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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -} and norm || - ||, and let C be
a nonempty subset of H. A mapping T : C' — H is L-Lipschitz continuous (L > 0)
if [Tz — Tyl < L||z — y||, for all x,y € C. We denote by I the identity mapping
of H. Recently, Sahu, Xu and Yao [16] introduced the class of asymptotically strict
pseudo-contractions in the intermediate sense which are not necessarily Lipschitzian.
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Definition 1.1. A mapping S : C — H is an asymptotically k-strict pseudo-
contraction in the intermediate sense with sequence {v,} if there exist a constant
k €10,1) and a sequence {v,} C [0,00) with lim ~, =0 such that

n—oo

limsup sup [||S"z—S"y|* —(L+n)|lz—y[|* —&[ (1 = S™)a— (I -S")y|*] < 0. (1.1)

n—oo x,ycC
Throughout the paper we assume that

Cp := max{0, SHGPC[IIS"JS = S"y? = A+ )z = yl? = wll(1 = 8™z — (I = S)ylI’]}-
z,y

Then ¢, > 0, for all n € N, lim ¢, =0 and (1.1) reduces to the relation

18"z — S™ylI* < (L +yu)lle = yll* + sll(1 = ") = (T = Syl +cn,  (1.2)

for all n € N and z,y € C. In particular, when ¢, = 0 (1.2), S is an asymptotically
k-strict pseudo-contraction with sequence {7,} introduced by Kim and Xu [8].

The variational inequality problem for a mapping A : C — H due to Stampacchia
[18] is to find an element T € C such that (AZ,y — Z) > 0, for all y € C. The
set of solutions of this variational inequality problem is denoted by Q(A,C). The
purpose of this paper is to establish an iterative method to approximate an element
of F(S)NQ(A,C), where F(S) = {z € C: Sz = =} denotes the set of fixed points of
a self-mapping S of C.

A mapping A is a-inverse-strongly monotone [10] if there exists a positive constant
a such that

(Ax — Ay, x — ) > oAz — Ay|?, for all ,y € C.

Iiduka and Takahashi [6] constructed the following iterative scheme to generate a
sequence converging strongly to an element of F(S) N Q(A,C), where S is a nonex-
pansive mapping and A is an inverse-strongly monotone mapping: given an arbitrary
Xo € C,

Tpt1 = anZo + (1 — apn)SPo(x, — A\yAxy,).

Zeng and Yao [22] proposed a new iterative method for a nonexpansive mapping S and
a monotone and Lipschitz continuous mapping A and obtained a weak convergence
theorem: given an arbitrary g € C,

Yn = PC(xn - )\nAxn)a
Tpt1 = anTo + (1 — an)SPo(xn — AnAyy).

In this paper, based on the extragradient method [9] and the modified Mann iteration
[7, 8, 11, 12, 17], a new hybrid extragradient method for an asymptotically strict
pseudo-contraction in the intermediate sense S : C' — C and an inverse-strongly
monotone mapping A : C — H in a Hilbert space is defined as follows: given a fixed
g € C and an arbitrary z; € C,

Yn = PC’(-rn - )\nAxn)7

tn = UnTo + (1 - ,Un)PC(yn - )‘ﬂAy’ﬂ)v
Tnt+1 = (1 — Qp — ﬂn)mn + antp + BnS" .



A HYBRID EXTRAGRADIENT METHOD 191

Using this iteration, we obtain strong convergence of the sequence {x,} with limit
Pr(s)na(a,0)To; see Section 3. Further, as an application, we study some special cases
of this theorem in Section 4. Those results also extend some recent results; see, e.g.,
[2, 3, 5, 6, 22].

2. PRELIMINARIES

We denote by — and — weak convergence and strong convergence, respectively.
Let C' be a nonempty subset of a real Hilbert space H. A mapping A : C — H is
monotone if (Ax — Ay,x —y) > 0, for all ,y € C. An a-inverse-strongly monotone
mapping is monotone and (1/a)-Lipschitz continuous.

A mapping S : C — C is called a k-strict pseudo-contraction, introduced by
Browder and Petryshyn [1], if there exists a constant x € [0,1) such that

Sz — Sy||? < ||z —yl|* + &||(I — )z — (I — S)y)||?, for all z,y € C.

A 0-strict pseudo-contraction is nonexpansive and an asymptotically O-strict pseudo-
contraction is asymptotically nonexpansive [4]. A mapping T : C — C' is uniformly
L-Lipschitzian (L > 0) if |T"x — T™y|| < L|jx — y||, for all n € N and for all z,y € C.
It is noticeable that every asymptotically k-strict pseudo-contraction with sequence

ft/14+(1—K)Vn
T'Y in > 1}, see [8].

{¥»n} is uniformly L-Lipschitzian with L = sup {

A multi-valued mapping T : H — 2 is monotone if for all z,y € H, f € Tz and
g € Ty imply (z —y,f —g) > 0. A monotone mapping T : H — 2 is maximal
if its graph G(T') is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7" is maximal if and only if whenever
(x,f) €e Hx H, (x —y,f —g) > 0, for all (y,9) € G(T), implies f € Tx. Let
A : C — H be a monotone and Lipschitz continuous mapping and let Nov be the
normal cone to C' at v € C, i.e., Nov = {w € H : (v —u,w) > 0, for all u € C}.
Define

0, ifvegC.
Then T is maximal monotone, and 0 € T'v if and only if v € Q(A4, C); see [14].
Suppose that C' is a nonempty closed convex subset of a real Hilbert space H,
Then for every point x € H there exists a unique nearest point in C, denoted by
Pox, such that ||z — Poz|| < |z — yl|, for all y € C. The mapping P¢ is called the
metric projection of H onto C'. We recall some properties of the metric projection in
a Hilbert space.

T’U:{ Av+ New, ifveC,

Lemma 2.1. Let C be a nonempty closed convexr subset of a real Hilbert space H.
(i) [Pox — Pyl < (Pox — Py, —y), for all .y € H.
(ii) (x — Pex,Pcx —y) >0, forallze H, yeC.
(iil) (see [19]) Given x € H andy € C, then y = Pex if and only if

(x —y,y—2) >0, forallzeC.

Notice that, if A: C — H is a monotone mapping, it follows from Lemma 2.1(ii)
that
ueQA,C) <= u=Pc(I—-NA)u, foral X>0.
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We will need the following lemmas to prove our main results.
Lemma 2.2. [13] Let X be an inner product space. For all z,y,z € X and all
a, B, €[0,1] with a + B+ v =1, we have
laz + By +vz|1* = allz|® + Bllyll* +~ll=]* — aBlle —ylI* — arlle —2|* = Bylly — 2||*.
Lemma 2.3. [20, Lemma 2.5] Let {s,} be a nonnegative sequence such that
Snt1 < (1 — an)sn + anfn + vn, foralln>1,

where {a,}, {Bn} and {yn} satisfy the following conditions:

(i) {an} C0,1], i oy, = 00, or equivalently, ]O_O[ (1—ay)=0;

(ii) limsup G, < 07:1 .

n—oo
(o)
(iii) v, >0 and > yp < 0.
n=1
Then lim s, = 0.
n—oo
Lemma 2.4. [16, Lemma 2.6] Let C be a nonempty subset of a Hilbert space and let
S : C' — C be an asymptotically k-strict pseudo-contraction in the intermediate sense
with sequence {v,}. Then, for all x,y € C and n > 1, we have that

15" = 57yl < —— [slle =yl + VI + (= 0)wlle— g2+ (1 = Ken]

11—k

Lemma 2.5. [16, Lemma 2.7] Let C' be a nonempty subset of a Hilbert space and let
S : C — C be a uniformly continuous and asymptotically strict pseudo-contraction in

the intermediate sense. Let {x,} be a sequence in C such that lim ||z, — Zp41] =0
n—oo
and lim ||z, — S™z,|| =0. Then lim |, — Sx,|| = 0.
n—oo n—oo

Lemma 2.6. (Demiclosedness principle [16, Proposition 3.1]) Let C' be a nonempty
closed conver subset of a Hilbert space and let S : C — C be a continuous and
asymptotically strict pseudo-contraction in the intermediate sense. Then I — S is
demiclosed at zero in the sense that if {x,} is a sequence in C such that x,, =~ x € C
and limsup lim sup ||z, — S™zy,| = 0, then (I — S)z = 0.
m— 00 n—oo

Lemma 2.7. [16, Proposition 3.2]) Let C' be a nonempty closed convexr subset of a
Hilbert space and let S : C — C be a continuous and asymptotically strict pseudo-
contraction in the intermediate sense. Then F(S) is closed and convez.

3. STRONG CONVERGENCE THEOREM

In this section we shall present a strong convergence theorem for a new hybrid
iterative method to find a common element of the fixed point set of an asymptoti-
cally strict pseudo-contraction in the intermediate sense and the solution set of the
variational inequality for an inverse-strongly monotone mapping.
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Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H,
A : C — H a p-inverse-strongly monotone mapping, and S : C — C a uniformly
continuous and asymptotically k-strict pseudo- contmction i the intermediate sense

with sequence {y,} such that F(S)NQ(A,C) # 0 and Z Yn < 00. Let {xn}, {yn}

and {t,} be the sequences generated by: given a fixed x 6 C and an arbitrary x1 € C,

Yn = PC(-Tn - AnAIn)7
tn = pnTo + (1 - :un)PC(yn - )‘TLAyTL)7 (31)
Tnit1 = (1 — Qp — ﬂn)xn + anty, + 5nsntna

where {A\,} C [0,00) and {pn}, {an}, {Bn} C [0,1] are such that o, + B, < 1.
Suppose that the following conditions hold:
(i) { \n} C [a,b], for some a,b € (0,2p);

(i) hm tn =0, z_:lun—oo

(iii) {an} C [k +€1], {Bn} C[6,1], for some €,6 € (0,1), > Bnen < 00;
n=1

) ) [eS) 00 o) - 00
(iv) the series 3 [Any1 = Anl, 22 |pnt1 = pinls 22 lomgs — o] and 32 |Bns1 — Bl
n=1 n=1 n=1

n=1

are convergent;
(v) lim sup Sy — S"ul| = 0, for every bounded subset D of C.

7’L—>OO

Then {xn} {yn} and {t,} converge strongly to the point Pp(synaa,c)Zo-

Proof. For x,y € C, since \,, < 2p, we have

(I = XpA)z — (I = X A)yl?
= ||z — y[|* = 2Xn (2 — y, Az — Ay) + A2|| Az — Ay|?
<z =yl* + A (A — 2p)[|[ Az — Ay|* < [l — y? (3.2)

which shows that I — A, A is nonexpansive. Note that the set F/(S)NQ(A, C) is closed
and convex by Lemma 2.7 and [21, Lemma 3.1]. The proof is divided into five steps.

Step 1. We will prove that {z,} is bounded. Let p € F(S)NQ(A4,C) and z, =
Pc(yn—AnAyn). Then p = Po(p—AnAp), (Ap, yn—p) > 0 and (Ay,,— Ap, y, —p) > 0,
for all n. We have

1Y — pII” = | Po(@n — AnAzy) — Po(p — A Ap)|| < ||z — pll,
120 = PII* = [|Pc(yn — AnAyn) — Pc(p — AaAp)|| < Iy — pll < llzn — pll,
[tn = pII” < pnllzo — plI* + (1 = pn)l|zn — plI* < max{[|zo — p?, [lzn — pII*}. (3.3)
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Recall that k < a,,. By Lemma 2.2, we obtain from (1.2), (3.1) and (3.3) that
241 = pl1? < (1= an = Bo)llzn = plI* + anllta —plI* + Bl St — pl|?
— B [tn — S"tn|®
< (1= an = Ba)llzn = pII* + (@n + Ba + ) lltn —
+ Bu(k — an)ltn — S"t||* + Bacn
< (1= = Bu)llzn = plI* + (an + Bn + ) lltn — plI* + Bncn
< (1+7) [max {|lzo — plf?, s — plI*} + Buca] - (3.4)
Next we shall prove by induction that for all n > 1,

s —pl* < | TT+7) [maX{xo—p||27||$1—p||2}+2ﬁicz' - (35)

J=1 i=1
Indeed, if n =1, (3.4) yields (3.5). Suppose that (3.5) holds for some integer n > 1.
Then by (3.4) and the induction hypothesis,
|zns2 = plI* < (14 ns1) [max{flzo = pl*, lzns1 = pl*} + Basicnsa]

n

<A+ 9 [JTO+7) lmax{ﬂxo —pl? 1 —plI?}

j=1

n
+3_Bici| + Bryrcni }
i=1
n+1 n+1
< Hu+w>PmMMMMmm%+2pm}
Jj=1 i=1

Hence (3.5) holds for for n + 1.
Using the inequality 1+t < e?, for t > 0, we derive from (3.5) that

> g
41 = pl* < €= lmax{lxo =l o = plI?} + Zﬂici]
i=1

> >
éw1[MﬂMrmﬂm—mﬂ+Zﬁ4,neN
i=1
Since Y v, < oo and Y fpe, < 00, {2, } is bounded, and so are {y,}, {zn} and {t,}.
Step 2. We will prove that

lim ||2,4+1 — 2] = 0. (3.6)

n—oo

Since {x,} and {y,} are bounded and A is Lipschitz continuous, {Axz,} and {Ay,}
are bounded. Lemma 2.4 states that

1
18"t ]l < 5

— [Alltw = pll+ VA @ = )3l — PP+ (= R)ea
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and thus {S™t,} is also bounded. Therefore there exists a positive number M such
that {||znll}s {lltnll}; {|Aznl}, {I|Ayn}, and {||S™t.||} are all bounded by M. Since
Pc and I — A\,11A are nonexpansive, it follows that
[Ynt1 = ynll < [Pl = Anp1A)2ngr — Po(l = Anyr A)zn |
+ [|[Pc(I — Apy1A)xy, — Po(I — A\ A)z,||
< N @nt1 = 2ol + [Ang1 — Anl[| Az |
<lzng1 — @l + M|Ans1 — An|
and similarly,
241 — 2nll = [[Pe(I = Ant1A)Ynt1 — Po(I — AnA)ynl|
< Nynt1 = ynll + Pnsr = Al Ayn |
< #ng1 = 2ol + 2M[Apg1 — Anl.

Hence

[tn+1 = tall = [[tnt120 + (1 = pnt1)2nt1 — finZo — (1 — pn) 2|
< 1 — pnll|2oll + (1 = prng1) 241 — 2nll + (a1 — pnlll2nl
< [lznt1 = znll + [tn+1 = pn (ol + [|2n])
< [lznt1 = @nll + KlAnsr = An| + Klpingr — pinl, (3.7)
where K = 2M + ||zg|. From (3.7) and
Tnt1 = (1 — an — Bn)Tn + antn + BrS"tn,
Tp = (1= ap-1— Bn-1)Tn-1+ an-1tn_1+ Bn-18"tn—1,
we compute
[
< (L—an = Bp)llzn — zn-1ll + (lan — an—1| + [Bn — Ba-1]) |zn—1|l
+ anlltn — tn—1ll + |an — an—1|[[tn—1]
+ Bl 8™t — 8™ | 4 180 — Bua 1S |
< (L= B)llzn — zn-1ll + (low — an-1] + [Bn = Bu—1])|[zn-1|
+ Kan| Ay — A1 + Ka|pn — pin—1| + |an — ap_1||[tn—1]]
+ Bl 8™t — 8" | 4 180 — Bua 1S n |
< (1= B)ln — |+ Bl — S" ]|+ K Ay — g
+ K p — pn—1| + 2K |an — an—1| + 2K|8, — Bn—1]-

Lemma 2.3 asserts from Conditions (iii)-(v) that lim ||zp+1 — 2| = 0, and therefore
by (3.7),
lim ||tp4+1 —ta|| = 0. (3.8)

Step 3. Observe that lim,, o ||Sz, — 24| = 0.
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To see this, we need to prove that lim ||z, —S™z,| = 0. Indeed, it follows from
(3.3) that o
(en + Bu)lltn = plI* < nllzo = plI* + (an + Ba)llzn — pl1*.
Since By (ay — k) > €, the inequality (3.4) yields
€b|[ty — S™tn ||
< (1= o = Ba)llwn = plI* = llwnsr = plI* + (0 + B + ) ltn = pI* + Buca
<llwn = plI* = lznss = pl* + mnllzo — plI* + valltn = pII* + Bucn
< (lzn = pll + llznsr = pID(J2n = 2l = l@ns1 = pl) + pnllzo — plI?
+Ynlltn = plI* + Bacn
< (lon = pll + lonts = p)llnsr = @nll + snllzo = pI* + nlltn = pI* + Bacn.
Therefore (3.6) implies that
lim ||t, — S™t,|| = 0. (3.9)
n—oc0

From the definition of z,11, we have

(an + Bo)ltn — zall = [[(Tng1 — o) — Ba(S"tn — ta)|

Since a,, + B, > €+ 6, it follows from (3.6) and (3.9) that

nlirgo It — xn|| = 0. (3.10)
By Lemma 2.4,
1St — S™ 2yl
< T Klltn — ol + VI + (1 = 6)vn)ltn — 0|2 + (1 — n)cn} — 0, asn— oo,

which, together with (3.9) and (3.10), implies that
|xn = S™ x|l < ||2n — tall + [t — S™tn]| + 19" tn — S"xn|] — 0, asn — oo.

Using (3.6) and Lemma 2.5, we obtain lim |z, — Sz,| = 0.
Step 4. We shall prove that lim ||, —y,| = 0. According to (3.2) and (3.3), we

have
[t — plI* < pnllzo = plI* + (1 = pn)llzn — pII
< pinllzo = plI* + (1 = pn) |1 Pe(yn — AnAyn) — Po(p — AnAp)|?
< pnllzo = plI* + (1 = o) [llyn — pI* + Xn(An — 29) | Ay, — Ap||*]
< pinllzo = plI* + llyn — plI* + a(b — 2p)(1 = ) [| Ay — Ap||?
< pinllzo = plI* + llwn — plI? + a(b = 20)(1 — ) || Ay, — Apl|®.
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Combining this inequality with (3.4) yields
|zns1 = plI* < L+ )llzn = plI* + pnlan + B + ya) 2o — pl?
+a(b —2p)(1 = p)(an + B + ) | Ay — Apl|® + Brcn
which asserts that
a(2p = b)(1 = pin) (e + B + )| Ayn — Ap||®
< @ +)llzn = plI? = Nznsr = pl* + pulan + Ba + )20 = plI* + Bucn
< Yallzn = plI° + (lzn = pll + 2041 = pID (20 = znrall)
+ tn(@n + B+ 70) |20 — pl* + Bucn.
Since p, — 0, ap, + B > €+ 6 and a,b € (0,2p), we obtain from (3.6) that
nlingo Ay, — Apl|| = 0. (3.11)
Now, apply Lemma 2.1(i) to get
20 = plI> = | Pe(yn — AnAyn) — Po(p — AaAp) |
< ((Yn = AnAyn) = (p = Andp), zn — p)
= 2 (1 = MdAya) = (0= AnAD) [P + 120 —
~1(yn = AnAyn) = (0 = X Ap) = (20 = »)|?]

1

= § [”yn _p||2 + Hzn _pH2 - Hyn - Zn||2 + 2)\n<yn — Zn, Ayn — Ap>
A2l Ay — Ap|?]

which shows that

N

Iz = pI* < llyn = 2l = lYn = 2all* + 22 (yn — 20, Ayn — Ap)
— Al Ayn — Apl*.
Using this inequality, by (3.3) we have
It = plI* < pnllzo = plI* + (1 = )z — plI?
< pnllzo = plI* + [z =PI = lyn — 20ll® + 2An (Yn — 20, Ayn — Ap)
— A2l Ayn — Apl?,
which, together with (3.10) and (3.11), yields
lyn = zall* < pnllzo = plI* + llz = Pl = llta — Pl + 200 (yn — 20, Ayn — Ap)
— A2l Ayn — Ap|?
< tnllzo = plI* + (lzn = pll + tn = )20 — tall
— A2|| Ay, — Ap||? — 0, asn — oo.

Since pin — 0, we have |[tn — znll = inllo — 2] — 0. Consequently, [z — gl <
lzn — tnll + [t — 2nll + 120 — ynll — 0, as claimed.
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Step 5. Claim that lim ||z, — 2*[| = 0, where 2* = Pp(s)nq(a,c)To- To see

this, we need to show that limsup(zy — z*,z, — 2*) < 0. Choose a subsequence

n—oo
{xn, } of {x,} such that limsup,, . (zo — 2%z, — ) = lim; oo (x0 — 2%, 2, — 27).
Since {z,} is bounded, we may assume without loss generality that {,,} converges
weakly to a point & € C, and thus {y,,} also converges weakly to &. Since A is
Lipschitz continuous and ||, — Y| — 0, we obtain ||Ax,, — Ay,|| — 0. Now, we
show that & € F(S) N Q(A, C) from which it follows that (xg — z*,& — z*) < 0 by
Lemma 2.1(iii). Since S is uniformly continuous and nlLIr;o |z, — Szn| = 0, we have

lim ||z, — S™z,| = 0, for all m € N; hence & € F(S) by Lemma 2.6. To prove
# € Q(A, C), define a multi-valued function T : H — 29 by

| Av+ N¢w, ifvedC,
T”_{@, ifvdC.

Then T is maximal monotone. Let (v,w) € G(T') so that w € Tv and w— Av € N¢gw.
Hence

(v—u,w—Av) >0, foralwueC. (3.12)
On the other hand, since y, = Po(x, — A\pAx,), by Lemma 2.1(iii), we have that
(X — ApAxy — Yn,yn —v) >0, v € C, or equivalently,

1
<U—yn,Axn+>\(yn—xn)> >0, veC. (3.13)
If we put u = y,, in (3.12), then the monotonicity of A and (3.13) imply that
<'U - ynj7w> > <’U - ynjaAv>

1
2 <U - ynjaAU> - <U - ynjannj + T(ynj - $n1)>

= <v_ynjaAv - Ayn]> + <U _ynjaAynj - Axnj>
1
- <U_ynj7 /\7n]<ynJ _x’ﬂ])>
1

Z <U - ynjaAynj - Axn1> - <U - ynja )\7

g

(1, = 20,) )

Then take the limit as j — oo to get (v — &, w) > 0. Since T' is maximal monotone,
# € T7'0 and hence 2 € Q(A,C). This shows that & € F(S) N Q(A4,C) and so
(g — z*,& — 2*) < 0. Therefore

limsup(zo — 2", 2z, — ") = (xg — 2", & — 2™) <0. (3.14)

n—oo

We have
[tn — 2*|1* = llpn(z0 — 2*) + (1 = pa) (20 — 2%
< (1 i)l — 22 + 2{pin0 — 7).t — 77)
< (1= pn)||@n — 2% + 2p0 (w0 — %, £y, — 27,
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and so by (3.4) this implies that
1 — 2|
< (1= an = Bo)lan — 21> + (1 = pn) (en + Bo) [z — 2]
+ 2pn (o + Br)(To — 2%, tn — %) + Yulltn — x*”Q + Bncn
=1 = pn (e + Bo)lllen — @*|° + pn (e + Bn)[2(z0 — 2™,y — )]
+ Yalltn — 2*|1* + Bucn-

By hypotheses, Y pn(an + Br) = 00, > v, < 00 and Y fpe, < oo. Moreover, it
follows from (3.14) that

limsup(zg — z*,t,, — ") < lim (zg — ™, ¢, — x,) + limsup(zy — ¥, z, — =)

n—oo

<0.
We conclude from Lemma 2.3 that lim ||z, —z*|| = 0 and hence {y,,} and {¢,} also
converge strongly to z*. This completes the proof. O

4. APPLICATIONS
In this section we apply Theorem 3.1 to demonstrate some special cases.

Theorem 4.1. Let C' be a nonempty closed convexr subset of a real Hilbert space
H, T:C — C a 7-strict pseudo-contraction and S : C' — C' a uniformly continuous
and asymptotically k-strict pseudo- contmction in the intermediate sense with sequence

{Vn} such that F(S)NF(T) # 0 and Z T < 0o. Let {xn}, {yn} and {t,} be the

sequences defined by (3.1), where A = T-T. Suppose that Conditions (i)-(v) as in
Theorem 3.1 hold, where p = (1 —7)/2. Then {x,}, {yn} and {t,} converge strongly
to the point Pr(s)nr(T)Zo-

Proof. Observe that A is a [(1 — 7)/2]-inverse-strongly monotone mapping. Indeed,
since for all z,y € C,

T2 —Tyl* = I - Az — (I - A)y)|
= ||z —y|* + [ Az — Ay||* — 2(Az — Ay, z — y)
and
T2 = Tyl* < [lz — yl|* + 7|(1 = T)a = (I = T)y)|1%,
it follows that
(A — Ay, ) > (1 —7)] Az — Ay|>
For any A > 0, by (2.1) we have
Tu=u <= u=u—Mu=Pos(u— \Au)
<— (Au,y—u) >0, forallyeC.

The desired conclusion follows from Theorem 3.1. O



200 LU-CHUAN CENG AND SHUECHIN HUANG

We remark that Condition (v) in Theorem 3.1 is not required, in particular, if S
is nonexpansive.

Theorem 4.2. Let C' be a nonempty closed convexr subset of a real Hilbert space H,
T :C — C a 7-strict pseudo-contraction and S : C' — C' a nonexpansive mapping
such that F(S)NF(T) # 0. Let {xn}, {yn} and {t,} be the sequences generated by:
giwen a fized xg € C and an arbitrary 1 € C,

Yn = PC(xn - )\nAxn)a
tn = pnzo + (L — pn) Po(Yn — A AYn),
Tn+1 = (1 — Qp — ﬂn)xn + apty + B Sty,

where A=1—T, {\,} C[0,00), and {un}, {an}, {Bn} are sequences in [0,1] such
that o, + Bn < 1. Suppose that Conditions (i)-(iv) as in Theorem 3.1 hold, where
p=(1-7)/2. Then {xn}, {yn} and {t,} converge strongly to the point Pp(s)np(T)To-

Proof. The proof is the same as that of Theorem 3.1 when x =0, v, =0 and ¢, =0,
and hence is omitted. O

It is well known (see [15]) that if B : H — 2 is a maximal monotone mapping,
then for each u € H and A > 0 there is a unique z € H such that v € (I + AB)(z).
The (single-valued) function JZ := (I + AB)~! thus defined is called the resolvent of
B of parameter A\. The mapping JZ : H — H is nonexpansive and J(z) = z if and
only if 0 € B(2).

Theorem 4.3. Let H be a real Hilbert space, A : H — H a p-inverse-strongly
monotone mapping, B : H — 2 a mazimal monotone mapping and JP the resolvent
of B, forr >0, such that A=*0NB~10 # 0. Let {x,,}, {yn} and {t,} be the sequences
generated by: given a fived xg € H and an arbitrary x1 € H,

Yn = Ty — )\nAxna
tn = pUnTo + (1 - ﬂn)(yn - )\nAyn)>
Tny1 = (1 - Qp — ﬁn)xn + apt, + ﬁnJrBtnv

where {\,} C [0,00), and {pn}, {an}, {Bn} are sequences in [0, 1] such that a,+ 5y, <
1. Suppose that Conditions (i)-(iv) as in Theorem 3.1 hold. Then {x,}, {yn} and
{tn} converge strongly to the point Po—19np-19%0-

Proof. This is the case of Theorem 3.1 when S = JZ and Py = I such that k = 0,
Yn = 0 and ¢, = 0. Then Q(A4,C) = A710 and F(JP) = B0 and so the desired
result follows. O
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