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1. INTRODUCTION

In this paper we consider the following Darboux problem for a third order hyper-
bolic inclusion:
B (z,y,2)
Oz Oy 0z
with the initial values
u(z,y,0) =y (zy), (z,y)€Di=10,a]x[0,b],

w(0,y,2) =¥ (y,2), (y,2) € D2 =[0,0] x[0,], (1.2)
u(z,0,2) =x(x,2), (x,2)€ Ds=][0,a] x]0,¢],

€ F(x,y,z,u), (x,y,2) €D =10,a]x[0,b]x[0,¢], u € BCR", (1.1)

where ¢, 1, x are absolutely continuous in Carathéodory’s sense functions (see [4,
565-570]) and they satisfy the conditions

U(SC70,O):@(x,O):X($,0)=U1($)7 (EG[O,G],
u(0,y,0) = ¢ (0,y) =¥ (y,0) =v?(y), y€[0,8], (1.3)
u(0,0,2) =9 (0,2) =x(0,2) =v*(2), 2€[0,q, '

% (0,0,0) = v! (0) =02 (0) = :3(0) =Y,

F : Dx B — compA is a continuous multifunction whose values are non-empty
compact not necessarily convex subsets of R™, A is the closed ball centered at the
origin of R™ with radius M and B is the closed ball centered at the origin of R™ with
radius r = M7 + M abc.
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Using a continuous selection result and Schauder’s fixed point theorem we will
prove an existence theorem of a solution for the above mentioned Darboux problem.

2. PRELIMINARIES

We recall first some definitions and theorems from [7]-[26]. If X and Y are two
non-empty sets, then a multifunction ® : X — 2Y is a function from X into the
family of all non-empty subsets of Y.

Definition 2.1. Let X and Y be two non-empty sets and ® : X — 2Y be a
multifunction. An element x € X with the property that x € ® (z) is called a fized
point of the multifunction .

Definition 2.2. A singlevalued function ¢ : X — Y is said to be a selection of
O:X -2V if p(x) € P (z) forall z € X.

For some continuity concepts for multifunctions see, for example, [15].

Definition 2.3. If (X, F) is a measurable space and Y is a topological space, the
multifunction ® : X — 2Y is measurable (weakly measurable), if ®~ (B) € F for every
closed (open) subset B C Y, F being the o-algebra of the measurable sets of X i.e.
®~ (B) is measurable.

Definition 2.4. ([14]) The function u : D — R", D C R3, is absolutely continuous
in Carathéodory’s sense [4, 565-570] if and only if w(x,y,z) is continuous on D,
absolutely continuous in each variable (for any pair of the other two variables) and
similarly for u, (x,y, 2), uy (2,9, 2), U, (2,Y, 2), Uzy (T, Y, 2), Uy (T, Y, 2), Ugz (T, Y, 2),
and uz,. is Lebesgue-integrable on D.

Theorem 2.5.  The function u : D — R™, D = [0,a] x [0,b] x [0,¢] C R3,
is absolutely continuous in Carathéodory’s semnse on D if and only if there exist
f e L! (D Rn), g1 € Lt (Dl,R ), g2 € Lt (DQ,R”), gs € Lt (Dg,Rn), h, €
L ([0,a] ;R™), hy € L ([0,b] ;R™), hy € L' ([0, c]; R™), such that

u(z,y, 2 ///frstdrdsdt—i—//glrsdrds—i—
//gg stdsdt—l—//ggrtdrdt—l—

+/ hl()dr—i-/ h2()d$+/ hs (t) dt +u(0,0,0).

0 0 0

We denote the class of absolutely continuous functions in Carathéodory’s sense on
D by C* (D;R"™) [14].
Theorem 2.6. The space C* (D;R"™) endowed with the norm

a b c a b
luon )l = / / / ltays (1, 5,8)|| dr ds dt + / / ltay (ry 5,0)]] dr ds-+
0 0 0 0 0
b c a c
T / / g (0,5,2)| ds dt + / / g (r,0, )] dr di+
0 0 0 0

a b
+ / g (r,0,0)] dr + / luy (0, 5, 0)]| ds+
0 0
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+ / Juz (0,0, )] dt + [ 0,0,0)]|,
0

where D = [0,a] x [0,b] x [0,c] C R3, and ||-|| is the Euclidean norm, is a Banach
space.

We denote by d (z,y) the Euclidean distance from « to y, z,y € R™, where R" is
the Euclidean space. B xz,r] is the closed ball of radius r > 0 centered at € R™.
If AAB C R", d(z,A) = inf{d(z,y)|ye€ A}, d*(A,B) = sup{d(y,B) |y € A},
d(z,0) = oco.

Let (X,d) be a metric space. We denote by dy the Hausdorffl-Pompeiu pseudo-
metric on 2%. The function dy defines a metric on the space F (X) of the non-empty
and closed subsets of X, called the Hausdorff-Pompeiu metric.

3. CONTINUOUS APPROXIMATE SELECTIONS

Let FF: D x B — comp A be a multifunction with non-empty compact values,
where A is the closed ball centered at the origin of R™ with radius M, D = [0, a] x
[0,0] x [0,¢] C R® and B is the closed ball centered at the origin of R™ with radius
r = My + Mabe, where M; is given by (3.2).

Let C (D;R™) be the Banach space of continuous functions from D into R™ and
L' (D;R™) the Banach space of equivalence classes of Lebesgue-integrable functions
on D and taking values in R".

Let the following hypotheses be satisfied:

(Hy) F:D x B — comp A is a continuous multifunction;
(H2) ¢ € C*(D1;R™), ¢ € C* (Dg;R™), x € C* (D3;R™) and it satisfy the condi-
tions (1.3).

Remark 3.1. The function o« : D — R" defined by
a(z,y,z) = p(x,y) + ¥y, 2) + x(x,2) — o(z,0) — ©(0,y) = ¥(0,2) +1(0,0) =
= @(xay) + '(/J(:% Z) + X(l‘, Z) - /Ul(x) - U2(y) - U3(Z) + ,UO’ (31>

is an absolutely continuous in Carathéodory’s sense function on D.
Suppose that the following hypothesis holds:

(Hs) The function « : D — R"™ defined by (3.1)is bounded, that is
la(@,y,2)|| < My, (2,y,2) € D, My > 0. (3.2)

Define K to be the set of absolutely continuous in Carathéodory’s sense functions
u: D — R” satisfying
u(z,y,2)
0x 0y 0z

‘ <M, forae (x,y,2)€D, M>0, (3.3)

and the conditions (1.2).
Proposition 3.3. The set K is a non-empty compact and conver subset of
C (D;R™).



136 GEORGETA TEODORU

d%u
Proof. The relation u € K implies u € C (D;R™). Integrating (‘9((;:311({9,2) on D
and using the conditions (1.2) we obtain
u(z,y,2) =u(x,y,0)+u(x,0,2) —u(x,0,0)+u(0,y,2) (3.4)
(r,s,t)
0,v,0) —u (0,0 (0,0,0) d dsdt =
w(0,9,0) = u(0,0.2) + u /// o .

=p(®,y) +¢(y,2) +x(z,2) — ¢ (2,0) -

—(0,2) +u(0,0,0) + /// argssattddsdt:
= (z,y) +1/)(y7 2) +x(z,2) =o' (2) =0 (y) — 0* (2) + "+

rst
/// 87”85815 d dsdt =
rst
o (&% /// 87"858 ddetv (z,y,2) € D.

The compactness of the set K results using the theorem of Arzela-Ascoli. The set
K is equibounded. From (3.2), (3.3) and (3.4) we have

r ER t
<
||’LL( x, Y,z )” ”a T, Y, % H+ 87‘888t

§M1+///Mdrdsdt:
o Jo Jo

=M + Mzyz < My + Mabc=r, r>0, (z,y,2)€ D.

Hdrdsdt <

The set K is equicontinuous. Using the absolute continuity of the integral follows
that
lu(x+h,y+kz+1)—u(x,y,2)| <e for hkleR
with |h|,|k|,|I| <d(e), 6(e) >0, € > 0.

The set K is convex. Indeed let be uj,us € K and Ay, A2 € R with 0 < A\ < 1,
0< X <1, A1+ A2 =1. From (3.3) and (1.2) we have

‘ 83ui (JZ‘, Y, Z)

0x 0y 0z
uz(x,y,O) w(x,y), ( T,y )eDl [ ] [Ovb]
U (O,y,z) z/J(y,z), ( Y, )ED? [ ] [O’C]v 1=1,2
w; (¢,0,2) = x(x,2), (x,2) € D3=10,a] x[0,].

Using the properties of absolutely continuous in Carathéodory’s sense functions, it
follows that A\juy + Aqus € C* (D; R™).

§M7 (xay7z)€D7 i:1>27

and
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<

The relations (3.3) and (1.2) for the function A\juy + Az2uz hold.
83 (Alul + /\2u2) (.Z‘, y,Z) ’ _ ‘)\ 83“1 (J),y, Z) A 6311/2 (.’137 Y, Z)

9 Oy 0= 91 0y 0= > 0wy 0z
O3y (z,y, 2 By (,y,2
<X a;gy’ay’z) ‘ + A W
SMM+ XM =AM+ X)) M =M, (2,y,2) €D,
and
(Mur + Aguz) (2,9, 0) = Ay (2,y,0) + Asuz (2,,0) = Mg (2,y) + Aaep (2, y) =
=M+ A)e(@y) =9y, (zy) €D,
(Mur + Agu2) (0,y,2) = Aun (0, 2) + Adouz (0,y,2) = Mt (y,2) + A2t (y, 2) =
=M+ M)V (y,2) =v (. 2), (y,2)€ Dy,
(Mur + Aoug) (2,0, 2) = Mug (2,0, 2) + Aous (2,0, 2) = Ay (z, ) + Xax (z,2) =
)

=M+ X)x(x,2)=x(x,2), (x,2)€D
Hence A\iuy + Aaus € K and the set K is convex.
Remark 3.2. The membership v € K implies (x,y, z,u (z,y, 2)) € D x B for each
(x,y,2) € D. In view of the fact that each u € K generates a multifunction (z,y, z) —
F (z,y,z,u(z,y,2)) from D into comp A, we shall denote this multifunction by G (u)

G(u)(2,y,2) = F (2,y,2,u(z,y,2)), (z,y,2)€D. (3.5)

Proposition 3.4. Let be F : D x B — comp A a continuous multifunction (the

hypothesis (H1)). Then for each £ > 0 there exists a continuous function g : K —
LY (D;R™) such that for any u € K,

d(g () (z,y,2),G () (z,y,2)) <e forae (r,y,2)€ D. (3.5)
Proof. Let € > 0 be given. In view of the fact that F is continuous on D x B and
D x B is compact, F is uniformly continuous on D x B and there exists § (¢) > 0
such that
dy (F (z,y,z,u), F (r,s,t,0)) < ¢, (3.7)
for any two points (z,y, z,u), (r,s,t,@) in D x B with
(@, y,2) = (r,s,0)[| <0 (e), fu—al <d(e), 6(e) > 0.
Let {U;},<;<n be a finite open covering of IC such that diamU; < 6 (¢) for any
I =1,N. Let {pi}, ;< be the continuous partition of unity subordinate to {U;}; for
each [ select a point u; € U; and let {1}, <;< N be a sequence of Lebesgue measurables
functions v; : D — R™ such that, for every I, v, (z,y,2) € G (w) (z,y, 2), for a.e.
(x,y,2) € D. Such functions v; exist because each G (u;) is continuous and measurable
in D [1]; v; € LY (D;R") for every I. We can take N = Ny N2N3. Denote p; (u) =
pijk (u) and suppose

Pijk (U) =4 (U) T (U) Sk (u)ﬂ 1= 17N13 J = 17N27 k= 17N3-

The functions p;j : K = R, i =1, N1, j = 1, Na, k = 1, N3, satisfy the properties:
a) 0 < piji (u) <lforueK,i=1,Ny, j=1,Ny, k=1,Ns;
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b) Dijk (u) =0ifu ¢ Uijka 1= LNla .7 = 17N2a k= 17N3;

N1 N2 N3 N; N> N3
c) ZZZMM (u) = ZZZ% (u)rj (u) sg (u) =1 for u € K.
i=1j=1k=1 i=1j=1k=1

For each u € K define the continuous functions A : K — R, \jx(u) =
T (U) Yj (u) 2k (’LL), i = 17N15 j = 15N27 k= laN37 where

xo (u) =0
No N3
2 (u) = zi—1 (u) + ag; (u Z Zsk i=1,Ny,
yo (u) =0
yj (u) = yj—1 (u) + br; (u Z(Iz Zsk =1,Ny,
20 (u) =0
N>
2k (u) = zk—1 (u) + esg (u ZqZ er , k=1,Ns.
j=1

For each u € K define the parallelepipeds

Diji (u) = [w1-1 (u) ;25 (w)[ X [y-1 (u),y5 (w)] X [21-1 (v) , 2x (u)[,
i=T, Ny, j=1,Na, k=1, N,

which constitute a partition of D excepting the surface x =a, y =b, z = c.
We construct the desired function g : K — £! (D;R"),

N1 Nao Nj
g {E Y, 2 ZZZX zjk il' yaz) Vijk ($7y72),
i=1j=1k=1
0<2z<a,0<y<b0<z<e, (3.8)
(w) (a,y,2) = Vm. Ny N5 (@, y,2), m=min{i>1,z; (u) =a},
g () (z,0,2) =N, N, (2,0,2), n=min{j >1,y, (u) = b},
g () (z,y,¢) =vN, Ny (,y,¢), r=min{k >1, 2z (u) =c},

where x [D;ji (u)] is the characteristic function of the set D;jx (u).

Obviously, g maps K into £! (D;R™). Moreover, for a given u € K and any fixed
(x,y,2) € D, these exists a unique (i, j, k) such that (z,y,2) € D;ji (u) and this
implies u € U;j. Thus, g (u) (z,y,2) = vijk (z,y,2) and ||u (x,y, 2) — uijk (z,y, 2)| <
d () so that

d (g (u) (xa Y, Z) 3 G (u) (xv Y, Z)) <d (Uijk (‘Tv Y, Z) vG (uljk) (:E, Y, Z)) +
dy (G (uljk) (SL’, Y, Z) 3 G (u) (1'7 Y, Z)) <d (Uijk ('737 Y, z) 7G (uljk) (‘T7 Y, Z)) +e.

It follows that, for each v € K, d(g(u)(z,9,2),G (u)(z,y,2)) < ¢, for a.e.
(x,y,2) € D. We show that g is continuous on K.
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Then, for any points u, w in K and any (z,y,2) € D, 0 <z < a, 0 <y < b,
0<z<eg,

g (w) (z,y,2) — g (w) (z,y,2)|| <
Ni Nz Nj

<Y 3> X [Diji (u) A Dijie ()] (w, 9, 2) [[viji (2,9, 2)]], (3.9)
i=1j=1k=1
where Dijk (U,) A Dijk (w) = (Dijk (u) — Dijk (w)) U (Dijk (w) — Dijk (U)) is the Sym-
metric difference of two sets.

Since the set K is compact, {\ijx}1<i<n, is a uniformly equicontinuous family of
1<GEN.
1ShEN;

real valued functions. Thus, for every n > 0, there exists a v > 0 such that, for any

u € K, w € K satisfying
lu(z,y,2) —w(z,y,2)[| <v atevery (2,y,2)€D,
we have
[Nijk (u) = Aigr (w)| < nj20mn,
and hence
t (Diji (w) A Diji (w)) < 1/an,
so that (3.8) implies

g (@) — g (w)l| o2 = / / lg (@) (@9, 2) — g (w) (29, 2) | de dydz < 5. (3.10)
D

Therefore g : K — £ (D, R™) is uniformly continuous.

4. CONTINUOUS SELECTIONS

We are able to state our first main result.

Theorem 4.1. If the hypotheses (Hy) is satisfied, that is F : DX B — comp A is a
continuous multifunction, then there exists a continuous function g : K — L' (D;R™)
such that, for every u € K, g (u) (z,y,2) € G (u) (z,y,2) for a.e. (x,y,z) € D, that
g (u) is a continuous selection of G (u) given by (3.5).

Proof. By the Proposition 3.4 there exists a continuous function gy : K —
L' (D;R") such that, for each u € K,

d(go (u) (z,9,2),G (u) (x,y,2)) < %, for a.e. (x,y,2) € D.

We will use the induction to show that for every n > 1, there exists a continuous
function g, : K — £! (D;R") with the properties that, for each u € K,

d(gn (u) (z,9,2),G (u) (z,y,2)) < 27171, for a.e. (z,y,2) € D, (4.1)
and

i ({@9,2) € D1 llgn (@) (@,9,2) = gor (@) (@ 2) | 2 s V) < o= (42)
2 2
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As a result there will exists, for each v € K, a measurable function g (u) from D
into A such that the sequence {g, (u)} converges to g (u) a.e. in measure and that
a subsequence of {g, (u)} converges to g (u) a.e. in D. Thus, by (4.1), we will have
that, for each u € K, g (u) (z,y,2) € G (u) (z,y, 2) for a.e. (z,y,2) € D. The details
are analogue to those of [1], [3].

5. THE DARBOUX PROBLEM FOR THIRD ORDER HYPERBOLIC INCLUSIONS

We present first the concept of solution for the Darboux problem associated to a
third order hyperbolic inclusion.

Definition 5.2. A function U : D — R"™ is called a solution of the Darboux
problem (1.1) 4 (1.2) if it is absolutely continuous in Carathéodory’s sense on D and
it satisfies (1.1) for a.e. (x,y,z) € D, and also the initial conditions (1.2) for all
(z,y) € Dy, all (y,2) € Dy, all (z,z) € Ds.

Theorem 5.1. Assume that the hypotheses (Hy) — (Hs) are satisfied. Then there
exists an absolutely continuous in Caratheodory’s sense function 4 : D — R™ which
is a solution of Darbouz Problem (1.1) + (1.2).

Proof. Using Theorem 4.1, there is a continuous selection g : K — L£!(D;R")
for G (u) given by (3.5). Let h(u), for each v € K, be the continuous function
h(u): D — R™ defined by

h () (z,y,2) =a(z,y,2 / / / ) (rys,t)drdsdt, (x,y,z)€ D. (5.1)
Using (3.1) we have
h(u) (@,y,2) = ¢ (2,9) + ¢ (y,2) + x (2, 2) = 9 (2,0) = (0,9) =¥ (0,2) +

+1 (0,0) / / / (rys,t)drdsdt, (x,y,2) € D, (5.2)

which can be rewritten, for (z,y,2) € D, as

y82
h(u) (x,y,2 /// rstdrdsdt—i—// 38 dd+
rds
0% (s,1)
// 95 Bt ddt+// 8r8t ddt—

9y (r,0) / 709 (0,5) / 99 (0, 1)
+/0 5 dr + | s ds + ; Y dt +u(0,0,0).
(5.3)

Indeed, we have

s=y

0% Y Pe(rs) _ [T oo(rs) _

/ / S Ords 83 d ds = /0 [/0 Or Os ds} dr = /0 or szodr N
_ Op(ry)  Op(r,0)] , = e
- /(; |: 67" 81" dr = ¥ (T7 y) r—0 ¥ (7“, 0) r—0 -

=[p(z,9) —¢(0,y)] = [¢(2,0) — ¢ (0,0)] =
=¢(z,y) —¢(0,y) — ¢ (z,0) + ¢ (0,0), (5.4)
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[ 25 [ ] 5o [0

t=0

_/0 {8¢(§§ , 2) 8¢@(z,0)] ds = b (s, ) sZo_w(S’O) :ZZ:
=¥ (y,2) =¥ (0,2)] = [¢ (y,0) =4 (0,0)] =
=¥ (y,2) =9 (0,2) =9 (y,0) + ¢ (0,0), (5.5)

T [70%x (r,t) [T ox(r,t)t=
// arat Lar it = /OUO or ot dt]dr/o or i
X

T
=[x (z,2) = x(0,2)] = [x (#,0) — x (0,0)] =
ZX(I‘,Z)—X(O,Z)—X(I,O)—FX(O,O), (56)
| 20— )| = e w00 2 0,0), (5.7
0 (97“ r=0
[ 22805 = 0.9 = 0 0) - ¢ 0,0), 6.5
0 5=
S0y (0,1) =
/O st =0 (0.0)] = (0.2) - (0,0). (5.9)

From (1.3) we have
1 (0,0,0) = ¢ (0,0) = ¢ (0,0) = x (0,0). (5.10)

Replacing (5.4) — (5.10) in (5.3) it results (5.2).
Using Theorem 2.5, from (5.3) it follows that h (u) € C* (D;R"™) for each u € K,
i.e. h(u) is an absolutely continuous in Carathéodory’s sense function. One obtains

h(u) € K and h(K) C K.
3
Indeed, from (5.2) it results W = g(u)(z,y,2), (z,y,2) € D, but

g ) (z,y,2) € G(u)(x,y,2) = F(x,y,2,u(r,y,2)), (2,9,2) € D. Hence ¢ =
g (u) (z,y, z) is an element of the ball A, and consequently ||C|| = ||g (u) (x,y, 2)|| < M,
o |20
’ Ox Oy Oz
of the set I, this inequality shows that h(u) € K. From u € K implying that
h (u) € K, we conclude that h () C K.
Now, we can apply the Schauder’s fixed point theorem and conclude that there
exists @ € K such that @& = h (@), i.e. 4 (x,y,2) = h(4) (z,y,2) at every (x,y,z) € D.
This implies that @ satisfies (1.1),

& (x,y, 2)
Oz Oy 0z

and the relations (1.2). Therefore i (x,y,z) = h (@) (x,y, z) is a solution of Darboux
Problem (1.1) + (1.2).

< M, and from (5.2) h (u) satisfies (1.2). Using the definition

=g(a)(z,y,2) € F(z,y,z,0(x,y,2)) forae (z,y,2)€ D,
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