempty closed conver subset
of H and A : C — H be a p-inverse-strongly monotone mapping. Let f : C — C
be a contraction with the coefficient o (0 < a < 1) and T1,Ts, - be a sequence of
nonezxpansive self-mappings on C. Let the sequence {x,} be generated by

21 €C, Zpy1=anf(@n)+ (1 —an)WaPo(I -\, A)x,, Yn>1,
where the mapping W, is deﬁned by (1.6), {an} is a sequence in (0,1) and {\,} is a

sequence in [0,2u]. If F = ﬂ F(T)NVI(C,A) £ 0 and {an} and {\,} are chosen

=1
such that

(C1) lim «, =0;
(C2) Z Oy = 00;
n=1

(o) o
(C3) Z [Ant1 — An] < 00 and Z lan+1 — an| < oo
n=1

=1
(C4) {)\ } Cla,b] for some a,b with 0 < a <b< 2u,

then the sequence {x,} converges strongly to x* € F, where x* = Ppf(x*), which
solves the following variation inequality:

(f(2*) —a2",p—2") <0, VpeF.
Remark 2.3. Theorem 2.2 mainly improves the corresponding results in Chen et al.
[8] which just involved a single nonexpansive mapping.
Further, if f(z) = x; for all z € C in Theorem 2.2, we have the following theorem.

Theorem 2.4. Let H be a real Hilbert space, C be a nonempty closed convex subset
of H and A : C — H be a pu-inverse-strongly monotone mapping. Let Ty, T5,--- be a
sequence of nonexpansive self-mappings on C. Let the sequence {x,} be generated by

1 €C, xpy1=apr1 + (1 —ay))WoPo(I — \yA)x,, Yn>1,
where the mapping W, is deﬁned by (1.6), {an} is a sequence in (0,1) and {\,} is a

sequence in [0,2u]. If F = m F(T,)NVI(C,A) #0 and {an} and {\,} are chosen

such that
(C1) lim «, =0;

n—oo
o0

(C2) Z QU = 00;
n=1

(C3) Z‘)\n+1_)\ | < o0 andZ|an+1—an\<00'
n=1

(C4) {)\ } Cla,b] for some a,b with 0 <a <b<2u,
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then the sequence {x,} converges strongly to x* € F.

Remark 2.5. Theorem 2.4 includes Theorem 3.1 of Tiduka and Takahashi [12] as a
special case.

If we take A = 0 in Theorem 2.4, then we have the following results.

Theorem 2.6. Let H be a real Hilbert space, C be a nonempty closed convez subset of
H. Let Ty, Ty, - be a sequence of nonexpansive self-mappings on C. Let the sequence
{zn} be generated by

1 €C, ZTpt1=apr1 + (1 —apn)Wha,, VYn>1,

where the mapping W,, is defined by (1.6), {a,} is a sequence in (0,1). If F =
ﬂ F(T;) # 0 and {a,} is chosen such that

(Cl) lim «, =0;

n—oo

(C2) Zan = oc;

(o)
(C3) Z |41 — | < 00,
n=1

then the sequence {x,} converges strongly to x* € F.

Remark 2.7. Theorem 2.6 mainly improves the results of Wittmann [30] from a
single mapping to a family of mappings.

3. APPLICATIONS

As some applications of our main results, we consider another class of important
nonlinear operator: strict pseudo-contractions.

Recall that a mapping S : C' — C is said to be a k-strict pseudo-contraction if
there exists a constant k € [0, 1) such that

1Sz = Syll* < lla = yll* + klI(I = S)a — (I = S)yl*, Va,yeC.

Note that the class of k-strict pseudo-contractions strictly includes the class of
nonexpansive mappings. Put A = I — S, where S : C — C is a k-strict pseudo-
k

contraction. Then A is 15%-inverse-strongly monotone (see [2, 6, 12]).

Theorem 3.1. Let H be a real Hilbert space, C be a nonempty closed convex subset
of H and S : C'— C be a k-strict pseudo-contraction. Let f : C — C' be a contraction
with the coefficient « (0 < o < 1) and T1,T3, -+ be a sequence of monexpansive
self-mappings on C. Let the sequence {x,} be generated by

21 €C, Tpt1=oanf(xn)+ (1 —an)Wa((l = Az + ApSzp), Vn>1,
where W, is defined by (1.6), {an} is a sequence in (0,1) and {\,} is a sequence in

[0,2(1 —k)]. If F = m F(T, S) # 0 and {a,} and {\,} are chosen such that
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(C1) lim «a, =0;

n—oo

(C2) i Oty = 00;
n=1

(C3) Z Ant1 — An] < 0o and z |41 — | < o0;
1 n=1

(C4) {in} C [a,b] for some a,b with 0 < a <b< 2(1—k),

then the sequence {x,} converges strongly to x* € F.

Proof. Put y=1, B=1Tand A=1—- 5. Then A is 1;k—inverse—strongly monotone.
We have

F(S)=VI(C,A), Pc(I — Az, = (1 = \p)zy + Ay Sz,

It is easy to conclude the desired conclusion from Theorem 2.1.
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