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1. INTRODUCTION

In Section 2 we present new results on fixed point theory for permissible maps
in extension type spaces, in particular in metric NFES(compact metric) and metric
SAN ES(compact metric) spaces. These results improve those in the literature; see
[1-14] and the references therein.

Consider vector spaces over a field K. Let E be a vector space and f: F — FE
an endomorphism. Now let N(f) ={z € E: f")(z) =0 for some n} where f(™
is the nt* iterate of f, and let E = E\ N(f). Since f(N(f)) € N(f) we have the
induced endomorphism f :E — E. We call f admissible if dim E < oo; for such
f we define the generalized trace Tr(f) of f by putting Tr(f) = tr(f) where tr
stands for the ordinary trace.

Let f = {f;} : E — E be an endomorphism of degree zero of a graded vector
space E = {E;}. We call f a Leray endomorphism if (i). all f, are admissible and

(ii). almost all E, are trivial. For such f we define the generalized Lefschetz number
A(f) by
A(F) =D (=12 Tr (fy)-
q

A linear map f: E — E of a vector space E into itself is called weakly nilpotent
provided for every x € E there exists n, such that f"=(x)=0.

Assume that E = {E,} is a graded vector space and f = {f,} : E — E is an
endomorphism. We say that f is weakly nilpotent iff f, is weakly nilpotent for
every q.

It is well known [9, pp 53] that any weakly nilpotent endomorphism f: E — E is
a Leray endomorphism and A(f) = 0.
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Let H be the Cech homology functor with compact carriers and coefficients in
the field of rational numbers K from the category of Hausdorff topological spaces
and continuous maps to the category of graded vector spaces and linear maps of
degree zero. Thus H(X) = {H,(X)} is a graded vector space, Hy(X) being the
g-dimensional Cech homology group with compact carriers of X. For a continuous
map f:X — X, H(f) is the induced linear map fi = {fiq} where f,,: Hy(X) —
H,(X).

Let X and Y be Hausdorff topological spaces.

Definition 1.1. A multivalued map F : X — K(Y) (K(Y) denotes the class of
nonempty compact subsets of Y) is in the class A,,(X,Y) if (i). F is continuous,
and (ii). for each x € X the set F(z) consists of one or m acyclic components; here
m is a positive integer. We say F is of class Ay(X,Y) if F is upper semicontinuous
and for each x € X the set F(x) is acyclic.

Definition 1.2. A decomposition (F1i,...,F,) of a multivalued map F : X — 2V is
a sequence of maps

F: F F: Frn_1 F,
X:X0—1>X1—2>X2—3> ..... — n,1—>Xn:Y,

where F; € A, (Xi-1,X;), F = F,o0 ... o F;. One can say that the map F is
determined by the decomposition (F1, ..., F;,). The number n is said to be the length
of the decomposition (F7y,...,F,). We will denote the class of decompositions by
D(X,Y).

Definition 1.3. An upper semicontinuous map F : X — K(Y) is permissible
provided it admits a selector G : X — K(Y') which is determined by a decomposition
(Gy,...,Gr) € D(X,Y). We denote the class of permissible maps from X into Y by
P(X,Y).

Let X be a Hausdorff topological space and let a map ® be determined by
(®1,....,P,) € D(X,X). Then ® is said to be a Lefschetz map if the induced
homology homomorphism [7, pp 27] (®1,...,Px)« : H(X) — H(X) is a Leray en-
domorphism.

If ®: X — X is a Lefschetz map as described above then we define the Lefschetz
number (see [7]) A(®) (or Ax (D)) by

A (D) = A((Dq, ..., Di)4).

A Hausdorff topological space X is said to be a Lefschetz space (for the class
D) provided every compact ® : X — K(X) determined by a decomposition
(®1,....,Px) € D(X,X) is a Lefschetz map and A(¢) # 0 implies & has a fixed
point.

Example 1.1. If X is a metric ANR then X is a Lefschetz space (for the class D)
(see [7, pp 42] or [9, Section 50-53]).

A map ® € P(X,X) is said to be a Lefschetz map provided every selector G :
X — K(X) of ® which is determined by (Gi,...,Gx) € D(X,X) is such that
(G1,...,Gp)« : H(X) — H(X) is a Leray endomorphism.
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If ® € P(X,X) is a Lefschetz map as described above then we define the Lefschetz
set A (®) (or Ax (P)) by

A@) = {A(G1,...Gp).): (Gi,...,Gy) € D(X, X)

and (Gi,....,Gy) determines a selection of ®}.

A Hausdorff topological space X is said to be a Lefschetz space (for the class P)
provided every compact ® € P(X,X) is a Lefschetz map and A(¢) # {0} implies
® has a fixed point.

Example 1.2. If X is a metric ANR then X is a Lefschetz space (for the class P)
(see [7, pp 43]).

We now recall some ideas and results which we will use in Section 2. Recall the
Hilbert cube I°° is the subset of I? consisting of points (z1,2,...) with |z;| < &
for all 4. It is well known (see [12] and the references therein) that any compact
metric space admits an embedding into the Hilbert cube I°°. Also we know [9] that
I*° is an AR (so an ANR).

For a subset K of a topological space X, we denote by Covx (K) the set of all
coverings of K by open sets of X (usually we write Cov (K) = Covx (K)). Given a
map F: X — 2% and a € Cov(X), a point x € X is said to be an a-fixed point of
F if there exists a member U € « such that z € U and F(x) NU # (. Given two
maps single valued f, g: X —Y and a € Cov (Y), f and ¢ are said to be a-close
if for any € X there exists U, € « containing both f(z) and g(z). We say f
and g are a-homotopic if there is a homotopy hp : X — Y (0 <t < 1) joining f
and ¢ such that for each = € X the values h:(z) belong to a common U, € a for
all t€[0,1].

The following results can be found in [4, Lemma 1.2 and 4.7].

Theorem 1.1. Let X be a reqular topological space and F : X — 2% an upper
semicontinuous map with closed values. Suppose there exists a cofinal family of cov-
erings 0 C Covx (F(X)) such that F has an a-fized point for every « € 6. Then
F has a fixed point.

Remark 1.1. From Theorem 1.1 in proving the existence of fixed points in uniform
spaces for upper semicontinuous compact maps with closed values it suffices [5 pp.
298] to prove the existence of approximate fixed points (since open covers of a compact
set A admit refinements of the form {U[z]: = € A} where U is a member of the
uniformity so such refinements form a cofinal family of open covers). Note also uniform
spaces are regular (in fact completely regular). Note in Theorem 1.1 if F' is compact
valued then the assumption that X is regular can be removed. In this paper we will
apply Theorem 1.1 when the space is metric.

2. F1XED PoOINT THEORY

In this section we present two new results which guarantee that the space X is
a Lefschetz space (for the class P). Of course these results can trivially be adjusted
to guarantee that our spaces X below are Lefschetz space (for the class D).
By a space we mean a Hausdorff topological space. Let X and Y be spaces. A space
Y is an neighborhood extension space for @ (written Y € NES(Q)) if VX € Q,
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VK C X closed in X, and for any continuous function fy : K — Y, there exists a
continuous extension f:U — Y of fy over a neighbourhood U of K in X.

Let X be a metric space, X € NES(compact metric) and F € P(X,X) a
compact map (from [7] we know that we might as well assume that X is not a
metric ANR since we know in this situation that metric ANR’s are Lefschetz spaces
(for the class P)). Now let K = F(X). We know [12] that K can be embedded
as a closed subset K* of I°°; let s : K — K* be a homeomorphism. Also let
i : K — X be an inclusion. Let U be an open neighbourhood of K* in I*® and
hy : U — X be a continuous extension of is~' : K* — X on U (guaranteed
since X € NES(compact metric)). Let jy : K* < U be the natural embedding so
hy ju =is~ ' Finally let J = jy s F hy. Notice J € P(U,U).

We now assume the following condition:

for every selector G : X — K(X) of F which is

determined by (G, ...,Gp) € D(X,X) there exists

a (Hy,...,Hy) € DU, X) which determines F hy with

(Hi,.... Hi)s = (G1,...,Gp)« (hy)x and

(G )s ()« (Hu, ooy H ) = (Hy, ooy H, 5, jU )

(note automatically (Hq,...,Hg,s,ju) € D(U,U)).

Let G : X — K(X) be a selector of F which is determined by (Gi,...,Gp) €
D(X, X). Then by (2.1) there exists (Hy,..., Hy) € D(U, X) which determines F hy
with

(2.1)

(Hy,...,Hp)s = (G1, ..., Gp)s (hv )«
and
(jU)* (S)* (I’Il7 ceey Hk)* = (Hl, ceny Hk, S,jU)*.
Note

(Hla ) Hk)* (jU)* (S)* = (le ceey Gn)* (h‘U)* (jU)* (S)* = (Gla ) Gn)*
since hy ju s =is 1s. Next note J = jy s F hy € P(U,U) and in fact is determined
by (Hi,...,Hy,s,ju) € D(U,U). Now U is a Lefschetz space (see Example 1.2 and
note any open subset of an ANR is an ANR) and as a result (Hj, ..., Hg,s,ju)s is a
Leray endomorphism. Notice from (2.1) that

(jU)* Sx (Hl, ...,Hk)* = (Hl, ...,Hk, S,jU)*

and also from above

(Hl, ceny Hk)* (jU)* (S)* = (Gl, ceey Gn)*
so [8, page 214, see (1.3)] (here B/ =U', B = X', u = (Hy, ..., Hi)x, v = (JU ) Sxs
f' = (Hq,...,Hy,s,ju)x and "’ = (Gy,...,Gy,)s) guarantees that (Gy,...,Gp)s is a
Leray endomorphism and A ((Gy,...,Gn)s) = A ((Hy, ..., Hg, 8, ju)x). Thus A (F) is
well defined.

Next suppose A (F) # {0}.

Then there exists a (G1,...,Gyn) (with A((Gy,...,Gpn)x) # 0) and (Hy, ..., Hy)
as described above (and of course with A ((Hi, ..., Hk, S, ju)x) # 0 since we have
as above A ((Gi,...,Gn)x) = A((Hi, ..., Hg, S, ju)x)). Now since U is a Lefschetz
space there exists x € U with z € Jz. Let y = hy(z), so y € hyjusF (y) ie.
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y = hy ju s(q) for some ¢ € F (y). Since hy ju (2) =is 1(z) for z € K*, we have
hu ju s (q) =i(q), so y € F(y).

As a result we have the following result.
Theorem 2.1. Let X be a metric space, X € NES(compact metric) and F €
P(X,X) a compact map. Also assume (2.1) holds with K, K*, U, s, i, ju and
hy as described above. Then A (F) is well defined and if A(F) # {0} then F has
a fized point.

A space Y is a strongly approximate neighborhood extension space for @) (written
Y € SANES(Q)) if Va € Cov(Y), VX € Q, VK C X closed in X, and any
continuous function fy : K — Y, there exists a neighborhood U, of K in X
and a continuous function f, : U, — Y such that f.|x and fp are «a close and
a-homotopic.

Let X be a metric space, X € SANES(compact metric) and F € P(X,X)
a compact map. Also let o € Covy (K) where K = F(X). To show F has a
fixed point it suffices (Theorem 1.1 with Remark 1.1) to show F has an a-fixed
point. Let o/ = aU{X\K} and let K*, s and ¢ be as above. Since X €
SANES(compact metric) there exists an open neighborhood U, of K* in I*° and
fa : Uy — X a continuous function such that f,|x+« and s~1 are o/-close and
o/-homotopic and as a result f,jy,s: K — X and i : K — X are a-close and
a-homotopic; here jy, : K* — U, is the natural imbedding. Finally let J, =
ju. S F fo. Notice Jy € P(Uy,Uy).

We now assume the following condition for each a € Covx (F(X)):

for every selector G : X — K(X) of F which is
determined by (G, ...,Gy) € D(X,X) there exists

a (Hia,..,Hgo) € D(Uy,X) which determines F f, with
(Hl,om ceey Hk,a)* = (G17 T Gn)* (fa)* and

(jUQ)* (5)* (Hl,om ceey Hk,oz)* = (Hl,aa ceey Hk,aa sija)*

(note automatically (Hi a, ..., Hiar S, Ju,) € DUy, Uy)).

(2.2)

Fix a € Covx (F(X)). Let G: X — K(X) be a selector of F' which is determined
by (Gi,...,Gn) € D(X,X). Then (2.2) guarantees that there exists (H1,qa, ..., Hi,a) €
D(U,,X) which determines F f, with

(Hl,ou ~'~7Hk,oz)* - (Gla ceey Gn)* (foz)*
and

(chx)* (s)* (HLOH "'7Hk,04)* = (Hl,om "',Hk,ow SajUa)*'
Note

(Hl,ou ceey Hk,a)* (jUa)* (3)* = (Gh sy Gn)* (fa)* (jUa)* (5)* = (Gh ceey Gn)*

since foju,s is a homotopic to i (note fu|x+ and s~1 are o'-homotopic

by definition). Next note J, = ju,sF fo € P(Uas,U,) and in fact is deter-
mined by (Hia,....Hga,$,ju,) € DPUa,Us). Now U, is a Lefschetz space
(see Example 1.2 and note any open subset of an ANR is an ANR) and as
a result (Hia,..,Hra,S,ju,)« is a Leray endomorphism. Notice from (2.2)
that  (Ju, )x ()« (H1,0y s Hia)x = (H1iay s Hio, S, ju, )« and also from above
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(Hi,a, - Heo)s (Guo )« (8)x = (G1,...,Gn)x so [8, page 214, see (1.3)] guaran-
tees that (Gy,...,Gp)« is a Leray endomorphism and we have A ((Gi,...,Gn)x) =
A((H1,ay s Hias S, ju, )x)- Thus A (F) is well defined.

Next suppose A(F) # {0}. Fix a € Covx (F(X)). Then there exists a
(G1,...,Gp) (with A((Gi,...,Gn)x) # 0) and ((Hi,) ... Hk,o) as described above
(and with A ((H1,a, s Hi.a, S, ju, )x) # 0 since we have as above A ((Gy, ..., Gn)x) =
A((H1,a) s Hia S, ju, )«)). Now since U, is a Lefschetz space there exists z € U
with € Jyz. Now let y = fo(x) so y € faju, sF(y) ie. y = foju, s(q) for
some ¢q € F(y). Now since f,ju, s and i are a-close there exists U € a with
fajgu,s(q) €U and i(q) €U ie. ¢ €U and y= f,ju, s(¢) € U. Thus ¢ € U and
y €U so

yeU and F(y)NU # 0 since q € F (y).
As a result we have the following result.
Theorem 2.2. Let X be a metric space, X € SANES(compact metric) and F €
P(X,X) a compact map. Also assume (2.2) holds with K, K*, U,, s, ju,, ¢ and
fo as described above. Then A (F) is well defined and if A(F) # {0} then F has
a fixed point.
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