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Abstract. The paper consider positive solutions for second-order four-point boundary value
problem

u’(t) + f(t,u,u') =0, € (0,1)

u(0) = au(n), u(1) = Bu(f)
where the first order derivative is involved in the nonlinear term explicitly. By using Krasnoselskii
fixed point theorem and triple fixed point theorem, we show the existence, multiplicity of positive
solutions for the problem. Some examples are given to illustrate the main results of the article.
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1. INTRODUCTION

In this paper we are interested in the existence of positive solutions of the following
four-point boundary value problem

u’'(t) + f(t,u,u') =0,t € (0,1) (1.1)
u(0) = au(n), u(1) = Fu(§) (1.2)

under following conditions
C1) f:]0,1] x [0, 400) x (—00,400) — [0, +00) is continuous.

C2)n, € € (0,1) satisfying 0 < o < ﬁ,o <pB< %, (1-68)(1—a)+an(1-5) > 0.

Problem (1.1), (1.2) arise from the discussion of problem (1.1) under the following
boundary condition

w(0) =3 asu(m),ul) = 3 Bu(§), (1.3)

where 0 <m <12 <+ <M < 1,0 <& <& < -+ <&, <1 and all the a3, 8; have
the same sign. In fact, existence of solutions for boundary value problem (BVP for
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short) (1.1), (1.3) can be obtained via the existence subject to the boundary condition
m n
(12)7 where o = Z ai7ﬂ = Z 53#7 S (7717nm)7£ € (517671)
i=1 j=1
The multi-point boundary-value problems for ordinary differential equations arise
in different areas of applied mathematics and physics. Recently, the existence and
multiplicity of positive solutions for nonlinear ordinary differential equations and dif-
ference equations have received a great deal of attentions. To identify a few, we refer
the reader to [1-3, 5, 8] and references along this line.
As for four-point boundary value problem, Liu [8] obtained existence of one or two
positive solutions for problem

{ u’(t) +h(t)f(u) =0,t € (0,1)
u(0) = au(n),u(1) = Bu(§)

under assumptions that
C3) f € C([Oa +OO), [07 +OO)>’
C4) h € C([0,1],]0,+00)) and there exists ty € [0, 1] such that h(tg) > 0;

C’5)77§§,0<04<ﬁ,0<ﬂ<éA::(l—ﬁé)(l—a)—&-an(l—ﬂ)>0.

However all the above works about positive solutions were done under the as-
sumption that f depends on u only and the variable ¢ and first order derivative u’
is not involved explicitly. On the other hand, to my best knowledge, there are very
few works considering positive solutions of multi-point boundary value problems by
Krasnoselskii fixed point theorem which the nonlinear term involved first order u’
explicitly. Thus the following question is naturally asked: whether can we obtain a
similar conclusion or not, if f depends on both , v and v’ by using Krasnoselskii fixed
point theorem. By extending the general definitions of fy, foo(see [1],[8]), we give a
positive answer to above question.

We note that if the nonlinear term f(¢,u,u’) = a(t)f(u,u’), recently paper [9]
obtained existence results for a class of boundary value problem with one-dimensional
p-Laplacian operator. In [9] the authors claimed that

1

Sllull < [Jul® + ' P)2 < JJull,t € [5,1 8,6 € (0, ) (%)

where the norm is defined
1
[u(®)]] == max [(u(t))? + (u'(£))%)2,

and u(t) is concave on [0,1].
In fact, (%) can’t be obtained because we can’t get the relationship between

min |u/(t)] and max |u/(¢)| though the relationship between min |u(t)| and
§<t<1-6 0<t<1 §<t<1-6

i  mi hrough th avity of u(t). F
Jnax |u(t)] is get by ,Jnin lu(t)| > 5012132(1 |u(t)| through the concavity of w(t). For

the results of [9] considerably depended on (x), we think that the existence results of
[9] should be revised.

Furthermore, all known results about positive solutions of problem (1.1), (1.2) ([8],
[13]) are established under the case n < . We see in section 2 that the case n > &
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may cause some difficulties. In the paper we overcome it and extend existence results
to arbitrary n,& € (0,1). In this sense we extend the main results of [8] and [13].

2. PRELIMINARIES

Let E := C'[0, 1] be the Banach space endowed with the norm

lull := max ful.

Suppose for any H > 0, |u/| < H, following limits exist. We denote

— t t
Fo = lim max 2% ¢ iy i 2B%Y)
u—00<t<1 S0 u—00<t<1 |ul + |v]
— t t
foo = lim max fltwv) ,u,v), f_ = lim min fltuv) 7u,v).
u—00 0<t<l 1 =00 y—000<t<1 |ul + |

These definitions of f,, f 07?00, ioo are of great importance in the proof of our
main results. To our best knowledge, this is the first paper in discussing the positive
solutions of boundary value problems by Krasnoselskii fixed point theorem which
t,u,u’ are all involved in the nonlinear term.

The main tools of this paper are the following well-known Krasnoselskii’s fixed
point theorem and the fixed point index theorem.
Lemma 2.1. ([7]) Let E be a Banach space and K C E be a cone. Assume 1, Q2
are open bounded subsets of E with 0 € Q1 C Q1 C Qo and let
AKO(QQ\ﬁl)—)K
be a completely continuous operator such that
Au|| < |jull,u € K NOQ,and | Au|l > |lu|l,w € K N 0Qs;
or
Auw]| > ||ull, v € K NOQy,and | Au| < |lull,u € K NOQs.
Then A has a fived point in K N (Q2\ Q).
Lemma 2.2. ([7]) Let E be a Banach space, K C E be a cone. For p > 0, define

K, ={ue K :|ull <p} and assume that A : K, — K is a completely continuous
operator such that Au # u for x € 0K, ={u € K : ||u|| = p}. Then

|Aul| < ||lull,u € 0K ,,then i(A, K,, K) = 1.
|Aul| > |lul|,u € OK,,then i(A, K,, K) = 0.

Lemma 2.3. Suppose y(t) >0 fort € [0,1]. Then the problem
u”’(t) +y(t) = 0,t € (0,1) (2.1)
u(0) = au(n), u(1) = Bu(§) (2.2)
has no positive solution under the following cases:
1 1
(1)a>i, or > —;
(2) A=an(l—=p)+ (1 —a)(1-p8) <0.
Proof. For (1), see Liu [8]. Now we consider the case A < 0.
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Suppose that (2.1), (2.2) has a positive solution u(t), from the fact that v (t) =
—y(t) < 0, we know that u(t) is concave on [0,1]. If n = £, A = 1 — 3¢, see [1]. If
n # £, we distinguish two cases:

(1) n < &. From the concavity of u(t), we have

uln) = w(0) _ wl€) —u(0)  u()—u(©) _ u(1) - un)

" - 3 (P (23)
rearranging (2.3) we have
nu(§) < [an + (1 — a)¢Ju(n) and (1 = &u(n) < [1 =B+ (B — nlu(§),
thus
n(1=&) <lan+ (1 - a)]l = 5+ (6 - 1)n], (2.4)

which means (£ — n)A > 0. A contradiction with n < £, A < 0. (2) n > £. Similarly
with above we can get (£ — n)A < 0, also contradict to n > &, A < 0. This completes
the proof. [

Lemma 2.4. Let A # 0. Then for y(t) € C[0,1], the problem (2.1), (2.2) has a
unique solution

1
u(t) = / G(t, s)y(s)ds, (2.5)
0
where G(t, s) is the Green’s function of problem
{ —u"(t) =0, te(0,1)
u(0) = au(n), u(l) = Bu(§)
which is given as follows:
Forn <¢
(an+t—at)[(1 -8+ (B-Dsl+als—n[(1-6)+(B-1)t] 0<s<nt<s
s[(1 =B+ (B - 1)t 0<s<mt>s
G(ts):l (an+t—at)[(1—BE) + (B —1)s] n<s<§t<s
’ (an+ s —as)[(1 - BE) + (8 —1)¢] n<s<§t>s
(1= s)lom+ (L —a)t] £<s<1,t<s
(an+s—as)[(1 = BE) + (B —1)t] + B(§ — s)lan + (1 — a)t] §<s<1t>s
Forn>¢
(an+t—at)[(1 =B+ (B-Dsl+als—n)[(1-6)+(B-1)t] 0<s<Et<s
s[(1—-88) + (8- 1)1] 0<s<&t>s
ot S):i (1 =s)lom+ (L —a)t] + a(s —n)[(1 — BE) + (B — 1)t] §<s<nt<s
’ s[(1 = B€) + (6 — )t] + B(€ — s)[an + (1 — a)t] §<s<nt=>s
(1 —=s)[an+ (1 —a)t] n<s<1L,t<s
(an+s—as)[(1 — BE) + (B8 — 1] + B(€ — s)lan + (1 — a)t] n<s<Lt>s

Proof. Considering the definition and property of Green’s function together with
boundary condition (2.2), we can get the expression of the Green’s function by com-
putation. For n > &, the conclusion is new.

Denote

Gu(t, s) 1{(0”7+t—at)[(1—ﬁ§)+(6—1)s] t<s

A (ants—as)[(1-B)+(B-1)] t>s
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= § [ 1000+ (- i -nyteast § [ Ton+1-alic=s(syis. (26)
Then (2.5) can be given by

/Glts s)ds+ P(t),0 <t < 1. (2.7)

O

Remark 2.1. Considering the Green’s function is not symmetric, we can give the
expression of the solution by using a symmetric kernel function and a linear function.
We claim that (2.7) is satisfied under arbitrary n,& € (0,1). In fact, if n < &, P(t) is
given by (2.6). If n > &, by computation we get

a [
_ X/0 [(1 = 8) + (8 = V)t](s — n)y(s)ds
e /;[au = BE+ Bt = 1)(s — ) + Blan +t — at) (€ — )]y(s)ds
+§/ﬂ [an + (1 — a)t](€ — s)y(s)ds

a [ 8 [t
=2 [0 =59+ (- i — (s + 5 /E o+ (1 — a)t](€ — $)y(s)ds.
0
Further considering condition (Cs) it’s easy to see
o+ (1= a)t > 0,(1— B) + (8- )t > 0, € [0,1],

then we can easily prove that G(t,s) > 0,if n < £. But we also can see G(t, s) can
change sign on [0,1] x [0,1] if n > £ even if (Cs) is satisfied. In this case we prove
that the solution is positive mainly by (2.7).

The following lemma takes a great role in the proof of our main results.
Lemma 2.5. Suppose y(t) > 0 is such that there exists to € [0, 1] with y(to) > 0 and
the condition (C3) is satisfied. Then, we have:

(1) u(t) > 0,t € [0,1];

(2) u(t) >~ ax, u(t),t € 10,1], where

Bl —¢§) B an a(l —mn)

Y= e BB a1 1y <
Proof. (1) For n < ¢, form (2.7) we have
W= 105+ (5 rlfan + (1= a)ly()ds

+1 / (1= 6) + (8 — Dsly(s)ds

+X/0n(s—n>[(1—5£)+(6 1)ily d+—/ £—s)
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_ — n ¢
= OO [ / (1= BE) + (8- Dsly(s)ds

1
+Q/ (1 — s)y(s)ds > 0.
A Je
Similarly, for n > £ we have

_ _ 13 n
o = ==L gy & [1s(0 =) + 00— (o)

—|—X/77 (1—s)y(s)ds > 0.

So u(0) = au(n) > 0.
Then we show u(1) > 0. Otherwise suppose u(1) < 0, then u(§) < 0. Considering
the concavity of u(t), then

u(©) = u(0) _ u(l) — u(0)
£E-0 - 1-0 °
1 £€—1 1 ,
we get u(l) < Eu(f) —+ ¢ u(0) < gu(g), which means Su(€) < u(), thus g€ > 1.

1
A contradiction to 5 < 3 So u(1) > 0. Considering u(0) > 0,u(1) > 0 together with

the concavity of u(t) we get the conclusion of (1).
(2) Let max u(t) = u(t1), min u(t) = u(ty). Obviously to = 0,0r to = 1. We
0<t<1 0<t<1

distinguish two cases:
(i) t2 = 1. Here 0 < 8 < 1,u(0) > u(1). For t; <& < 1, we see

u(ty) —u(l) _ u(§) —u(l) B -¢)
P— > 1 ,s0 u(l) > 1_6£u(t1).
For 0 < ¢ < tq, similarly with above we can get
ulty) < tru(§) — (? —§u(0) < tu(§) — (21 —&u(l) LB 5;21 - §)u(1)7
then u(1) > %u(tl)

(ii) to = 0. Here 0 < o < 1,u(0) < w(1). For n € (0,t1] we have
u

u(ty) —u(0) _ u(n) —u(0) on
m < ; ,then u(0) > mu(h),

and for n € [t1,1) we get
(L —t)uln) = —t)u(l) _1-t —an—t)
L—=n - a(l-m)
BA—¢) BE an a(l—n)
1-pE ' B36+1-Ban+1—a’ 1—an
u(t) > 7 fmax, u(t),t € [0,1]. O

1—an

ut= A7)

u(0).

u(0) <

Let v = min{ }, we see
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3. EXISTENCE RESULTS OF AT LEAST ONE POSITIVE SOLUTION

Problem (1.1), (1.2) has a solution u = w(t) if and only if u solves the operator
equation

1
= /0 G(t,s)f(s,u(s),u'(s))ds := Au(t),0 < t < 1. (3.1)
Define

K={u>0¢c E:u(0) =au(n),u(l) = pu(f),u(t) is concave on [0, 1]},

it is obviously that K is a cone in E. Moreover by Lemma 2.4, 2.5, A(K) C K.
From Lemma 2.5 we know that

1
/ G(t,s)ds > 0,t € [0,1].
0

For the convenience of the reader, we denote

0<t<1 0<t<1

8G t,s) aG t,s)
My = max{|/ ——|i=0ds, |/ li=1ds|}.

Theorem 3.1. Assume that (C1), (C’g) hold. Then problem (1.1), (1.2) has at least
one positive solution if

1 1
M; = max / G(t,s)ds,m = min / G(t,s)ds
0 0

(1)?0:O,ioo:oo
or .
(g)i():oomfoo_

Proof. We consider first the case (1).
By f, = 0,we choose €1 > 0 satisfying €, M; < 1, there exists H; > 0 such that

flt,u,u) < eyu, for u < Hy.
Define Oy = {u € E : ||u|]| < H1}, then for v € K N0 we have

[|Au|| = max |Aul
0<t<

= max/ G(t,s)f(s,u(s),u'(s))ds
< max g1 Myu < ||u.
0<t<1

On the other hand, by f = oo,choose € satisfying eomy > 1, there exists Hy >0
such that
f(tvuaul) Z 52(|U| + ‘UID for u Z Fz.

1—
Let Ho = max{2H;,—H2},Qs = {u € E : ||u|]| < H2}. Then for u € K N 9Ny, we see
Y

u > 'yfyHg H,, then

|[Au|| = max |Au|
0<t<1
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—max/ G(t, 5)f (s, uls), ' (s))ds

> eam(u + [u']) > eamyllufl = [Jul.

Then by Lemma 2.1, A has a fixed point u, which implies problem (1.1), (1.2) has at
least one positive solution.

Next the case io = 00, fo, = 0is considered. For io = oo,there exists H3 > 0 such
that

f(tu,u’) > es(jul + o) for 0 < u < Hs,

where €3 > 0 satisfying esm~y > 1.

Denote Q3 = {u € E : ||u|| < Hs}, then for u € K N 003 we have

||Au| = Jnax | Aul

= Orgtaécl/ G(t,s)f(s,u(s),u'(s))ds
> ezm(u + [u']) > esmy|ull > [|ul].
Considering ?Oo =0 for |u’| < H, there exists Hy > 0 such that
flt,u,u') < equ for u > Hy,

where 4 > 0 satisfying e, M7 < 1.

We distinguish two cases :

Case (i). Suppose that f is bounded, then there exists N > 0 satisfying
ft,u(t),v'(t)) < N. Taking Hy = max{2Hs, NM;}, foru e KNONQy,Qy ={ue FE:
lu|l < Hy}, we have

[ dul = o | Au

:maX/Gts (s,u(s),u/(s))ds

0<t<1
< NMy < Hy < ||uf|.
Case (ﬁ Suppose that f is unbounded, then there certainly exists Hy >
max{2Hs, H,} such that
St u,u') < f(t,Hy,u'),0 < uw < Hy.
For u € K NNy, Wy ={u € E: |lu|| < Hy}, we have
1
Il = o [ Gi.s) (s, ). o (5))ds
< My f(t, Hy,u') < eqgMyiHy < ||ul|.
So, in either case, we can choose Hy > 0 such that || Au|| < ||lu||, for u € KNOQy, Qy =

{u € E :||ul]| < Hs}. Then by Lemma 2.1 problem (1.1), (1.2) has at least one positive
solution. We completed the proof of Theorem 3.1. [J

Following we consider existence results under the case f, f 0,700, f. &1{0,00}.
Theorem 3.2. Assume that (C1),(Ca) hold. Then problem (1.1), (1.2) has at least
one positive solution in one of the following cases:

(3) fo=ac (0,+00),f  =b€(0,+00) and aMy < 1,bmy > 1;
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(4) fy=ac€ (0,400), foo = b € (0,+00) and bM; < 1,amy > 1;

(5) fo=a€ (0,+00), f =00 and aM; < 1;

(6) f,= a, foo =0 and amy > 1;

(7) fo= O,L)O =be€ (0,+00) and bmy > 1;

(8) f,= 0, foo = b and bM; < 1.
Proof. We consider the case (3) first.

Since f, = a € (0, +00),for 5 > 0 satisfying (a + €5)M; < 1, there exists Hs > 0,
such that

ft,u,v) < (a+es5)u for u < Hs.

Define Q5 = {u € E: ||u|| < Hs}, then for z € K N 0Q5, we see

|Au|| = Jnax \Au|

maX/Gts (s,u(s),u'(s))ds

0<t<1

<
< max (a + £5)Myu < Jul.

Considering ioo = b, there exists Hg > 0 such that

ft,u,u') > (b—e6)(ful + [u']), for u > He,
where e¢ satisfy (b —eg)my > 1.
1
Let Hg = max{2Hs5, —Hg},Q = {u € E : ||u| < Hg}, then for u € K N 0Qg,we
Y

get u > Hg, then
|Au|| = max |Aul
0<t<1

= max/o G(t,s)f(s,u(s),u'(s))ds

0<t<1
> (b—ee)m(u+[u]) = (b —eg)mrllull = [[ul.
Then by Lemma 2.1, BVP (1.1), (1.2) has at least one positive solution. As for other

cases ((4), (5), (6), (7), (8)), the proof can easily be obtained as in case (1), (2), (3)
and are omitted here. [J

4. EXISTENCE OF DOUBLE POSITIVE SOLUTIONS

In this section we study the existence of at least two positive solutions for problem

(1.1), (1.2) under
fozfoo:OOriO:ioo:

Theorem 4.1. Assume that (C1),(C3) hold and following conditions are satisfied:

(Cs) ?0 = ?oo =0; .

(Cy) there exist r* > 0 such that f(t,u,u’) > = for any H > 0, (t,u,u’) €
[0,1] x [yr*, %] x [~ H, H]. "
Then, the problem (1.1), (1.2) has at least two positive solutions ui,us satisfying

0 < Jlusll < 7" < fluzll.
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Proof. Considering f, = 0, similarly with Theorem 3.1, we claim there exists r; €
(0,7*) such that

(A, K,,K)=1, where K,, ={u € E: |lul]| <r}.
Since f., = 0, similarly with above there exists ro € (7*, +00) such that

(A, K,,, K) =1, where K, = {u € E: |lu]| <r2}.
Ifue KNOK+, K« ={u€ E: |lul]| <r*}, then

*

1
/ r *
= 10 = > - = > .
lAu] = max |Aul Omgggl/o Gt ) f(s,u(s), u'(s))ds = m x 2 lull

Hence i(A, K+, K) = 0. Therefore,
(A K\, K) = —1,i(A, K\ K, K) = 1.

So, there exists at least positive solutions uq,us such that 0 < [Jui|| < r* < [Juz]|. O
Theorem 4.2. Assume that(Cy),(C2) hold and following conditions are satisfied:

(Cs) f, = [ = oo

(Cg) there exists R* > 0 such that f(t,u,u’) <
[07 1] X [FYR*aR*] X [7Ha H]7
then problem (1.1), (1.2) has at least two positive solutions ui,us satisfying

0 < flusll < R* < fug]-

*

M,

for any H > 0, (t,u,u’) €

Proof. The proof is similar to the proof of Theorem 4.1, so we omitted it here. [

5. EXISTENCE OF TRIPLE POSITIVE SOLUTIONS

As for multiple positive solutions of second order BVPs of ordinary differential
equations, when the nonlinear term doesn’t depends on first order derivative, some
results are obtained mainly by the Leggett-Williams fixed point theorem. But the
presence of u’ causes some considerable difficulties. To overcome this predicament,
Bai. et al. [12], [13] generalized the Leggett-Williams fixed point theorem and apply
their main results to obtain three positive solutions of problem (1.1) subject to (1.2).
But the results are obtained under the case n < £. By using the results established in
Lemmas 2.4, 2.5, we obtain here the existence results of three positive solutions for
1 > & which can be seen as an extension of [13].

In this section, let the Banach space E = C'[0,1] be endowed with the or-
dering u < v for all u(t) < wv(t),t € [0,1], and the maximum norm |u| =
max{orgtagcl |u(t)], Jnax [/ (t)|}. Define the cone P € E by

P={ueE:ut)> O,Ogltigl u(t) > 7 oax u(t), u(t) is concave on [0, 1]},

where 7 is defined in Lemma 2.5.
Define functionals

_ _ ’ _ .
(o) = max |u(t)],v(z) = max [u'(t)],w(z) = min fu(t)], for u € E.



POSITIVE SOLUTIONS FOR FOUR-POINT BOUNDARY VALUE PROBLEM 157

Noting the definitions of ¢, 1, w, these functionals satisfy the conditions of Lemma
2.1 in [13].

Remark 5.1. The proof of (2) in Lemma 2.5 allow us to define w(z) = Oglti?l lu(t)].

We see that in [13] it is defined by w(x) = ngltigg |u(t)]. Comparison with [13], the
definition is more natural. o

We establish now a result which is similar to Theorem 3.1 of [13].
Theorem 5.1. Suppose that the conditions Cy),C2) hold and there exist constants
hy > b/’}/ >b>hy >0,Ly > L1 > 0 such that b/m < min{hg/Mth/Mg}. If the
following assumptions are satisfied

Al) f(t,u,v) < min{hl/Ml,Ll/Mg}, fOT’ (t,u,v) € [O, 1] X [O, hl] X [_LlyLl};

AQ) f(t,u,v) > b/ml,for (ta U,U) € [07 1} X [b7 b/,‘Y] X [7L27L2];

Ag) f(t,u,v) < min{hz/Ml,Lg/Mg},fOT' (t,u, ’U) € [O, 1] X [0, hg} X [—LQ, LQ],
then the problem (1.1) and (1.2) has at least three positive solutions uy,us,us with

< ! < Lq:
Jmax, up (t) < ", fnax luy ()| < Li;

b < min uy(t) < max us(t) < he, max |ub(t)] < Lo;
0<t<1 0<t<1 0<t<1

b
<= 5(t)] < Lo.
Jnax us(t) < 828X, lug(t)] < Lo

Proof. Lemmas 2.4, 2.5 are considered in both cases n < £ and n > £. Considering
these results together with the proof of Theorem 3.1 in [13], it’s easy to get the proof,
thus here we omitted it. [J

6. EXAMPLES

In this section we given some examples to illustrate the importance of our main
results.
Example 6.1. Consider the second order boundary value problem

w4 et = 0,0 <t <1, (6.1)
u() = 2u(}), () = gu(}) (6.2)
We see that
o= %, 3= %, n= Z, E= %,f(t,u,u’) — (ttu)y2 >0 and
a<ﬁ, B<%, A:%>0.

Conditions (C1), (Cy) are satisfied and fo = 0, f = oo. Then problem (6.1), (6.2)
has at least one positive solutions.
Example 6.2. Consider boundary value problem
W+t u+ Sin(uu/))—zeu—s—sin(uu/) =0,0<t<1, (6.3)
2 1 1

w(©) =u(3),  u(l) = Ju(3): (6.4
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We see that
1 2 1 1 1 1 1
We can check that conditions (C1), (C2) are satisfied. Furthermore f = f = oco.

2
By computation we get m = 3 Choosing r* = 8, we know that for any H > 0

mle *
_— >

g =
Then by Theorem 4.2 we know that problem (6.3), (6.4) has at least two positive
solutions wy, ug satisfying 0 < |Ju1]| < 8 < [Juz]|.

=12 for (t,u,u’) € [0,1] x [2,8] x [-H, H].

3|3

Remark 6.1. For the above problems, we notice that the nonlinear term depends
on t,u,u’ explicitly and n > £. Thus, the previous results for positive solutions are
not applicable to the problem.

Example 6.3. Consider the boundary value problem

u’'(t) + f(t,u,u') =0,0 <t <1, (6.5)
1 3 1
u(@ = Lu®), u) = u(y), (6.6)
where ) )
Cet (0 ) 0<u<10
) ={ 6 6 1800
f(tu,v 1, 1, v
et +1 S 1
g¢ t 000+6(1800) u> 10
We see
1 3 1 1 1 1 1
2 B=1p=2 ¢—=-and - A== 2
« 27/8 » N 475 Qan 05<1_77’6<£7 4>07’Y 5

It’s obviously that conditions Cy), C3) hold.
Choose hy = 1,hy = 1800,b = 7,L; = 10,Ls, = 1800. By computation we get
M, =2, M,= %7 m = %. Consequently f(t,u,v) satisfy

16°
F(t,u,v) < 3200, (t,u,v) € [0,1] x [0,1800] x [~1800, 1800];
flt,u,v) > 16, (t,u,v) € [0,1] x [7,35] x [—1800, 1800];
16
ftu,v) < 9 (t,u,v) €[0,1] x [0, 1] x [-10, 10].

Then all assumptions of Theorem 5.1 are satisfied. Thus problem (6.5)-(6.6) has three
positive solutions w1, us, ug satisfying

< / < 10-
g2p w(®) <1, gmax fea (8] < 10;

7 < min us(t) < max ug(t) < 1800, max |us(t)| < 1800;
0<t<1 0<t<1 0<t<1

< 5(t)] < 1800. :
Jnax us(t) < 35,0212(1 |us(t)] < 1800 (6.7)

Remark 6.2. In the example we see n > &, hence the results of [13] and some other
results on positive solution for four point BVPs are not applicable to this problem.
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