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1. INTRODUCTION

Let H be a real Hilbert space whose inner product and norm are denoted by
(,-) and || - ||, respectively. Let C' be a nonempty closed convex subset of H and
Q : H — 2™ be a multi-valued mapping. Let ¢ : C' — R be a real-valued function and
® : Hx CxC — R be an equilibrium-like function, that is, ®(w,u,v)+ ®(w,v,u) =0
for all (w,u,v) € H x C x C. The generalized equilibrium problem is to find u € C
and w € Qu such that

GEP : ®(w,u,v) + ¢(v) —p(u) >0, YveC. (1.1)

In case of (1.1), we will denote by u € GEP(C,Q, D, ¢).
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In particular, if ¢ = 0 and ®(w,u,v) = E(u,v) where E : C x C — R, then
problem (1.1) becomes the following equilibrium problem (for short, (EP)), which is
to find z* € C such that

EP: E(z*,v) >0, YveC.

It is well known that the equilibrium problems (EP) which were introduced by
Blum and Oettli [2] and Noor and Oettli [10] in 1994 have had a great impact and
influence in the development of several branches of pure and applied sciences. Hence
collectively, equilibrium problems cover a vast range of applications. Consequently,
since the problem (1.1) is a generalization of the equilibrium problems (EP), studying
the generalized equilibrium problem (GEP) is very useful.

Equally important to the equilibrium problems, we also have the problem of find-
ing the fixed points of the nonlinear mappings. It is natural to construct a unified
approach for these problems. In this direction, several authors have introduced some
iterative schemes for finding a common element of a set of the solutions of the equi-
librium problems and a set of the fixed points of nonlinear mappings, for examples,
see [12, 16, 17, 20] and the references therein.

On the other hand, the optimization problems are of very interesting and have been
studying by many authors. A kind of such problems is the following optimization
problem (for shot, OP):

- min® Lz — w2 =
OP.1;116182<A$7:5>+2||x ul|® = h(x), (1.2)

where C' = (2, Ci, when Cy,Cs, ... are infinitely many closed convex subsets on H
such that (2, C; # 0,u € H, u > 0 is a real number, A is a strongly positive bounded
linear operator on H and h is a potential function for vf (that is, h'(x) = v f(z) for all
x € H). For more detailed accounts on optimization problems and related problems,
we refer to [1, 5, 19, 20].

Inspired by the recent research work going on in this interesting field, we will
introduce a general iterative method for finding a solution of the problem (1.2) to
the set of common element of the set of solutions for the problem (1.1) and the set
of fixed points of an finite family of nonexpansive mappings. Under some suitable
conditions, strong convergence theorems are established in the framework of Hilbert
space. The results obtained in this paper can be viewed as an important extension of
the previously known results.

2. PRELIMINARIES
Now we give some the basic definitions.
Definition 2.1. A mapping T : C — C is said to be nonexpansive mapping if
[Tz —Ty|| < [lz —yl, Vz,yeC.

If T is a mapping, we denote the set of fixed points of T by F(T), that is, F'(T) =
{reC:Tx =2z}
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Definition 2.2. A mapping f : C — C is called contractive if there exists a constant
a € (0,1) such that

| fz— fyll < allz—y|, Vo,yeC.

Definition 2.3. A bounded linear operator A on a Hilbert space ‘H is said to be
strongly positive if there exists a constant 5 > 0 such that

(Az,z) > 7||z||* Va,y € H.
In order to proof our main result, we also need the following concepts.

2.1. W- mapping. Let 11,75, ... be infinite mappings of C into itself. In this paper,
we consider the mapping W,, defined by
Un,n+1 = [7
Un,n - An,Tn[]n,n-Q-l + (1 - )\n)[,
Un,nfl = AnflTnflUn,n + (1 - )\n71)17

Uni = MTkUn 1 + (1 — )1,
Unjo—1 = Ap—1Tk—1Un i + (1 — A1),

Un2 = XT2Uns + (1 — A2)I,
Wn — Un,1 — A17—11171'1,,2 + (1 - )\I)I, (21)

where A1, Ao, - - - be real numbers such that 0 < \; < 1 for every i €N. Note that, the
mapping W,, is a nonexpansive mapping provided 77, T5, ... are infinite family of non-
expansive mappings. Moreover, we have the following lemmas, which are important
tools for proving our main results.

Lemma 2.4. [14] Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let T1,Ts,--- be nonexpansive mappings of C' into itself such that
ﬂzozl F(T,) # 0 and A\, Aa,- -+ be real numbers such that 0 < A\, < b < 1 for any

n > 1. Then, for every x € C and k € N, the limit lim,_, U, rx ezists.
Using Lemma 2.4, one can define the mapping W of C' into itself as follows:

Wz = lim W,z = lim U, 2z, VzeC. (2.2)

n—oo

Such a mapping W is called the W-mapping generated by T1,T5,... and A1, g, .. ..

Based on Lemma 2.4, throughout this paper, we will assume that 0 < \,, < b < 1 for
each n > 1 for some b € R.

Lemma 2.5. [14] Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts,--- be non-expansive mappings of C' into itself such that
oo, F(T,) #0. Then F(W) =, F(T},).

n=1 n=1
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Lemma 2.6. ([6]) Let C be a nonempty closed convex subset of a Hilbert space H,
{T; : C — C} be a family of infinitely non-expansive mappings with (=, F(T;) # 0.
If K is any bounded subset of C, then

lim sup |Wz — W,z| = 0.

2.2. Auxiliary generalized equilibrium problem and the hybrid iterative
scheme. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
¢ : C — R be a real-valued function, @ : H — H a mapping and ® : H x C x C' — R
be an equilibrium-like function. Let r be a positive number. For a given point z € H,
we consider the problem of finding y € C' such that

B(Qr,2) + 9(2) ~ 9(y) + 1y~ 22— y) 20 V2 €C,

which is known as the auxiliary generalized equilibrium problem. Related to such a
problem, for each > 0, we consider a mapping S") : H — C which is defined by

1
x—{yeC:0(Qux,y,z)+¢(z) —py) + ;(y —z,z—y)y >0, Vz€C}. (2.3)
Now let 1,92 : C — R be real-valued functions, Q1,Q2 : H — H be nonlinear
mappings and @, Py : H x C x C — R be equilibrium-like functions. For each r > 0,
let SY) and Sér) be denoted for mappings defined as (2.3) generated by ®1,Q1,¢1
and @5, Q2, pa, respectively. We will assume the following condition:
Condition (A):
(a) Si(r) is a single-valued mapping, for each i = 1, 2;
(b) for each i = 1,2, the mapping Si(r) is firmly nonexpansive (that is, for any
wv € 1,187 (w) = 577 ()| < (57 () = S (v),u— 0));
(¢) F(Szm) =GEP(C,®;,Q;, i), for each i =1, 2.

Assuming that the Condition (A) is satisfied, we can introduce the following hybrid
algorithm:

Algorithm (I). Let u > 0,v > 0,7 > 0 be three constants. Let f be a contraction
of H into itself and let A be a strongly positive bounded linear operator on H. For
given u, xg € H, we define the sequence {x,} by

un = S{7 (@n), vn = 857 (x5

Tny1 = an(u+7f(@n)) + Bnn + (1 = Ba)] — an(l + pA)) Wayn,
where ¢ € (0,1) and {a, }, {8} are real sequences in [0, 1] and W, is the W-mapping

defined by (2.1). Of course, we will use the Algorithm (I) to obtain our main results
in this paper. To do this, we also need the following lemmas.

Lemma 2.7. [20] Let C' be a nonempty closed convex subset of a real Hilbert space
H. If x* is a solution to the optimization problem (1.2) then

(u+ (vf =+ pA))x",z—z") <0,
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forallz e C.
Lemma 2.8. [11] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {x,} C H with x, — x, the inequality
liminf ||z, — z| < liminf ||z, — y||,
n—oo n—oo
hold for any y € H such that y # x.

Lemma 2.9. [3] Let E be a uniformly convex Banach space, C be a nonempty closed
convex subset of E and S : C — C be a non-expansive mapping. Then I — S is
demi-closed at zero.

Lemma 2.10. [4] Let C be a closed convex subset of a strictly convex Banach space E.
Let {T,, : n € N} be a family of non-expansive mappings on C with (\,_, F(T,) # 0.
Let {\,} be a sequence of positive numbers with > >~ | A\, = 1. Then a mapping S on
C defined by

Sz = i AT x
n=1

for all z € C is well defined, non-expansive and F(S) = (o, F(T,).
Lemma 2.11. [15] Let {z,,} and {l,,} be bounded sequences in a Banach space E and
by, be a sequence in [0,1] with

0 < liminf b,, < limsup b, < 1.

n—o00 N—00

Suppose that xp11 = (1 — byl + bpxy, for alln > 1 and

limsup ([ln+1 = lnll = [[#n+1 — z4al]) < 0.
n—oo

Then limy, 00 ||ln, — 2n|| = 0.
Lemma 2.12. [18] Assume that {6,} is a sequence of nonnegative real numbers such
that
Ont1 < (1—an)bp +6,, Yn>1,
where {a,} is a sequence in (0,1) and {0,} is a sequence such that
(i) >opzy an = oo;

(i) limsups <0 or 3207, [0, < co.

n—oo
Then lim,, o 6,, = 0.
3. MAIN RESULTS
Now we are in position to prove our main results.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let f be a contraction of H into itself with coefficient o € (0,1) and let A be a strongly
positive bounded linear operator on H with coefficient ¥ > 0. Let T1,Ts,... be an
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infinite family of nonexpansive mappings of C' into itself. Let p1,ps : C — R be real-
valued functions, Q1, Q2 : H — H be nonlinear mappings and ®1, Py : HxC xC — R
be equilibrium-like functions. Assume that the Condition (A) is satisfied and

2
I
3

(F(T;) NGEP(C,®1,Q1,91) NGEP(C, ®2,Q2,2)) # 0.

=1

Let u € H be fized, and {x,} be a sequence generated by Algorithm(I). If the following
control conditions are satisfied:

(i) 0 <y <(1+p7/o;
(ii) lim, oo, =0 and Yo oy = 00;
(iii) 0 < liminf,_ . 3, < limsup,,_, ., On <1,

Then the sequence {x,} converges strongly to x* € Q which solve the optimization
problem (1.2).

Proof. Step 1. We show that {z,} is a bounded sequence.
Let p € Q. We see that

lyn = pll = 1un + (1 = 8o = p|
= 3l1S1 @0 = S{7pl| + (1 = 6)IISy" wn — S57p|
< bllan = pll + (1 = 8|z = pll = l&n —pl-
(3.1)

On the other hand, since A is a linear bounded self-adjoint operator on H, then
I A]l = sup {|(Au, u)| s u € H,[Ju]| = 1}

Now, without loss of generality we may assume that a, < (1 — 3,)(1 + pl|Al)~L.
Observe that

(1= B)] — (T + gAYy u) = 1 — o — o — npe{Au, )
> 1= fn —an — anpl|A
> 0.

This means, (1 — 8,)I — a, (I + pA) is positive. It follows that
(1= Bn)I — an(I + pA)|| = sup{(((1 = Bn)I — an(I + pA))u,u) : v € H, |ul =1}

=sup{l — Bn — an — anp{Au,u) :u € H, |lul| = 1}
<1 —fn —an — .
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Set A = (I + pA). Thus, by (3.1), we have

lZnt+1 — pll

= llan(u+7f(@n)) + Batn + [(1 = Ba)T — an A]Wayn —p||

= [lant + an(vf(n) — Ap) + Bu(zn — p) + [(1 — Bu)I — an Al (Wayn — p)||

< (1= Bn — an — ant@)|lyn = pll + Ballzn — pll + anllull + anllvf(zn) — Ap|
< (1= an — ani@)|[@n = pll + anllull + any[| f(@n) = FP)I| + anllvf(p) — Apl|
< (1= an — ang@)|[@n = pll + anllull + anyalzn — pll + anllvf(p) — Ap]|

Iv£(p) — Ap| + |ul
(I+py—va 3.2)

= [1 = (1 + p)7 = ya)an]llzn —pll + (1 + p)7 — ya)an

It follows from (3.2) and induction that

@) = Apll + |, -
(- [7 50

len —pll < mM{Iﬂﬂo -l

Therefore, {z,} is bounded and {y,},{Wnxn}, {Whyn} and {f(z,)} are also
bounded.

Step 2. We show that ||z,+1 — 2, || — 0.
Define a sequence {z,} in H by z, = % for all n > 0. Observe that, from
the definition of z,, we have

Tn42 — /Bn+1xn+1 Tn+1 — ﬁnl'n

T 1- ﬁn-&-l 1- Bn
an-l-l(u + Vf(l'n-i-l)) + ((1 - 6n+1)l - O‘n-‘rl‘z{)Wn-&-lyn-&-l
1 - 5n+1
_an(uyf(@n) + (L= Ba)I — an )Wy,
1- 571

(w7 f o) = 7= ()

_ Oyt
1- ﬂn-‘rl

Qp41
+ Wn+1yn+1 - Wnyn + ot

B 1 _5n+1

o, ~ oy
= 2 [u+vf(Tny1) — AWny1ynsa] + [AWoyn —u — v f(zn)]
1-— ﬁn+1 1- ﬁn

+ Wai1¥nt1 — Wariyn + Wat1¥n — Wiin.

AW, i1Ynt1
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It follows that

[Zn+1 = znll = [|Zn+1 — zn|
Qn ~
< ——(Jlull + I f @nr )l + | AWns1yn+1])
1 - 6n+1
o ~
+ 1 g, Il + 1AWyl + 1y f (@) + [Wat1ynss = Wasayn|

+ Want1yn = Waynll = l2n1 — 2|l

Qp ~
——(l[ull + 17 @nt )l + | AWn-s19m-411])

It 7Bn+1

+ o
-5,

+ Hyn+l - ynH - ||xn+l - mn” (33)

(lull + AWyl + 117 f @a) 1) + [Wat1yn = Wayal

From (2.1), since W,,, T,, and U, ; are all nonexpansive mappings, we have
HWn+1yn - Wnyn” = ||)\1T1Un+1,2yn - )\lTlUn,2ynH
< )\1‘|Un+1,2yn - n,2ynH
= M| A2T2Un+1,3Yyn — A2T2Un 3yn ||
< M|\ Un+1,3Yn — Un,synl|

S .
<AtAg - >\nHUn+l,n+lyn - Un,n+1yn||
<MJ[x, (3.4)
=1
where M = sup, {|Un+1,n+1Yn — Unnt1ynl|}. Meanwhile, by the nonexpansiveness

of 5" and S{”, we get
[yns1 = ynll = 10tnt1 + (1 = 8)vnts — [dun + (1 — S)v,|
< Olluntr — tnll + (1= 8)[[vnt1 — vnll
=018 w1 — S wn | + (1= 8|Sz g1 — S|
< 8ll@nt1 — all + (1= 8)||zns1 — x|
= [|#nt1 — @nl, (3.5)

Substituting (3.4) and (3.5) into (3.3), we obtain

[0 7% ~.
i1 = znll = enss = all € T2l + S @)l + 1AW 13 1)
(7% ~. L
t1 5 ([l + 1AW ayn | + Iy f @a)ll) + M T A,
" i=1
which implies that limsup,,_, . (||zn+1 — 2n|| — |Zn+1 — 2n||) < 0. Hence, by Lemma
2.11, we have lim,,_, ||2n — Z»|| = 0. Consequently, it follows that
lim ||2p11 — 2] = lim (1 — Bn)||zn — 2a|| = 0. (3.6)
n—oo n—oo

Step 3. We show ||[Wy,, — yn|| — 0 as n — oc.
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Note that, from (2.4), we have

H-’En - WnynH SHwn - xn+ll| + H-Tn+1 - Wnyn”
<|zn — w1 ]| + anllu +7f (@0) = AWagnll + Ballwn — Waynl,

that is,

e — Wl < e = @il + 725t A ) = AWl (37)

1
S —
It follows from the conditions (ii), (iii) and (3.6) that

lim ||z, — Waynl = 0. (3.8)

Since SY) and S’ér) are firmly nonexpansive mappings, we have

lyn = plI* = |tn + (1 = 6)vn —p]”
= 0)1S{ 2 — STpI* + (1 - )85 2n — S57p)?
<680 — S p,an — p) + (1= 6)(S5 2 — Sp, 0 — )
< O(un — T —p) 4+ (1 = 0){vn — p, xn — D)
= (Yn — D, Tn — D)

1
5 Ulyn =PI + lwn = pI* = llzn — ynl),

A

|2. Therefore, we have

that is, [[yn — pll* < llzn = pI? = lzn — yn

llznt1 *PHQ

=llom(u+7f(2n) = Ap) + Bul(@n — Wayn) + (I — anA)(Wayn — p)|?

< = anA)(Wayn = p) + Ba(@n = Wayn)lI® + 200 (u+ vf(n) = Ap, Tni1 — p)

<[ = anA)(Wyn = p)|| + Bullzn = Wayall]* + 2anllu + 7 (@n) — Apl|[|&ns1 — pl|

<[(1 = an = ant@)lyn = pll + Ballzn = Wayall] + 2017 f (@n) — Apll| 2041 — p|

=(1 = an — anp@)?|lyn — ol + Ballzn — Wayal®
+2(1 — an — ) Ballyn — pllllTn — Waynll + 2an|lu + 7 (@n) — Apl|[&n+1 — pll

<1 = an = an@)* {zn = plI* = &0 = yall*} + 201 — @ — anp?)Ballyn — plllT0 = Wayn|
+ 20|+ 7 f (@n) — Aplll|znss — pll + Ballwn — Waynll”

=(1 = 2an(1+ )7 + an(l + 1)*3)[Jzn — pl|* = (1 = an(l + w)7)* @0 — yal*
+ Billzn — Wayn | +2(1 — an — an @) Ballyn — plllen — Waya|l
+ 200|u+ 7 f (2n) — Ap|l[|zn+1 — p|

lwn = plI* + an(X + )°F len — plI* + Ballzn — Wayal® = (1 = an — anpy)? 20 — yal?
+2(1 = an = @) Ballyn = plllzn — Waynl| + 20l + v f(@n) = Ap|l[|lznss — pll- (3.9)



246 YEOL JE CHO AND NARIN PETROT

This implies that
(1 = an — anp?)?|lzn — yal*
<l = plI* = [2ns1 = pl|* + an(1 + 0)*7* |20 — p|I* + Ballzn — Waynl|®
+ 200 |[u+vf (x0) — Ap||[€ns1 — pl|
+2(1 — an — anp¥)Ballyn — plll|zn — Waynl|
<(l2n = pll + lzn+1 = pID|Tns1 = 2ol + @ (1 + 1)*7 |20 — pl®
+ Ballzn = Wayall* +2(1 — an — angi?)Ballyn = pllllzn = Wazall
+ 2an[lw+ vf(2n) — Apl|[€nts — pl. (3.10)
Therefore, it follows from (3.8), (3.9) and (3.10) that
Jim_ [z, — ynl| = 0. (3.11)
Since, [|Wayn — Ynll < [[Wayn — xn|| + |2n — ynl|, it follows that
Jim [[Wayn —yall = 0. (3.12)

Now, [Wyn — ynll < |Wyn — Woynll + |Wayn — yn||. This together with Lemma 2.6,
we obtain

Step 4. We show limsup((v + vf — [I + pA]z*, z, — z*) < 0, where 2* € Q is a

solution of the optimization problem (1.2).
Since {y,} is a bounded sequence, we can find a subsequence {y,,} of {y,} and
q € H such that y,, — ¢ weakly, and

Hm ((u+f = [+ pAle™, yn, —2%) = limsup((u+f — [I + pAlz™, y, —2*). (3.14)
j—oo

n—oo

Moreover, since {x,} is a bounded sequence and lim, o ||Zn — yn|| = 0, we see that
the corresponding subsequence {z,,,} of {z,} also converges weakly to ¢ € H.
Now, let us define a mapping D : H — H by

Dz =65"z+(1-6)8"2, VoeH.
From Lemma 2.10, we know that D is a nonexpansive mapping with
F(D) = F(5{") N F(55).
Observe that,
Jlingo |2n, — Dy, || = 0. (3.15)
Indeed, it is easy to see that [|y,, — Dz, | = 0 for all j € N and it follows that
[€n; = Dan; | < #n; = yn; | + 1yn; = D | = 120, = yn,

and, by (3.11), we obtain (3.15). Consequently, thanks to Lemma 2.9, we have ¢q €
F(D).
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Next, we show that ¢ € F(W) = (2, F(T;). Assume that ¢ ¢ F(W). From
Opial’s condition (Lemma 2.8), we have

lim inf {lyn, —gf| < liminf{ly,, — W]l
< iminf([lyn; — Wy, || + [1Wyn, — Wall)
< iminf(llyn; — Wyn, | + llyn, — all). (3.16)

Thus, it follows from (3.13) that liminf; o ||yn, — ¢l < liminf; . ||yn; — ¢||, which
is a contradiction, and so ¢ € F(W) = (=, F(T;). Hence, ¢ € Q. Consequently, by
Lemma 2.7 and (3.14), we have

limsup((u + [vf — (I + pA)a", 2 — ) = limsup((u + [vf — (I + pA)Ja", y — 2°)

= lim ((u+[vf = (I + pA)e”, yn; —27)
=(ut+bf - +pA)z"q-a")
<o. (3.17)

Step 5. We prove {x,} converges strongly to z* € €, where x* is a solution of the
optimization problem (1.2).
Consider,

nss — 21 =llan(u+7F(2n) — A2) + Bulrn — )+ (1 )] — an D) (W — 27
<|Bn(@n — 27) + (1 = Ba) I — an A)(Wayn — 27)||?
+ 2an{(u+vf(zn) — gx*,xn+1 —z")
<[ = Ba)] = an &) (Wayn — )| + [|Ba(an — 2]
+ 20y (f(zn) — f(27), Tnt1 — 27)
+ 200 (u+vf (") — Az™, zni1 — ")
<[ = Bn = an (L + D)y — 27| + Ballzn — 277
+ 2omyallen — @7||[|ensr — 27
+ 200 (u+ v f (") — Az™, zni1 —a")
<A = an(L+ ) llen — 27|° + anye{llzn — 2| + [lznss — 27|*}
+ 200 (u 4 yf () — A", 2pir — ),
this means,

1 —2an(1+ )7 + an (1 +p)°7" + anya
1 —apya

Jonss —a*|” < 2

[E

2 n * T o* *
ﬁ(u‘*"ﬁ(?@ ) — A" Tngr —27)
2((1 - 1 )2
=|1= (( _'1_5)2; "YO()Oén ”xn _1,*”2 + (( 1—t:u’)a'fl'7) ”-Tn _:C*H2
nYQ apyQ
20

Toaqautf@)- Az" w1 — ")
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(@ +p)7y —ya)an
1 —anyo

< {1 _ 20+ )y —ya)an
- 1 —anya
{ an (1 + p)7*M
201+ p)y —va) 1+ )y —a
=(1 = kn)len — 2> + Knon,

2
lzn — 2*[* +

(w+ 1 f (@) — Aa” wnsr x*>}

where
2((1 ~ — N
R=sup{lle '[P in =1}, = ULEHT 00N,
1— anya
an (14 p)7°R 1 o *
o, = L+ TR (u+ 7 f (&) = Az*, zppr — ).

2+ p)y—va)  A+p)y—a
It is easy to see that Zzo:l kn = 00 and limsup,,_, . 0, < 0. Hence, by Lemma 2.12,
we conclude that the sequence {z,} converges strongly to *. This completes the
proof. O

On the other hand, as an applications of our main results, we consider the following
convex feasibility problem (CFP):
N
find a point x € ﬂ Ci,
i=1
where N > 1 is an integer and each C; is assumed to be the set of solutions of the
generalized equilibrium problem with the bi-function ®; for i = 1,2,..., N. There is
a considerable investigation on C'F'P in the setting of Hilbert spaces which captures
applications in various disciplines such as image restoration ([7, 9]), computer tomog-
raphy ([13]) and radiation therapy treatment planning ([8]). In fact, using technique
as in Theorem 3.1, we can obtain the following result.

Theorem 3.2. Let C' be a nonempty closed and convex subset of a Hilbert space 'H.
Let f : C — C be a contraction with the coefficient o € (0,1). Let ¢; : C — R be
real-valued function, Q; : C' — H be nonlinear mapping and ®; : H x C' x C — R be
an equilibrium-like function for each i =1,2,... N. Assume that the Condition (A)
is satisfied and

N
Q=) GEP(C,®;,Q;, ¢:) # 0.
i=1
Let {x,,} be a sequence generated by the following algorithm:
(2, € C,
1(QTn, Un1), 2) + ©(2) = P(U(n,1) + 7 (Un,1) = Tn, 2 = Un,1))

% Vz e C,
D2(QTn, U(n,2), 2) + ©(2) — P(U(n,2)) + L (U(n,2) — Tny 2 — Un,2))

>0,

>0, Vzel,

(bN(Qx’fhu(n,N): Z) + SO(Z) - (p(u(n,N)) + %(u(n,N) — Tn, 2 — u(n,N)> 2 07 Vz € C7
N

Yn = Zi:l 6iu(n,i)7

Tn+1 — anf(wn) + ﬂnmn + (]- - /877, - an)y'ru vn Z 17
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where r > 0 be fized and §; € (0,1) for each i = 1,2,...,N such that Ziv=1 0; = 1.
If {an}, {Bn} are sequences in (0,1) satisfying the following control conditions:

(i) limy oo =0 and Y00 | ay, = 00;
(ii) 0 < liminf, o By < limsup,,_,. On < 1.

Then the sequence {x,} converge strongly to x* € Q.
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