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1. INTRODUCTION

Throughout this paper E will denote a nonempty set E endowed with a separating
gauge structure D = {dqy }aen, where A is a directed set (see [6] for definitions). Let
N:={0,1,2,---} and let N* := N\ {0}.

A sequence (z,,) of elements in F is said to be Cauchy if for every e > 0 and « € A,
there is an N with po (2, Tptp) < € for all n > N and p € N*. The sequence (zy,)
is called convergent if there exists an xg € X such that for every € > 0 and a € A,
there is an N € N* with p,(zo,z,) <e¢, for all n > N.

A gauge space E is called complete if any Cauchy sequence is convergent. A subset
of X is said to be closed if it contains the limit of any convergent sequence of its
elements. See also J. Dugundji [6] for other definitions and details.

Let P(E) be the set of all subsets of E. We will use the following symbols:
PE):={Y ePE): Y #0}; PyE):={Y € P(E): Y is closed }.

Let us define the gap functional between Y and Z in the (E, D) gauge space

Do : P(E) x P(E) — Ry U {400}, Da(Y,Z) = int{da(y,2) |y €Y, z € Z}

and the (generalized) Pompeiu-Hausdorff functional
H,:PE)x PE) — Ry U{+o0},
H,(Y,Z) = max{supD,(y, Z),supD, (Y, 2)}.
yey z€Z
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Denote also by 6, : Py(E) x Pp(E) — Ry U {400}, by
0a(Y,Z) :=sup{da(y,2) |y €Y, z€ Z},a € A.

Notice that §,(Y,Y) := §o(Y).
Let Y € P(E) be a nonempty set. Then, the set Y is bounded with respect to the
gauge structure D = {dq }aea if

0o (Y) :=sup{da(y,2) | y,z € Y} < 400, for each o € A.

We will denote by P,(E) the family of all nonempty and bounded (with respect to
the gauge structure D = {d, }aca) subsets of E.

If T: E — P(F) is a multivalued operator, then = € E is called fixed point for
T if and only if z € T'(x). The set Fr := {x € E|z € T(z)} denotes the fixed point
set of T', while the symbol (SF)p := {x € E|{z} = T'(x)} denotes the set of all strict
fixed points of T.

Recall also that the multivalued operator T is called closed if its graph Graph(T') :=
{(z,y) e EXE :ye€T(x)} is a closed subset of E x E.

Following Frigon [8], we recall the notion of admissible contraction with respect to
{Ha}aen, as follows:

Definition 1.1. Let E := (E,{ds}aca) be a gauge space endowed with a com-
plete gauge structure {dy }aea. A multivalued operator T' : E — P, (E) is called an
admissible multivalued a,-contraction if {as}aca €]0,1[* and, for each a € A, the
following conditions are satisfied:

1) Hy(T(2), T(y)) < aq - do(z,y), for each z,y € E
i) for every x € E and every {es}aca €]1,+00[* there exists y € T'(x) such that
do(z,y) < Doz, T(x)) + €q.

Frigon [8] (see also [9] for an excellent synthesis) proved the following fixed point
result:

Theorem 1.2. Let E be a complete gauge space and let T : E — P, (E) be an
admissible multivalued a-contraction. Then Fr is nonempty and closed.

The aim of this paper is to present some strict fixed point theorems for admissible
multivalued contractions with respect to {4 }aca, on complete gauge space. The
results of the paper extend and generalize some previous theorems given in R.P.
Agarwal, J. Dshalalow, D. O’Regan [1], S. Reich [14], I.A. Rus, A. Petrugel and G.
Petrusgel [19], A. Petrugel, I.A. Rus and M.A. Serban [12] and they are related to the
works of A. Chis, R. Precup [3], R. Espinola, A. Petrusel [7], I.A. Rus [16], C. Chifu,
G. Petrusel [2] and G. Petrusel [13].

Some results of this type were proved by D.H. Tan in [20], where the existence
and the uniqueness of the strict fixed point for a multivalued operator satisfying a
Ciri¢ type condition (see Ciri¢ [5] and Minh [10]) with respect to &, was obtained in
complete gauge spaces satisfying the follwing additional condition:

do(z,y) =0, foreach a € A = z=y.
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2. THE MAIN RESULTS

We start this section by presenting the notion of admissible multivalued J,-
contraction of Reich type, as follows:

Definition 2.1. Let E := (E, {ds}aea) be a complete gauge space. A multivalued
operator T : E — P,(E) is called an admissible multivalued d-contraction of Reich
type with coefficients (a, b, ¢) if @ := {aa }aen, b = {bataen, ¢ := {Catacn €]0, +o0[*
and for each o € A we have a,+bs+co < 1 and the following conditions are satisfied:
i) 0a(T(2), T(y)) < aada(@,y) + bada(z, T(x)) + cada(y, T(y)), for each z,y € E;

ii) for every z € E and every {qu}aca €]1,+00[* there exists y € T(z) such that
ba(z, T(2)) < gada(z,y).

Let us start this section by presenting our first strict fixed point result.

Theorem 2.2. Let E := (E,{da}aca) be a complete gauge space and T : E —
P,(E) be a closed admissible multivalued §-contraction of Reich type. Then

Proof. Let 29 € E be arbitrary and {g,}aea €]1,4+00[*. Then, there exists

x1 € T(xg) such that d,(xo, T(x0)) < gada(zo,21), for each o € A. Hence, for each
a € A, we have:

da(r1,T(21)) < 6a(T(20), T(21)) < aada(w0,21) 4 bada(xo, T(20)) + cadal(z1, T(x1))

< aada(xmxl) + ba‘]ada(xmxl) + Cada(xlvT(xl))'

Thus
Go + bo do

b, () < *

“do(x0, 1), for all a € A.

As before, for x; already chosen, there exists x5 € T'(x1) such that §,(z1,T(21)) <
dada(x1,22). Then, we also have:

o + baga

da(dfl,l'g) S (Sa(z‘l,T(.Tl)) < 1—c¢

do (g, 1), for all @ € A.

By induction, we obtain a sequence (z,,)nen in E having the following properties:

(i) (xo, 1) € Graph(T) is arbitrary and z,4+1 € T(x,), for each n € N;

(il) do(Tn, Tni1) < (%)" do(mo,21), for all € A and n € N.

We will prove now that the sequence (z,),en is Cauchy in E. Denote [, :
Then, for n,p € N with p > 1, we successively have:

_ aGatbaga
T l—ca
da (xn; $n+p> S da(xna anrl) + da ($n+1; (En+2) + -+ da(anrpfly anrp)

11—
sl o,

do(z0,21).

Let us chose 1 < ¢, < 1_“;7&_6” Then I, € [0,1], for each o € A. Letting n — o0,
we get that do (2, Tntp) — 0, for each o € A. Thus, the sequence (z,)nen is Cauchy
in E and hence it is convergent to a certain element z* € E. Since the Graph(T) is
closed, we immediately get that * € T'(z*). Thus z* € Fr.
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We will prove now that Fr C (SF)r. For this purpose, let us consider z = y :=
z* € Fr in the d-contraction condition. Then we obtain:

6a(T(27)) := 6o (T(z"), T(z"))
< bada(z*, T(2")) + cadalz™, T(z"))
= (ba + ca)da(T'(x")),

for each @ € A. Thus, for each o € A, we get that 0,(T(2*)) = 0, which means
that T'(z*) is a singleton. Since z* € T'(z*), we obtain that z* € (SF)r. Thus
Fr C (SF)T

For the uniqueness of the strict fixed point, let y € (SF)r, y # x* be another strict
fixed point. Then, we have:

do(z*,y) = 0a(T(x"), T (y))
< aado (%, y) + bada(z*, T(x™)) + cada(y, T(y)) = anda(z”,y),

which represents a contradiction. Thus Fr = (SF)r = {«*}. The proof is now
complete. []

Let us present now a concept of well-posedness for the fixed point problem in a
complete gauge space.

Definition 2.3. Let E = (E,{d4}aca) be a gauge space and T : E — P,(E) be a
multivalued operator. We say that the fixed point problem is well-posed with respect
to (Hoc)(XEAa if:

(a) (SF)r = {a*);

(b) if (n)nen is in E such that H,(zn, T(2,)) — 0 as n — oo, for each o € A,

imply that the sequence (z,,)nen is convergent to z* as n — oo.

This concept is important with respect to the approximation of the strict fixed
point of a multivalued operator.

We have the following result.

Theorem 2.4. Let E := (E,{da}aca) be a complete gauge space and T : E —
Py(E) be a closed admissible multivalued &-contraction of Reich type. Then, the fixed
point problem is well-posed with respect to (Ha)aen -

Proof. By Theorem 2.2 we have that (SF)r = {z*}. Let us show that assertion
(b) in Definition 2.3 holds. Let (2, )nen be a sequence in E such that Hy (2, T(z,)) —
0 as n — oo, for each a € A. Then, for each o € A, we have:

do(Tn, %) < 00 (Tn, T(20)) + 00 (T(20), ") = 0a(Tn, T(wn)) + 0o (T (2,), T'(z7))
< 0a(Xn, T(xn)) + @ada(Tn, ) + oo (Xn, T(x)) + cada(z*, T(z))
= (14ba)  ba(@n, T(xn)) + aado (T, z*).
Thus, for each a € A, we get that:

14 by
— a,

do(zp,x") < bo(@n, T(xy)) = Ho(2n, T(z,)) — 0 as n — +o00.

Hence, the sequence (z,,)nen is convergent to x* as n — oo. O

We will present now a data dependence result for the strict fixed point of a closed
admissible multivalued d-contraction of Reich type.
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Theorem 2.5. Let E := (E,{dy}aca) be a complete gauge space, Ty : E — Py(E)
be a closed admissible multivalued §-contraction of Reich type, with coefficients (a, b, c)
and Ty : E — Py(E) be a multivalued operator with the property that (SF)r, # (.
Suppose there exists n 1= (No)acn such that 6o (T1(z), Te(z)) < ng, for each x € E
and o € A. Then, the following conclusions hold:

(i) Fr, = (SF)r, = {a1};

(i) if ©3 € (SF)r,, then do(a},23) < 15 -y, for each a € A.

Proof. The assertion (i) follows by Theorem 2.2. let us show that (ii) holds too.
For arbitrary =5 € (SF)p, and for each o € A, we have:

do (21, 25) < 0a(T1(21), To(73)) < ba(Ti(21), Ti(x3)) + b (T1(23), To(x3))
< aada (21, 23) + bada(2], T1(2])) + cada(as, T1(23)) + 1o
= Qada(2],25) + caba(23, T1(23)) 4+ Na < aada (2], 23) + caba(T2(23), Ty (23)) + 10
= ando(z],25) + (1 + ca)Na-

Hence, we get that

14 cq
da(af,23) < T

‘Na, for each o € A. O

(03

The existence of the strict fixed point (without uniqueness) can be obtained by the
following contractive type condition.

Theorem 2.6. Let E := (E,{dn}acn) be a complete gauge space and T : E —
Py(E) be a multivalued operator. Suppose that:

(i) there exist a := {aa}aecn,b = {ba}aca €]0,+00[* such that, for each o € A,
(o + bo < 1 and for each x € E there exists y € T'(x) with the property

6a(y, T(y)) < aada(,y) + bada(z, T(7));

(i3) for every x € E and every {qa}acn €]1,+00[* there exists y € T(x) such that
do (2, T(x)) < qada(z,y), for each o € A;

(i) the functional fo : E — R given by fo(z) = da(x, T(x)) is lower semicontinu-
ous for each o € A.

Then, (SF)r # 0.

Proof. Let 29 € E be arbitrary and {g,}aea €]1,4+00[*. Then, there exists
x1 € T'(xzo) such that §n (20, T(20)) < gada(xo,x1), for each @ € A. Hence, by (i), we
get that 6o (21, T(21)) < aada(xo, 1) + bada(zo, T(20)) < (aa + baga) * dalxo,x1).
Similarly, there exists xo € T(21) such that 64 (z1,T(21)) < gada(z1,22), for each
a € A. Thus, do(z1,22) < da(z1,T(21)) < (@0 +baga) - do(xo,x1). By induction, we
get a sequence (z,)nen in E having, for each a € A, the following properties:

(1) (zo,x1) € Graph(T) is arbitrary and x,,4+1 € T(zy,), for each n € N;

(ii) 0o (2n, T (zn)) < (aa + baga)™ - do(x0,21), for each n € N;

(iil) do(Tn, Tnt1) < (aa +baga)™ - do(zo, 1), for each n € N.

Let us choose 1 < ¢, < i+ 2. Then p, = aq + baga € [0, 1], for each o € A.

By a similar procedure as 1n the proof of Theorem 2.2, we immediately obtain that
the sequence (z,,)nen is Cauchy in E and hence it is convergent to a certain element
z* € E.
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Now, by the lower semicontinuity of the functional f, we get that

0< falz®) < hm}rnffoz($n) =0.

Hence f,(z*) =0 and thus z* € (SF)p. O
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