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Abstract. Let X be a uniformly convex Banach space with a uniformly Gateaux differentiable
norm, let C' be a nonempty closed convex subset of X and let 7= {T; : t € G} be a one-parameter
family of Lipschitz pseudocontractions on C such that each T; : C' — X satisfies the weakly inward
condition. For any contraction f : C — C, it is shown that the path ¢ — z¢, t € [0,1), in C, denoted
by zt = atTixe + (1 — o) f(2¢) is continuous and strongly converges to a common fixed point of 7,
which is the unique solution of some variational inequality. On the other hand, if 7= {T; : t € G}
is a family of uniformly Lipschitz pseudocontractive self-mappings on C, it is also shown that the
iteration process:

To € C, Tn4+1 = ,Bn(anTrnxn + (1 - an)mn) + (1 - ,Bn)f(wn)) n 2> 0,
strongly converges to the common fixed point of 7, which is the unique solution of the same varia-
tional inequality.
Key Words and Phrases: Viscosity approximation method, fixed point problem, variational
inequality, Lipschitz pseudocontraction, strong convergence, smooth and uniformly convex Banach
space.
2000 Mathematics Subject Classification: 49J40, 47TH10, 47J25, 47H09.

The paper was presented at The 9th International Conference on Fixed Point Theory and Its
Applications, July 16-22, 2009, National Changhua University of Education, Changhua, Taiwan
(R.O.C.).

For the first author, this research was partially supported by the National Science Foundation of
China (10771141), Ph.D. Program Foundation of Ministry of Education of China (20070270004),
Science and Technology Commission of Shanghai Municipality grant (075105118) and Shanghai
Leading Academic Discipline Project (S30405). The third author thanks for the financial support
provided from National Council of Research of Higher Education in Romania (CNCSIS) by ”Planul
National, PN II (2007 - 2013) - Programul IDEI-1239”. For the forth author, this research was
partially supported by a grant from the grant NSC 98-2115-M-110-001.

203



204 LU-CHUAN CENG, SILVIU SZENTESI AND JEN-CHIH YAO,

1. INTRODUCTION

Let X be a real Banach space with norm || - || and let X* be its dual. The value of
x* € X* at ¢ € X will be denoted by (z,2*). The (normalized) duality mapping J
from X into the family of nonempty (by Hahn-Banach theorem) weak-star compact
subsets of its dual X* is defined by

J(x) ={p € X"+ (z,9) = ||zl = |olI*}, forallze X.

It is known that the norm of X is said to be Gateaux differentiable (and X is said to
be smooth) if

Ll iyl o]

t—0 t
exists for each z,y in U = {x € X : ||z|| = 1} the unit sphere of X. It is said to be
uniformly Gateaux differentiable if for each y € U, this limit is attained uniformly for
x € U. Finally, the norm is said to be uniformly Fréchet differentiable (and X is said
to be uniformly smooth) if the limit in (1.1) is attained uniformly for (x,y) € U x U.
Since the dual X* of X is uniformly convex if and only if the norm of X is uniformly
Fréchet differentiable, every Banach space with a uniformly convex dual is reflexive
and has a uniformly Gateaux differentiable norm. The converse implication is false.
A discussion of these and related concepts may be found in [5].

Recall also that if X is smooth then J is single-valued and continuous from the
norm topology of X to the weak star topology of X*, i.e., norm-to-weak™ continuous.
It is also well-known that if X has a uniformly Gateaux differentiable norm, then J is
uniformly continuous on bounded subsets of X form the strong topology of X to the
weak star topology of X*, i.e., uniformly norm-to-weak* continuous on each bounded
subset of X. Moreover, if X is uniformly smooth then J is uniformly continuous on
bounded subsets of X form the strong topology of X to the strong topology of X*,
i.e., uniformly norm-to-norm continuous on each bounded subset of X. See [5] for
more details.

Let T be a mapping with domain D(T) and range R(T) in X. Denote by Fix(T')
the set of all fixed points of T', that is, Fix(T') := {z € D(T') : Tz = x}. Following
Morales [13], T is called strongly pseudocontractive if for some constant k£ < 1 and

for all z,y € D(T),

A =E)llz =yl <[[(M = T)z— (A =T)y|

(1.1)

for all A > k; while T is called a pseudocontraction if the last inequality holds for
k = 1. The mapping T is called Lipschitz if there exists L > 0 such that ||Tz —Ty| <
L)z — y||, for all z,y € D(T). The mapping T is called nonexpansive if L = 1 and
is called a (strict) contraction if L < 1. We use II¢ to denote the collection of all
contractions on C' with a suitable contractive constant a € [0, 1), that is,

Il :={f: C — C, a contraction with a suitable contractive constant}.

It is clear that every nonexpansive mapping is a pseudocontraction. The converse
is not true in general. A counterexample can be found, e.g., in [22]. It follows
from a result of Kato [11] that T is pseudocontractive if and only if there exists
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j(xz —y) € J(x — y) such that
(Tx —Ty,jlx—y)) < |z —y|? forall z,y € D(T).

Let D be a nonempty subset of C. A retraction from C' to D is a mapping @ :
C — D such that Qx = x for all z € D. A retraction @ from C' to D is nonexpansive
if @ is nonexpansive (i.e., |Qz — Qy|| < ||z — y|| for all z,y € C). A retraction Q
from C to D is sunny if @ satisfies the property: Q(Qx + t(z — Qz)) = Qz for each
x € C and t > 0 whenever Qx +t(x — Qz) € C. A retraction @ from C to D is sunny
nonexpansive if ) is both sunny and nonexpansive.

It is well known that in a smooth Banach space X, a retraction @ from C' to D is
a sunny nonexpansive retraction from C to D if and only if the following inequality
holds:

(x —Qx,J(y —Qx)) <0, forallzeC, forallye D.

If C is a nonempty closed convex subset of a Hilbert space H, then the nearest point
projection Py from H onto C'is a sunny nonexpansive retraction. This however is not
true for Banach spaces. It is known that if C' is a closed convex subset of a uniformly
smooth Banach space X and there is a nonexpansive retraction from X to C, then
this retraction is sunny. See [17, 18, 21] for more details.

Let G be an unbounded subset of [0,00) such that t + h € G for all t,h € G
and t —h € G for all t,h € G with ¢t > h (for instance, G = [0,00) or G = N, the
set of nonnegative integers). Recall that a one-parameter family 7= {T} : t € G}
of self-mappings of C is said to be a nonexpansive semigroup on C if the following
conditions are satisfied:

(H1) Tox =z, for all x € C;

(H2) Tyysx = TyTsx, forallt,s € G, x € C;

(H3) for each € C, Tz is continuous in ¢ € G when G has the relative topology
of [0,00);

(H4) for each t € G, there holds ||Tix — Tyy|| < ||z —y||, forall z,y € C.

Denote by F' the set of common fixed points of 7, ie., F = {& € C : Tz =
z, forall s € G}.

Very recently, Yao and Noor [26] considered the viscosity approximation method
for finding a common fixed point of a nonexpansive semigroup on a nonempty closed
convex subset C' of a reflexive Banach space X. They proved that the approxi-
mate solutions converge strongly to a common fixed point Q(f) of the nonexpansive
semigroup, which is just a solution of some variational inequality under some mild
conditions.

In [26], Yao and Noor also studied the existence of Q(f) € F with f € IIo, which
solves the variational inequality

(I=1HQf),J(Q(f) —p) <0, forallpeF

Let f € Ilc and {as}seq be a net in the interval (0,1) such that lim a, = 0.

By Banach’s contraction principle, for each s € G we have a unique point z; € C
satisfying the equation
zs = asf(zs) + (1 — as)Tszs. (1.2)
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Theorem 1.1. ([26], Theorem 2) Let X be a reflexive Banach space with a uni-
formly Gateauz differentiable norm. Suppose that every weakly compact convex subset
of X has the fixed point property for nonexpansive mappings. Let C' be a nonempty
closed conver subset of X. Assume that F # () and that T is uniformly asymptotically
regular on bounded subsets of C, that is, for each bounded subset C' of C and each
r € G, there holds

lim sup ||T,Tsz — Tsx| =0, uniformly in r € G. (UARCQC)
s€G,s—00 el
Then the net {zs} defined by (1.2) converges strongly to a point in F. If we define
Q : HC — F by
Q(f) = Sllglo Zsy f € HC7 (13)

then Q(f) solves the variational inequality

(I = NR), J(Q(f) —p)) <0, [felle, peF.

In particular, if f = u € C is a constant, then the limit (1.8) defines the sunny
nonezxpansive retraction @ from C to F with

(Q(u) —u, J(Q(u) —p)) <0, weC, peF.

Theorem 1.2. ([26], Theorem 3) Let X be a reflexive Banach space with a uni-
formly Gateaux differentiable norm. Suppose that every weakly compact convex subset
of X has the fixed point property for monexpansive mappings and X has a weakly
sequentially continuous duality mapping. Let C' be a nonempty closed convex subset
of X. Let {an}, {Bn} and {yn} be three sequences in (0,1) and {r,} be a sequence
in G. Let {a,} satisfy the control conditions (C1), (C2). Assume:

(Z) an + ﬂn + M = 1;'

(i) 0 < liminf 3,, < limsup S, < 1;

n—oo n—oo

(i) rn, — 00 (n — 00);

(iv) T is a semigroup such that F # 0 and satisfies the uniformly asymptotically
regular condition

lim sup ||TsTyx — Trz|| =0, uniformly in s € G, (UARCQ)
eC

reG,r—oo .

where C'is any bounded subset of C. Then the sequence {x,} generated by

xg € C chosen arbitrarily,
Tn+1 = anf(xn) + ﬁnmn + ’YHTTn‘,I"n7
converges strongly to Q(f) € F, where Q(f) is a solution of the variational inequality

(I = NHR),J(Q(f) —p)) <0, [felle, peF.

(1.4)

It is worth pointing out that there actually are the same requirements in the proof
of main results of Yao and Noor [26] (see the proof of Theorems 1-3 in [26]), that is, 7=
{T; : t € G} is a nonexpansive semigroup on C. We remark that the commutativity
for the family 7 of nonexpansive mappings has played an important role in the proof
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of those main results of [26]. Their iterative algorithm is an important extension of
the viscosity approximation method studied by many authors in the recent literature;
see [1, 15, 24, 8, 2, 3, 4]. In the meantime, their results can be viewed as significant
improvement and refinement of the corresponding results of Halpern [7], Reich [18],
Moudafi [15], Xu [24] and some others.

On the other hand, Udomene [22] very recently investigated the path convergence,
approximation of fixed points and variational solutions of Lipschitz pseudocontrac-
tions in Banach spaces.

Theorem 1.3 ([22], Theorem 6) Let X be a reflexive Banach space with a uniformly
Gateauz differentiable norm, let C' be a nonempty closed convex subset of X, let
T:C — X be a continuous pseudocontraction satisfying the weakly inward condition
and let f € Ilc. Suppose that every nonempty closed convex bounded subset of C' has
the fixed point property for nonerpansive self-mappings. If there exists ug € C' such
that the set

B={xecC:Tx=up+ Az —up) for some A\ > 1} (1.5)

is bounded, then the path {x:},t € [0,1), described by

converges strongly to a fized point x* € Fix(T), which is the unique solution of the
variational inequality

(I = fla*, J(=" —p)) <0, peFix(T).

Theorem 1.4 ([22], Theorem 10) Let C be a nonempty closed conver subset of a
real reflexive Banach space X with a uniformly Gateaux differentiable norm. Let T :
C — C be a Lipschitz pseudocontraction and let f € Ilo. Suppose that every nonempty
closed convex bounded subset of C' has the fized point property for nonerpansive self-
mappings. Let {x,} be a sequence generated from an arbitrary xo € C by

Tnt1 = BTz, + (1 —ap)zn) + (1= Bn) f(zn), n>0, (1.6)

where {a, },{Bn} are real sequences in (0,1) satisfying the conditions:
(i) {an} is decreasing and lim oy, = 0;

(ii) lim B, =1 and Y (1 —B,) = oo;
n=0
. 1 _671 _ . aTQL _
(iii) (a) nh—>n<,>lo o 0, (b) nh_)rr;o =5, 0,
. |ﬁn - ﬂn—1| . Op—1 — Qn
lim ————— = lim ————=0.
(¢) i e 0 @ T,y

If there exists some ug € C such that the set B described by (1.5) is bounded, then
{zn} converges strongly to a fized point x* € Fix(T), which is the unique solution of
the variational inequality

(I = fra*, J(@* —p)) <0, peFix(T).
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We remark that Theorem 1.3 generalizes the recent results of Takahashi and Kim
[20], Xu and Yin [25], Jung and Kim [9] to a more general class of mappings and
to a more general class of Banach spaces. Theorem 1.4 also improves upon Schu’s
theorem [19] to some Banach spaces which include, for example, the L, spaces with
1<p<oo.

Let C' be a nonempty closed convex subset of a smooth Banach space X and
f € IlIc. The purpose of this paper is to consider and analyze the modified ver-
sion of Udomene’s iterative scheme (1.6) for a family 7= {7} : t € G} of Lipschitz
pseudocontractive self-mappings on C, that is,

Algorithm 1.1. Let {a,,} and {8,} be real sequences in (0,1) and let {r,,} be a
sequence in G with r,, — oo. For an arbitrarily initial ¢ € C define a sequence {z,}
recursively by the following explicit iterative scheme:

Tpt+1 = ﬁn(anTrnxn + (1 - an)xn) + (1 - ﬁn)f(xn)v n 2> 0. (17>

If G =N, and for all n € N, T,, = T a Lipschitz pseudocontractive self-mapping
on C, then the iterative scheme (1.7) reduces to Udomene’s iterative scheme (1.6).
Further, whenever f(z) = w € C a constant, (1.6) reduces to Schu’s iterative scheme
[19].

In this paper, without the assumptions that every nonempty closed convex bounded
subset of C' has the fixed point property for nonexpansive self-mappings, that the
family 7= {T; : t € G} of Lipschitz pseudocontractions is a semigroup and that
X admits a weakly sequentially continuous duality mapping, we first prove that x;
defined by z; = oy Ty +(1—ay) f(z1) strongly converges, as t — 0o, to a common fixed
point of 7 in a uniformly convex Banach space with a uniformly Gateaux differentiable
norm, Then we establish the strong convergence of the sequence {z,} generated by
Algorithm 1.1 under some control conditions in a uniformly convex Banach space
with a uniformly Gateaux differentiable norm. Moreover, we deduce that these strong
limits are the unique solution of the same variational inequality.

Our results are improvements, generalization and development of the previously
known results in the literature including Schu [19], Takahashi and Kim [20], Xu and
Yin [25], Jung and Kim [9], Moudafi [15], Xu [24], Yao and Noor [26], Jung [8], Ceng
and Xu [2], Ceng, Xu and Yao [3] and Udomene [22].

2. PRELIMINARIES

Let X be a real Banach space with the dual X*. As usual, in a Banach space —
stands for weak convergence and — for strong convergence.

Let X be a Banach space and C' be a nonempty subset of X. Then, for any z € C,
the set Ic(z) = {x+A(z—z) : 2 € C, A > 1} is called the inward set of z. A mapping
T :C — X is said to satisfy the inward condition if Tz € Io(z) for each z € C, and
is said to satisfy the weakly inward condition if Tz € cl[Io(z)], the closure of I(x),
for each z € C.

Before starting the main results of this paper, we include some lemmas which will
be needed in the sequel. Lemma 2.1 is well known (see, e.g., [14]). The proof of
Lemma 2.2 can be derived from Lemma 2.5 of [23].
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Lemma 2.1. Let X be a real Banach space. Then, for all x,y € X ||z +y||*> <
2]* +2(y, j(x + y)), for all j(z +y) € J(x +y).
Lemma 2.2. Let {a,}, be a sequence of nonnegative real numbers such that

An+41 S (1 - 6n)an + 5n0na n Z Oa

where {0p}n C [0,1], {on}n C [0,1] and Z dp =00, lim o, =0.
n=0
Then, lim a, = 0.

Recall that p is said to be a mean on the set N of all positive integers if u is a
continuous linear functional on [*° satisfying ||u| = 1 = p(1). It is known that p is a
mean on N if and only if

inf{a, : n € N} < p(a) < sup{a, : n € N}, for every a = (a1, a2,...) € [*°.

According to time and circumstances, we use uy,(a,) instead of p(a). A mean p on
N is called a Banach limit if

;u'n(an) = :un(anJrl)v for every a = (a17a27 ) elr.

Using the Hahn-Banach theorem, we can prove the existence of a Banach limit. It is
also known that if y is a Banach limit, then
liminf a, < pp(a,) <limsupa,, for every a = (a1,as,...) € [*°.
n— oo n—o00
The following result is actually a variant of Lemma 1.2 in Reich [17].
Lemma 2.3. Let C' be a nonempty closed convex subset of a Banach space X with
a uniformly Gateauz differentiable norm and let {x,} be a bounded sequence in X.
Let p be a Banach limit and p € C. Then

tn || Tn —p|I* = L%lgl‘"uxn —ylI? & pnlz —p,J(2, —p)) <0, forallzeC.

3. CONVERGENCE OF PATHS

We begin with some auxiliary results.

Proposition 3.1. Let {a:}ieq be a net in [0,1). Let C be a nonempty closed
convex subset of a Banach space X and let T={T; : t € G} be a family of continuous
pseudocontractions such that each T; : C — X satisfies the weakly inward condition.
Then for each contraction f € Ilc, there exists a unique path t — xy € C, t € G,
satisfying

Tt = OétTt.Z't + (1 — at)f(xt). (31)
Suppose additionally that the maps t — oy € [0,1) and t — Tix are continuous in
t € G for each x € C, respectively, when G has the relative topology of [0,00), then
the path t — x; € C, t € G is continuous.
Proof. Let f € Ilo with contractive constant o € [0,1). Then, for each ¢t € G, the
mapping T/ : C — X defined by T/ (z) = a,Tyz + (1 — o) f(2) is a continuous strong
pseudocontraction with constant oy + (1 — o) € [0,1). Since C is convex, I (x) is
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convex for each x € C. Indeed, let x € C and let x+ A1 (21 —x), 4+ A2 (22 —2) € Io(x).
Then, for any 8 € [0, 1],
(1= B)[z + X (21 — 2)] + Bz + Aa(22 — )]
=+ [(1 =Bz + BAaze — (1 = )M + BA2)x]
1-8)\
=2+ (1= B+ 6/\2)[(1*([3)/@%& z1+ (176,)6;\11@\2 2 — ] € Io(z)

since (1 — B)A; + Sz > 1 and (17(}5)\51&2)\2 2+ (1*,3?;\1244‘3)\2 29 € C. Now, if z = f(x)
and A =1 then f(z) =z +1(f(z) —z) € Ic(x). Thus, since Tz € cl(Ic(x)), we have
that T/ (z) = ayTyx 4+ (1 — oy) f () € cl(I¢(z)). Therefore, T/ satisfies the weakly
inward condition.

By Corollary 1 of [6], th has a unique fixed point z; € C, i.e.,
zy = aTewy + (1 — ou) f(24).
To prove the continuity of the path, we follow the same line of argument as in [14].
Let tg € G. Then oy, € [0,1) and for all j(z; — x¢,) € J(xs — 4,),
2 — @4, |* = (o + (1= ) f(w1) — g, Trgey — (1= ) f (w1, (w1 — 34,))
= (T — Toy @y, J (21 — @1,)) + (0 — o (Tho g, J (@0 — 1))
(1= o) (f(@e) = f@eo), 3 (e — 21)) — (e — o )(f(210), (e — 24,))
= a(Thwe — Tewey, (20 — T4y)) + Ty — TiyTao, § (T — T4, )
(o — agy (Trowey — f(21), (21 — 241))
(1 = a)(f(ze) = flzeo), (@t — 24))

< gl — a4 ||? + || Tewey — Tho e |||z — 4, ||

o = an || Tog ey = f(@ag) 2 = x40 | + (1= a)allzs — @4, ||
= (e + (L= a)a) |z — x4 1> + o — || Tty — f s, ||l — 4|
+ay||Tyxe, — Ty, ||||oe — 24, ]
so that
o — |
1-a)(1—a)

This completes the proof. [J

Qg

||Tt0'rto - f(mto)H =+ m

lze — 24| < | Tiwsy — Tioi, |-

Proposition 3.2. Let {at}icq be a net in [0,1) and let C' be a nonempty closed
convex subset of a Banach space X. Let T= {T; : t € G} be a family of pseudocon-
tractions such that for each contraction f € Ilg, the equation

z=aTix+ (1 —ap)f(z)

has a solution xy € C for every t € G. Then the following hold:
(i) If for some u € C, the path y: = caTeyr + (1 — ar)u is bounded, then for any
contraction f € I, the path {x:} described by (3.1) is bounded.
(i) If T has a common fized point in C, then the path {x:} is bounded.
(it)) If 2* € F = {x € C : Tyx = x, forallt € G} then for all j(z; — z*) €
J(xy — x*), we have
(we — f(@e), (@ — 7)) < 0.
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(i) If 0 < ay < oy < 1 then

+ «

1
|zt — Tiae|| <

1—a [lzs = Toas|| + [|Tews — Tows|l]-

Proof. (i) Let the path {y;}ieq given by yr = a;Try: + (1 — ay)u, for some u € C, be
bounded. Then the set {f(y:)}teq is bounded. Let j(z; —y:) € J(xr —yi). From the
estimates
2t = yell® = e{Toawe — Tyye, (e — ) + (1 — @) (f (1) —w, 5(zr — yr))
< oifloe —well? + (1= o) | f(2e) — ullllee = well,
we have that [z, —y,|| < [f(21) — ull < allze —yell + £ (ye) — wll. Thus, [lz; —yefl <
|| () — u|| and, hence, {z;} is bounded.
(ii) Let z* € F(T), and let j(xy — z*) € J(xy — z*). Then
lwe —a*|? = o(Thme — 27, j(2 — %)) + (1 — o) (f(20) — 2%, (2 — 7))
< arllee — 2|2 + (1 — o) 1 f (ze) — 2*||[|ze — 27,
so that ||z — z*|| < ||f(z¢) — 2| < aflar — 2*|| + ||f(@*) — z*||. Thus, we get that
llzs — || < 2| f(z*) — 2|, proving that {z;} is bounded.

11—«

(iii) Let * € F(7T), and let j(z; — 2*) € J(x; — 2*). Then
(v = f(2e), (2 — 7)) = a(Tywy — f(w1), jae — 2¥))
= ay(Tywe — 2", j(xr — %)) + (@™ — f(@e), j(ae — 2¥))
< oyllmy — 2P+ o(a* — @y, Gl — 37)) + ou(my — flae), (@ — 2*))
< ag(wy — fw), j(we — 27)).
Thus, (z; — f(x),j(x: —2*)) <0.
(iv) Let 0 < ay < ay < 1. Then, similarly to the proof of Proposition 3.1, we can
derive

o — Qi

- S < —S TS s S T N/4 N T SiTS S|
”‘rt x || = (1—0&,:)(1—04)“ z f(’JJ )” + (1—0@)(1—0[) || tT z ||
Note that o
|zs — fzs)| = . lzs — Tszs||.
Hence 1
—
ze — Thae|| = e — ()|
1—Oét
< (lze = sl + s = (@)l + [1f(zs) = f(@)]]
170& Qg
< 1 — dg 9*T9 $
< =1+ o)l — 2l + T2 — T |
1— oy o — Qg o
< 1+ a))——r——r||Tsxs — fxs)|]| + ————————||Ttxs — Tsxs
o {( )[(1 —Oét)(l —OZ)H f( )” (1 —Olt)(l —Oé) || t ||]
e
+1_as||xs — T}
1—04,5 O — Qg
< 1+ a))———(||Tsxs — z5|| + ||xs — fas
SO e g I+ s = £zl
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Qg Qg
—_— T s_Ts s s_Ts s
+(1—Olt)(1—0l) || tL Z ||] + ].—OéS”x € H}
1—oy ap — Qg Qg
< 1 Y (|[T57s — x5 —|lrs — Tsxs
< L0 4 ) (T, — o+ 12 o, — T
Qi Qg
T S_TS s s_Ts s
+(170lt)(1701) || tL 4 ||] + 17(15”1’1 € H}
1—oy 1+ a)(ar — ay)

T {(1—a)(1—at)(1—a5)
1+ a)ay o — T
+(1-O[)(1—Oét)HTt S TS S”}

_ 1—0475{( (1+0¢)(0zt—0¢5)
o (1 —a)(l—ay)(1— ay)

!
s — Toms|| + 1 _Sa s — Toxs||
S

Qg (1+a)at
. a,)Hxs — Toxs| + m”ﬂfﬂs — Tsas[}
1+ao)(1l -« o — o o e
cUrlo)y G0y Gy gy % e T
(1—a)ay (IT—a)(l—as) 1-—a 1— oy
(1+a)
= 1-a) [Hxs - Tsxsn + ||Tt$s - TsxSH]-

This completes the proof. [

Theorem 3.1. Let X be a uniformly convex Banach space with a uniformly
Gateauz differentiable norm. Let C' be a nonempty closed convex subset of X and
let T= {T; : t € G} be a family of Lipschitz pseudocontractions such that each
T; : C — X satisfies the weakly inward condition. Suppose that for each contrac-
tion f € Ilo, {xt}ieq is the path generated by (3.1) where ay 11 as t — oo, and that
T satisfies the uniformly left asymptotically regular condition on bounded subsets of
C, i.e., for each bounded subset C of C, there holds

lim  sup ||T.TTsx — Tsz|| =0, re€Gq, (ULARC)
s€G,s—00 zeC

where T is a nonexpansive retraction of X onto C. If there exist tg € G and ug € C
such that the sets {Tixy, 1t € G with t > to} and

B={zeC:Tix =up+ Ax —up) for some ¢t € G and some A > 1}

are bounded, then the path {z:}icq converges strongly as t — oo to a common fized
point of T. If we define Q : IlIc — F by

Q(f) = lim z,  f € lle, (3.2)
then Q(f) is the unique solution of the variational inequality

(I =NRU), J(Q(f) —p) <0, [felle, peF.

In particular, if f = u € C is a constant, then the limit (3.2) defines the sunny
nonexpansive retraction @ from C to F,

(Qu) —u, J(Q(u) —p)) <0, ueC, peF.
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Proof. Tt follows from Proposition 3.1 that for each contraction f € Ilo, there exists
a unique path ¢t — x; € C, t € G satisfying (3.1). Let there exist ug € C such that
the set {y; : y+ = Ty + (1 — a¢)ug, t € G} is bounded. Then by Proposition 3.2
(i), the path {z;}+cc described by (3.1) is bounded. Hence it is easy to see that the
net {f(z¢)}tec is bounded. Note that {Tiz, : ¢t € G} is bounded for some ¢, € G
and that a; T 1 as t — oco. Now by Proposition 3.2 (iv) we know that for all t € G
with t > ty

1+a
lze = Tezell < 7= [lzte = Ttoto | + | Te2tg — Teo o ]

Thus the set {Tix; : t € G with t > ¢y} is bounded. Let sup,cq ||2¢|| < M. Then
|z — xs]) < 2M for any t,s € G. Let {¢,} be a sequence in G such that ¢, > to and
t, T 00. Define a function ¢ : C' — [0, 00) by

() = pnllze, — xHQ’ red,

where p is a Banach limit. Since X is reflexive, 1 is convex, continuous and ¢ (z) — oo
as ||z]] — oo, we have that the set

K:={y€C:4(y) = inf ¢(z)}

zeC

is nonempty, closed and convex. Let us show that K is bounded. Let y € K.
Then ¥(y) < pnllze, — 4,]|> < 4M?2. Applying the convexity of the functional
- )?: € = [0,00), we deduce that

lyll? < pallze, =yl + 2pnllen?
< 2¢Y(y) +2M? < 10M?,

ie, |lyl| < V10M, forally € K. Thus, K is bounded. For each r € G, the
mapping J, = (21 — T,.)~! is a nonexpansive self-mapping of C (see [12] Theorem
6). We claim that K is invariant under J,.. Indeed, let y € K and L, denote a
Lipschitz constant of T,.. Note that both {z;}:cc and {f(z¢)}icc are bounded and
so is {Tyxy : t € G with ¢t > ¢p}. Then, from oy T 1 (t — 00) it follows that

Jm fJzy = Tya|| = (1 = e[| f () = Toae|| = 0. (3.3)
Utilizing (ULARC) we conclude that
(e () = pnllze, — T (y)II?
< tn(lze, = Jr(@e,) |+ 17 (20,) = T (@)I1)?
< |z, = Ir(@e,) |+ 20, —yll)?

< tin(llze, = Trae, ||+ llze, — yl)?
+ T, 20, = LTT w0, || + | TETy @, — Towy, ||+ [, =y}

S ,Un{”ztn - Ttn‘rtn
< pn{(L+ L)@, — To, e, || + 1T, 20, — T,TTy, 20, || + |20, — i}

= pinllze, —ylI* = ¥(y).
This implies that K is invariant under J, for each r € G.
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First, let us show that K consists of one point. Indeed, let w,z € K with w # z.

Then, by [16] Theorem 1, there exists a positive number k > 0 such that
(e, —2z— (x4, —w),J (x4, —2) — J(z, —w)) > k>0
for every n. Thus we get
tn(w — z,J(zy, — 2) = J(x, —w)) > k> 0.

Furthermore, since z,w € K, from Lemma 2.3 we have

pn(w—z,J(z, —2)) <0 and  pp(z —w,J(z, —w)) <O0.
Hence we have

pn(w — 2z, J(zy, — 2) — J(xs, —w)) < 0.

This leads to a contradiction. Therefore z = w and so K consists of one point, i.e.,
K = {z}. Since K is invariant under J,. for each r € G, z is a common fixed point of
7 in C.

Second, let us show that the path {x;};ce converges strongly as ¢ — oo to z €
FNK. Indeed, let 7 € (0,1). Then ¥(z) < ¢((1 —7)z+ 7z), x € C, and utilizing
Lemma 2.1, we have that
YA —7)z+72) —P(2)

T

0< < 2pplx — 2z, J(xy, — 2 — 7(x — 2))).

Thus

pn(x — 2z, J(xp, — 2 —7(x — 2))) <0.
Since, in this setting, J is norm-to-weak® uniformly continuous on bounded subsets
of X, letting 7 — 0, we have that

i — 2, (@1, —2) <0, weC.
In particular,
pn(f(2) = 2, J (21, — 2)) < 0. (3.4)
Observe that
(A= a)llae, = 2l* < (ze, = flae,), I (@e, = 2)) + (F(2) = 2, (2, — 2)).
Utilizing Proposition 3.2 (iii) and (3.4) we know that p,||z;, — z||*> = 0. Therefore,
there exists a subsequence {z, } of {z,} such that z;, — 2 as k — oco. Suppose
that there is another subsequence {4,, } of {x;,} which converges strongly to (say)
y € C. Then y must be a common fixed point of 7. In fact, observe that
ly =Tyl < lly — 2, | + lzt,,, — Tt vt |l
+HI T, zt,,, — TIT, 2, | + T T, 2, — Traw,, || + (| Tra,, — Tryl|
<A+ Loly — 2, | + A+ L)y, — Tt 2, | + T2, 21, — T 1Ty, 2, |-
Thus, (ULARC) together with (3.3) implies that y = T,y for all r € G. That is,
y € F. Now putting * = y, we deduce from Ty, — % and Proposition 3.2 (iii) that
(z—f(2),J(z—y)) <0. (3.5)

Also, putting z* = 2, we deduce from z;, — y and Proposition 3.2 (iii) that

(y—1fy),J(y—2)) <0. (3.6)
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Adding inequalities (3.5) and (3.6) yields that
A=a)llz—yll? <(z-w,J(z=9)—{f(2) = f(v), J(z —¥))
= (= [f(2),J(z=y)) +{y = f(y), I (y — 2)) <0,

and thus z = y. Therefore, z; converges strongly as s — oo to a point in F.
Finally, we claim that if we define Q : IIo — F by Q(f) = tlim x¢, then Q(f)

solves the variational inequality

(I =NR), J(Q(f) —p) <0, felle, peF.

Since z; = ayTrxy + (1 — ay) f(x4), we have (I — f)ay = —1f‘tat (I — T})x;. Hence for
each p € F,

<(I—f)$t7J($t—p)>:_1_7at

Letting t — oo we get that (I — f)Q(f), J(Q(f)—p)) < 0. In particular, if f =u € C
is a constant, then

(I~ T)ar — (I - Ty)p, (s — p)) < 0.

(Qu —u,J(Qu—p)) <0, uweC, peF.
Therefore @ is a sunny nonexpansive retraction from C to F. OJ

Note that in the case when X = H a Hilbert space, the nonempty closed convex
subset C' is a sunny nonexpansive retract of H, the nearest point projection P of C
onto F' is a sunny nonexpansive retraction and the duality mapping J is the identity
mapping I.We also note that the boundedness assumption of the set B in Theorem
3.1 was used in [22].

Corollary 3.1. Let C be a nonempty closed convex subset of a Hilbert space H
and let T={T; : t € G} be a family of Lipschitz pseudocontractions such that each
T; : C — X satisfies the weakly inward condition. Suppose that for each contraction
f € Ilo, {xit}iec is the path generated by (3.1) where oy T 1 ast — oo, and that
T satisfies (ULARC) on bounded subsets of C, i.e., for each bounded subset C of C,
there holds

lim sup ||T,PcTsz — Tox|| =0, reQG, (ULARC)
s€G,s—00 el

where P is the nearest point projection of H onto C. If there exist tg € G and ug € C
such that the sets {Tixy, 1t € G with t > to} and

B={x€C:Tix =up+ Az —up) for some ¢t € G and some A > 1}

are bounded, then the path {x:}icq converges strongly as t — oo to a common fized

point of T. If we define P : IIc — F by
P(f)= tlim xy, f € g, (3.7
then P(f) is the unique solution of the variational inequality

<(Iff)P(f)7P(f)*p>§O7 felle, peF.

In particular, if f = u € C is a constant, then the limit (3.7) defines the nearest point
projection P from C to F,

(P(u) —u, P(u) —p)) <0, weC, pekF.
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Let D be a subset of a Banach space X. Recall that a mapping T': D — X is said
to be firmly nonexpansive if, for each x,y € D, the convex function ¢ : [0, 1] — [0, 00)
defined by

o(t) = (L = t)x + tTw — (1 = t)y + Ty,

is nonincreasing. Since ¢ is convex, it is easy to check that a mapping 7' : D — X is
firmly nonexpansive if and only if

[Tz =Tyl < |1 = 8)(x —y) + H(Tz - Ty)]|,

for each z,y € D and each ¢t € [0,1]. It is obvious that every firmly nonexpansive
mapping is nonexpansive.

Corollary 3.2. Let X be a uniformly convex and uniformly smooth Banach space.
Let C' be a nonempty closed convex subset of X and let T= {T; : t € G} be a family
of firmly nonexpansive mappings on C' such that each T; : C — X satisfies the weakly
inward condition. Suppose that for each contraction f € o, {xi}ieq is the path
generated by (3.1) where ay T 1 ast — oo, and that T satisfies (ULARC) on bounded
subsets of C, i.e., for each bounded subset C' of C, there holds

lim sup ||, I Tsx — Tsz|| =0, re€GqG, (ULARC)
s€G,s—00 =~
zeC
where I is a nonexpansive retraction of X onto C. If there exist to € G and ug € C
such that the sets {Tixy, 1t € G with t > to} and

B={zeC:Tix =up+ MNa — ug) for some ¢t € G and some \ > 1}

are bounded, then {z; }1ca converges strongly to Q(f) € F, which is the unique solution
of the variational inequality

(I=NQ),JQ(f)—p) <0, fellp, peF.

Proof. Since every firmly nonexpansive mapping is nonexpansive, we have that (Tyz —
Ty, J(x —y)) < ||z —y||?>, forallz,y € C, forallt € G. Thus, it follows that
every family of nonexpansive self-mappings on C' is a family of (uniformly) Lipschitz
pseudocontractive self-mappings on C. Utilizing Theorem 3.1 we obtain the desired
conclusion. This completes the proof. [J

4. ITERATIVE APPROXIMATION OF COMMON FIXED POINTS

In this section, we will establish some convergence results for Algorithm 1.1.

Theorem 4.1. Let C' be a nonempty closed convex subset of a real Banach space
X. Let T= {T; : t € G} be a family of uniformly Lipschitz (i.e., ||Tix — Try|| <
L|lx —yll, forallz,y € C, forallt € G for some L > 0) pseudocontractive self-

mappings on C such that F # () and let f € IIc. Let {x,} be a sequence generated
by
{ xo € C chosen arbitrarily, (4.1)

Tn+1 = ﬁn(anTrnxn + (1 - O‘n)xn) =+ (1 - Bn)f(xn)a



APPROXIMATION OF COMMON FIXED POINTS 217

where {ay,} and {B,} are real sequences in (0,1) and {r,} is a sequence in G. Assume
that:
(i) {an} is decreasing and lim oy, = 0;

n—oo

(ii) lim B, =1 and $325(1 — fin) = 00;

2
(iii) (a) Tim_ —Bn _ 0. (b) 1im ] T —y,
. |ﬁn /Bn—1| . ! Un—1 — Qp
c¢) lim 720, d) lim ——— =0;
( ) n—oo ( ﬁn)Q ( ) n—oo an71(1 — ﬁn)

(iv) Ty, — oo such that @W(Tmyn_l — Ty, _ Yn—1) — 0, for all {y,} bounded
in C; B

(v) T satisfies (ULARC) on bounded subsets of C, i.e., for each bounded subset C
of C, there holds

lim  sup [|T;Ts2 — Tsz|| =0, 1€ G; (ULARC)
s€G,s—00 el

(vi) there exist to € G and ug € C such that the sets {Tixy, : t € G with ¢ > 1o} and
B={zeC:Tix =up+ Ax —up) for some ¢t € G and some A\ > 1} are bounded.

Then ||z, — Tsan|| — 0 as n — oo, for each s € G.
Proof. We divide the proof into several steps.

Step 1. {z,} is bounded.

Indeed, let f € IIo with contractive constant « € [0,1) and L > 0 denote the

2
uniformly Lipschitz constant of 7. Since 1 — 3, — 0, a,, — 0 and 1?% — 0 as

n — 00, there exists my > 1 large enough such that 1 — 3, < 116a, a, < ﬁ and
2
11—«
-6, < 5070
large such that ||z, — 2*[| < v and || f(z*) — 2*|| < 5%~. We proceed by induction
to show that ||z, — z*|| <+, for all n > my. Assume that ||z, — z*|| < v for some
n > mg. Let us show that ||z,4+1 —2*|| <. Suppose that ||z,+1 —2*| > 7. Observe

that

for all n > my. Take x* € F arbitrarily. Choose v > 0 sufficiently

1+«
1f(zn) = 27| < alen — 27| + [|f(2") — 27| < ——=7 <.

Then, from the iteration process (4.1) and the pseudocontractivity of 7 we estimate
as follows:

1= Nan = 2% = (1= ) @nt1 — %) + (1= Bn) (@1 — 2n)
= (T = Tr 2n) + (1 ﬂn)( (Tn) — *)”2

= (zp — ", j(@nt1 — 7)) — (1= Bo)l|Tnsr — ||

+(1 - 6n)<xn+1 - xnaj($n+1 - x*)> O‘nﬁn<mn Trnxm](xwrl - x*)>
+(1 = Bu){f(2n) — 2%, (@041 — 27))

< lon = 2™ |lzpr — 2™ = (1= Bp)[#ns1 —
+(1 = Bo)llzn+1 — zallllzntr — 2| — anBulzn — Ty, 0, j(Tns1 — 7))

+(1 = Bu)llf (@n) — 2" |lznsr — 27|
< lzn = 2*(llzng1 — 2| = (1 = Bp)|[@nt1 — x*HQ + (1= Bo)llznt1 — znllllzntr — ™|
+anﬁn<mn+1 =T, Tpy1 — (mn - Trnxn>vj($n+1 - x*)>

|Tni1 —

*||2
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+(1 = Bu)llf (@n) — 2" ||znr — 27|
<l = 2 lensr — 2| = (1= Bo)llzntr — 2 + (1 = Ba)ll#nsr — zallll@nsr — ||
0 fn(1+ L)lzntr — zalll|ner — 27|+ (1 = B[l f (#n) — 27| l2ngr — 27
Thus,
[ — 2| <llon — 2" = (1= Bp) 20 — 27|
(1 = Bn) + L+ L)an][[#ns1 — znll + (1 = Bn) 1f (zn) — 2.

(4.2)
Now,

lonBn(Tr, 20 — 2n) + (1 = Bn)(f(zn) — 20)]|
an(L+ L)l|n —2*[| + (1 = Bp)|lzn — 2| + (1 = Bo)[[ f(zn) — 2™
[an(1+ L) + (1 = Bo)lllzn — 2" + (1 = Bu)ll f(zn) — 2.

It follows therefore from (4.2) that
Jonr — 21 < o — 2% = (1 = Bu)llnss — 2]+ [(1+ L) + (1 = Bo) Zlfen — 27
+(1 = Bn)[(1+ L)an + (L= Ba)]llf(zn) — 27| + (1 = Bu)ll f(2n) — 27

T [ R 5 P——
2
1= A0+ LP T2 #2001+ g + (1= )], =

+(1 = B)[(A + L)an + (1 = Bl f(zn) — 2™ + (1 = Bu)|[ f(zn) — =7,
so that

[Znt1 — znll

VAN

[2ns1 — 2" < flon — 2| = (1= Bn)l|@ns1 — 27|
5 * 1 *
11— )@= Bo)llzn — 27| + (1 = a)(A = Bu)llf(2n) — 27|
(1 =Bl f (zn) — 2|
5 1 14+«
<y = (= Byt (=)A= )y + g1 =)A= )y + —5— (1= Fa)y
<=1 =By + 1= Bn)y=".
Therefore ||z, — z*|| <, for all n > mg, and hence {z,} is bounded.
Step 2. ||z, — 2, || — 0 as n — oo, for some sequence {z, } satisfying (3.1), i.e.,
2, =0y T 2z + (1 —a,, )f(z,), where {&, } C[0,1) satisfies ., — 1.

(8273

Indeed, choose the sequence {r,} C G as above. Set &, = ;=5
n > 0. Then a,, € (0,1) for each n > 0. By the given condition (iii) (a), we have
that ., — 1 as n — oo. It follows from Proposition 3.1 that there exists a unique
sequence {z, } C C satisfying the following equation:

zr, = 0p Ty zp, + (1=, ) f(2,), n>0. (4.3)

for each

Equation (4.3) can be rewritten as follows:

2, = BTy, 2r, + (1 = an)zr,) + (1= Bn) f(2r,) + (1 = Bn)an(Tr, 2r,, — 2r,,)-
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If there exists ug € C such that the set B is bounded then the sequence {z, } is
bounded (see Proposition 3.2 (i)). Utilizing the pseudocontractivity and uniformly
Lipschitz property of 7, we make the following estimates:
Zn+1—2r, ”2 =BT, 20 —=Tr, 20, §(Tnt1— 21, )) B0 (1= )(Tn—2r, ,  (Tnt1—2r, )
+(1 = Bu){f(zn) = f(2r,), (@1 — 2r,)) + (1 = Bn)an(zr, — Tr 20, 5 (Tngr — 21,)
= anBn({Tr, 2nt1 — T, e, J(Znt1 — 2r,)) + BT, @0 — T Tog1, J(Tng1 — 21,))
+8n (1 — an)(Tn — 27, ), J(Tng1 — 2r,)) + (1= Bu)(f(@n) = f2r,), 3 (Tns1 — 21,))
+(1 = Bn)an(zr, — Tr, 20,5 J(Tng1 — 2r,))
< anBullTntr — 2z, ”2 + anBull Ty, 20 — Tp Tng1 | 12041 — 20, ||
+06n(1 — an)l|lzn — 2, lllzns1 — 20, [ + (1 = Bl f (@) — f(zr) |20t — 20, |
+(1 = Bn)anllzr, — Tr, zr, [|Znt1 — 27, |
< anfBullTngr — Zrn||2 + anBnL|lzn — Tatalll|Znt1 — zn, ||
+8n(1 — an)llzn — 2, || 2nt1 — 20, | + (1 = Bo)ellzn — 20, |01 — 2, ||

+(1 = Bu)anllzr, — Tr, 2e, [l Tnt1 — 2, |-

Thus,
[Zn+1 = 20, || < @nBullTnsr — 2, | + @nBnLlTn — Tnia ||
+Bn(1 — ) + (1 = Bu)dllzn — 2, | + (1 = Br)anllzr, — Ty, 2, Il
so that
L Ui o LR ) EEE @4
2l oy =z || + G208 2, — T2 |
Since the mapping J,., = [[+ (=T, )] ! is nonexpansive and z,, = J,. (f(z, ),
l2r, = zr, il = 10, (F(20,)) = 20,4l 5
= ||, (f(2r,,)) — Jrn(f(zr@v_l)) + Jr, (f(zrn1)) = 2|l
< NfCzr) = G DA N, (F (2 20) = Ze
<allzr, = zr, o |+ 190, (f(zra 1)) = 20l
so that )
127, = 2 |l < m”Jrn (f(zrn1)) = 2ra |l
1 ~ ~ anp,
=1 a||<]rn(f(zrn_1)) = Jr, [+ 1-3, (I = Tr,)]zr, |l
1 ay,
< m”f(zrnq) —[er,y + 1-3, (2rny = Trpzr, )]l
1 Op—1 (6779 Qp,

= 1— aH(l _/8 1 - 1— ﬁ )(Z""nfl _Trn—lzrnfl)_k 1 — 6 (Trnzrnfl _T"'nflz"'nfl)”

1 Qp—1 70

Qp
=71z a{‘ 1= 3, . . 3 zrn s = Loy 2m, o [+ ﬁHTTnZTnfl — T yzr, |}
]- Oy ]- 7ﬁn—1 (7%
=1 04{‘1 128, an, f(Zrs) = 2ra L+ 1-3 1T, 2y = Tr s Zr, a1}
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1 {|(Oén,1 —Oén)(l _ﬁn)"i_an(anl _ﬁn)

l-a an—l(l - ﬂn) |||f(z7'"*1) T Zrpa ||
(07%%

+1 —3 1Tr 2y = Doy 2r o |1}
1 Op_1 — Op |6n 1 — |
_]._Oé{[ Qp_1 1_/8n ]”f( Tn 1)
Qnp,

+ﬁHTrnznh1 — Ty 2, I}
We estimate ||z, — zpy1||. Let ¢ := supn>0{ B”} Since the sequences {z,} and
{zr, } are bounded, let ||z, — Ty, x| < M, ||zr, — Tr, zr, || < M, ||f(2n) —2n| < M,
and ||f(zr,) — 2z, || < M for all n > 0 and some constant M > 0. Then, for all n >0

||-Tn+1 - xn“ = ”ﬂn(an(Trnxn - xn)) =+ (1 - ﬂn)(f(xn) - xn)H
S ||, 20 — znll + (1 = Bp) [ f(zn) — 24|
<lan + (1= B)IM < an(1+c)M,

It follows from (4.4) that

- ZTnfl ||

foms—znl < 1= G Py Lot = P Bl
AT g T~ Traaznall 1_;@}(1 LM+ %M
e [ e e
2 _
al"f(ijﬁf) - i’;ﬁ"w L T e (AL S |
Set 6y, w and
B = eke(icen + ) 5100 4 Gy

+m“Trnzrn4 N |
Then we have the inequality
|Zn+1 — 2, | < (1= 0p)l|wn — 20, [| + On. (4.5)

By condition (iv) and the assumptions on the sequences of numbers {a,,} and {8,}
we know that 6,, = 0(d,,). Thus, by Lemma 2.2, ||zy4+1 — 2, || — 0 as n — oo, so that

|Zn = 2, | < |20 — Tpgall + | Tnt1 — 2, || = 0 as n — o0.

Step 3. ||z, — Tszp|| — 0 as n — oo, for each s € G.
Indeed, since

1f(zr,) = 20, || <
the uniformly Lipschitz condition of 7 together with (ULARC) implies that
|20 — Tsan|l < lzn — 20, | + 20, — T2, | + 1T, 20, — T T 20, ||

T T, 2, — Ts2r,,

l2r,, = Tr, 2, || = M — 0 as n — oo,

1_/6n 1_ﬂn
« Qp

+ 1 Ts 2y, — Ty



APPROXIMATION OF COMMON FIXED POINTS 221

< (4 Dlzn — 20, [l + (L+ L)ll2r, = Trp 20, | + 1 Tr, 20, = T T, 20, |-
This shows that ||z, — Tsz,| — 0 as n — co. O
Example 4.1. Let X = R? with inner product (-,-) and norm || - || defined by

(e,y) =ac+bd and |l = Va2 + 12

for all z,y € R? with = (a,b) and y = (¢,d). Let C = {z € R* : ||z|| < 1} and
G = N. Let A be a 2 x 2 positively definite matrix and u € C be a characteristic

21
vector satisfying Au = u (for example, putting A = { i3 } and u = (%, %), we
3

3
know that u € C' and Au = u). We define a sequence of nonexpansive self-mappings
on C as follows

Ty =1,
T.=(1-Yu+14, n=12 .
Furthermore, let r,, = n, for all n > 0 and define

an:m and ﬂnzl—w,forallnzl.

Then there hold the following;:

(1) {ayn} is decreasing and lim «,, = 0;

(ii) lim B, =1and > .7 (1 — f,) = oo;

1- 671 . a2
li =0, (b) 1 =0
(iif) (a) lim o , (b) lim -— 5 =0
. |ﬁn - 5n71| . Qp—1 — Qp

¢) lim ————— =0, (d) lm ——— =0;
( ) n— o0 (1 — ﬂn)Q ( ) n—oo an—l(l — ﬁn)

(iv) r, — oo such that Uf‘W(Trnyn_l — Ty, _Yn—1) — 0, for all {y,} bounded
in C;

(v) T satisfies (ULARC) on bounded subsets of C, i.e., for each bounded subset C
of C, there holds

lim sup ||T,Tsz — Tsz|| =0, re€QqG. (ULARC)
s€G,s—00 el

Indeed, it is easy to see that (i), (ii) and (iii) (a), (b) hold. Then utilizing the

L’Hospital rule (with the notation ¢t = 1/n) we deduce that

. |5n B /8n71| . 1 1-— ﬁnfl
lim ————— = lim -1/ =0,
n—oo (1 - ﬂn)2 n—oo 1 — 3, | 1-5, |
and .
. Qp—1 — Qp . Qp
m —— = hm 1 — = O
n—oo anfl(l _ﬂn) n—oo 1 _ﬁn( anfl)

This shows that (c) and (d) in (iii) are valid. Next, let us verify that (iv) and (v) are
valid. Observe that for all bounded {y,} in C

Qn
mHTnyn—l — T 1Yn—1|
1
1 1 1 1
nl/3
= 1— Du+t —Ayp_q — (1 - - Ay,
P (1~ 2t Ags — (1 - ——Ju— Ay,

na/s
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1 1 1
= 7/15 —_ = ———
n ”n u Ayl WS (n = 1)

(n—1) n(n—1)

lw = Ay

< ;(I
~ n8/1B(n—1)
and for each m > 0 and each bounded subset C of C ,

lull + 1Al llyn—11l) — 0,

1 1 1 1 1 1
sup | T Trx — Tzl =sup ||(1 — —)u+ —A[(1 — —)u+ —Az] — (1 — —)u — — Az||
vl vl m m n n n n

1 1 1 11
— 1—— ——1(1-= (=A% - A
U (1= o = )0 Dk (oAt o)
1 1 1 1 1
<|(1-—= ——11-= - — |41 A
S0 ek G = D0 = Dl + 5 s AT + ATl
1.1 1 1
< (1= =)=l + = [[A[[(=[|A]| + 1) — 0 as n — oo.
m’'n n m

Therefore, (iv) and (v) are also valid. O

Theorem 4.2. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X with a uniformly Gdteaux differentiable norm. Let T={T; : t € G} be
a family of uniformly Lipschitz pseudocontractive self-mappings on C and let f € Il.
Let {x,,} be a sequence generated by (4.1), where {an} and {B,} are real sequences
in (0,1) and {r,} is a sequence in G. Assume that the conditions (i)-(vi) in Theorem
4.1 are satisfied. Then {x,} converges strongly to a common fized point Q(f) € F of
T, which is the unique solution of the variational inequality

(I =NRU), J(Q(f) —p) <0, [felle, peF.

Proof. By Proposition 3.1 and Theorem 3.1, a sequence {z. } given by z, =
ar, vz, + (1 =0y, ) f(2,), with &, = =g~ foralln > 0, exists and con-
verges strongly to a common fixed point Q(f) € F of 7, which is the unique solution

of the variational inequality

(I =NR), J(Q(f) —p) <0, felle, peF.

From the proof of Theorem 4.1, ||z, — 2, || — 0 as n — oo. Hence, {z,} converges
strongly to the same fixed point Q(f) € F of 7. This completes the proof. O

Corollary 4.1. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X with a uniformly Gateauz differentiable norm. Let T={T; : t € G}
be a family of nonexpansive self-mappings on C and let f € IIo. Let {x,} be a
sequence generated by (4.1), where {ay} and {B,} are real sequences in (0,1) and
{rn} is a sequence in G. Assume that the conditions (i)-(vi) in Theorem 4.1 are
satisfied. Then {x,} converges strongly to a common fized point Q(f) € F, which is
the unique solution of the variational inequality

(I = NHR), J(Q(f) —p)) <0, [felle, peF.
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Corollary 4.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let
T:

{T; : t € G} be a family of uniformly Lipschitz pseudocontractive self-mappings on

C and let f € . Let {x,} be a sequence generated by (4.1), where {a,} and {3,}
are real sequences in (0,1) and {r,} is a sequence in G. Assume that the conditions
(i)-(vi) in Theorem 4.1 are satisfied. Then {x,} converges strongly to a common fized
point P(f) € F, which is the unique solution of the variational inequality
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(I=NP),P(f)—p) <0, fello, peF.

REFERENCES

L.C. Ceng, J.C. Yao, A hybrid iterative scheme for mized equilibrium problems and fized point
problems, J. Comput. Appl. Math., 214(2008), 186-201.

L.C. Ceng, H.K. Xu, Strong convergence of a hybrid viscosity approximation method with per-
turbed mappings for nonexpansive and accretive operators, Taiwan. J. Math., 11(2007), 661-682.
L.C. Ceng, H.K. Xu, J.C. Yao, Strong convergence of an iterative method with perturbed map-
pings for nonexpansive and accretive operators, Numer. Funct. Anal. Optim., 29(2008), No.
3-4, 324-345.

L.C. Ceng, H.K. Xu, J.C. Yao, The viscosity approrimation method for asymptotically nonezx-
pansive mappings in Banach spaces, Nonlinear Anal., 69(2008), 1402-1412.

I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, Kluwer
Academic Publishers, Amsterdam, 1990.

K. Deimling, Zeros of accretive operators, Manuscripta Math., 13(1974), 365-374.

B. Halpern, Fized points of nonexpansive maps, Bull. Amer. Math. Soc., 73(1967), 957-961.
J.S. Jung, Convergence theorems of iterative algorithms for a family of finite nonexpansive
mappings, Taiwan. J. Math., 11(2007), 883-902.

J.S. Jung, S.S. Kim, Strong convergence theorems for nonexpansive nonself-mappings in Banach
spaces, Nonlinear Anal., 33(1998), 321-329.

J.S. Jung, C. Morales, The Mann process for perturbed m-accretive operators in Banach spaces,
Nonlinear Anal., 46(2001), 231-243.

T. Kato, Nonlinear semigroups and evolution equations, J. Math. Soc. Japan, 19(1967), 508-
520.

R.H. Martin, Differential equations on closed subsets of a Banach space, Trans. Amer. Math.
Soc., 179(1973), 399-414.

C.H. Morales, On the fized-point theory for local k-pseudocontractions, Proc. Amer. Math. Soc.,
81(1981), 71-74.

C.H. Morales, J.S. Jung, Convergence of paths for pseudo-contractive mappings in Banach
spaces, Proc. Amer. Math. Soc., 128(2000), 3411-3419.

A. Moudafi, Viscosity approzimation methods for fized point theorems, J. Math. Anal. Appl.,
241(2000), 46-55.

B. Prus, A characterization of uniform convezity and applications to accretive operators, Hi-
roshima J. Math., 11(1981), 229-234.

S. Reich, Product formulas, nonlinear semigroups and accretive operators, J. Funct. Anal.,
36(1980), 147-168.

S. Reich, Strong convergence theorems for resolvents of accretive operators in Banach spaces,
J. Math. Anal. Appl., 75(1980), 287-292.

J. Schu, Approximating fized points of Lipschitz pseudocontractive mappings, Houston J. Math.,
19(1993), 107-115.

W. Takahashi, G.E. Kim, Strong convergence of approximants to fixed points of nonexpansive
nonself-mappings in Banach spaces, Nonlinear Anal., 32(1998), 447-454.

W. Takahashi, Y. Ueda, On Reich’s strong convergence theorems for resolvents of accretive
operators, J. Math. Anal. Appl., 104(1984), 546-553.



224 LU-CHUAN CENG, SILVIU SZENTESI AND JEN-CHIH YAO,

[22] A. Udomene, Path convergence, approzimation of fized points and variational solutions of Lip-
schitz pseudocontractions in Banach spaces, Nonlinear Anal., 67(2007), 2403-2414.

[23] H.K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc., 66(2002), 240-256.

[24] H.K. Xu, Viscosity approzimation methods for nonexpansive mappings, J. Math. Anal. Appl.,
298(2004), 279-291.

[25] H.K. Xu, X.M. Yin, Strong convergence theorems for nonezrpansive nonself-mappings, Nonlinear
Anal., 24(1995), 223-228.

[26] Y. Yao, M.A. Noor, On viscosity iterative methods for variational inequalities, J. Math. Anal.
Appl., 325(2007), 776-787.

Received: December 31, 2009; Accepted: May 2, 2010.



