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Abstract. We consider a semilinear functional differential equation of a fractional order in a Banach
space assuming that its linear part is the generator of a noncompact semigroup. It is assumed that the
nonlinearity satisfies a regularity condition expressed in terms of the measures of noncompactness.
The theory of condensing maps is used to obtain local and global existence results. The same
approach is applied to a neutral functional differential equation.
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1. INTRODUCTION

In this paper we consider existence results for fractional semilinear functional dif-
ferential equations in a Banach space. At the present time the differential equations
with fractional order have been proved to be valuable tools in the investigation of
many phenomena in various fields of physics and engineering (viscoelasticity, electro-
chemistry, electromagnetism, etc.) and they attract the attention of many researchers
(see, e.g., the monographs [5] - [9]).

In a separable Banach space E we study the functional differential equation of the
form

D (t) =Ay(t) + f(t,w), te[0,T],
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where D%, 0 < a < 1, is the Riemann-Liouville fractional derivative, A is a linear
closed (non necessarily bounded) operator in E, and f : [0,7] xC — E is a continuous
map. Here C = C([—7,0]; E), 7 > 0 and, for ¢ € [0,T], the function y; € C is defined
as y(0) = y(t +0), —7 < 0 <0.

It should be noted that certain existence theorems for equations of such type were
obtained in the recent paper [2] under assumption that the nonlinearity f satisfies a
Lipschitz type condition or the semigroup e4? generated by A is compact. Contrary
to this approach, we do not suppose the compactness of e4?, assuming instead that f
satisfies the Ambrosetti - Sadovskii type regularity condition expressed in terms of the
measures of noncompactness. Notice that this condition includes the Lipschitz and
compactness conditions as particular cases (see Remark 1). This assumption allows
us to apply the theory of condensing maps and to obtain local and global existence
results for the Cauchy problem (Section 3).

In conclusion we extend the same approach to obtain the existence theorem for a
neutral fractional semilinear functional differential equation (Section 4).

2. PRELIMINARIES
We start with the following notions (see [8], [9]). Let E be a Banach space.
Definition 1. The Riemann-Liouville fractional primitive of order o € (0,1) of a
continuous function g : [0,h] — E is defined by
1 t
I8g(t) = —— [ (t—s)*"'g(s)d
o) = ey [ (€= 9" alo)ds

where I" is the gamma function.

Definition 2. The Riemann-Liouville fractional derivative of order a € (0,1) of a
continuous function g : [0,h] — E is defined by

D) = e [ € 9o = Srieg)
T =ra—ayat J, Y 9T g 9

We will need some facts from the theory of measures of noncompactness and con-
densing maps (see, e.g., [1], [4]).

Definition 3. Let £ be a Banach space and (A, >) a partially ordered set.
A function 8 : P (E) — A is called a measure of noncompactness (MNC) in E if

B(@Q)=p0(2) for every Qe P(E).
A MNC ( is called:
(i) monotone, if Qo, Q1 € P(E), Qo C Qy implies B(Qp) < B(Q1);
(7) nonsingular, if 8 ({a} UQ) = G(Q) for everya € &, Q€ P(E);
(#91) invariant with respect to union with compact sets, if 5 ({K}UQ) = B(Q) for
every relatively compact set K C €, Q € P (£).

If A is a cone in a normed space, we say that the MNC (3 is
(iv) algebraically semiadditive, if B (o + Q1) < 5(Qo) + 6 (1) for each g, Q1 €
P(£);
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(v) regular, if 8 () =0 is equivalent to the relative compactness of §;
(vi) real, if A is [0,+00) with the natural order.

As an example of MNC satisfying all above properties we can consider the Hausdorff
MNC
X (Q)=inf{e >0:Q has a finite e-net} .
Let us mention the following property of the MNC x:
X(AQ) = [A|x(R2), for each A € R,Q € P(£).

Another examples can be presented by the following measures of noncompactness
defined on the space of continuous functions C([a, b]; E) with the values in a Banach
space E:

(i) the modulus of fiber noncompactness

() = t:pr] xE(Q()),

where xg is the Hausdorfl MNC in E and Q(t) = {y(¢) : y € Q};
(ii) the modulus of equicontinuity defined as

mode (Q) = lim sup max ||y (t1) —y (¢2)]] -
=0 yeq lt1—t2]<d

It should be mentioned that these MNCs satisfy all above-mentioned properties
except regularity.
If £L: F — FE is a bounded linear operator, then its x-norm is defined as

1£]%) = x(£(B)),

where B C E is a unit ball. Tt is easy to see that ||£]|) < ||£|.
Now, let G : [0,h] — P(E) be a multifunction. It is called:

(i) integrable, if it admits a Bochner integrable selection g : [0,h] — E, g(t) €
G(t) for a.e. t € [0,h];
(i1) integrably bounded, if there exits a function ¢ € L [0, h] such that

IG@)]| = supfllgll : g € G(8)} < ((t) ae. t€]0,h].

For an integrable multifunction, let Sg denote the set of all integrable selections
of G. Then, for any ¢t € [0, h] the Aumann integral of G is defined as

/Ot G(s)ds = {/Otg(s)ds geSal).

In the sequel we will need the following assertion about y-estimates for a multival-
ued integral (Theorem 4.2.3 of [4]).

Proposition 1. For an integrable, integrably bounded multifunction G : [0,h] —
P(E) where E is a separable Banach space, let

X (G(t)) < q(t) for a.e. t € [0, h],
where g € L0, h]. Then x (fot G(s)ds) < fot q(s)ds for all t € [0, h].

Let £ be a Banach space, 6 a monotone nonsingular MNC in &.
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Definition 4. A continuous map §: X C E — & is called condensing with respect to
a MNC B (or B-condensing) if for every bounded set Q@ C X which is not relatively
compact, we have

B Q) £6(Q).

The application of the topological degree theory for condensing maps (see, e.g., [1],
[4]) yields the following fixed point principles which we will use in the sequel.

Theorem 1. Let 9 be a bounded convex closed subset of £ and § : 9IM — IM «a
B-condensing map. Then FiazF = {x: x = F(x)} is a nonempty compact set.

Theorem 2. Let V C & be a bounded open neighborhood of zero and § :V — & a
B-condensing map satisfying the boundary condition

x # M\§(x)
for allx € OV and 0 < X\ < 1. Then Fix§ is a nonempty compact set.

3. LocAL AND GLOBAL EXISTENCE RESULTS

We will consider the following Cauchy problem for a fractional semilinear functional
differential equation in a separable Banach space F :

Doy (t) = Ay () + f (t,pe) 5 £ €[0,T]; (3.1)

y(t) = o(t), —T<t<0, $(0)=0. (3.2)
It will be supposed that:

(A) A: D(A) C E — E is a closed (not necessarily bounded) linear operator
generating an immediately norm-continuous semigroup {eAt}tZO, 1.e., it s
supposed to be Cy-continuous and norm-continuous for t > 0;

({bv) Y eC, {/;(0) =0 is a given initial function.
We will assume that the nonlinearity f obeys the following conditions:
(f1) the map f:[0,T] x C — E is continuous;
(f2) for each nonempty, bounded set Q C C, there exists a continuous function
po 1 [0,T] — Ry such that
1fEV)le < nolt)

for allt € [0,T] and ¥ € Q;
(f3) there exists a continuous function k : [0,T] — Ry such that for each
nonempty, bounded set Q C C

x(f(t, Q) < k(t)p(Q)
for allt € [0,T], where x is the Hausdorff MNC in E and ¢(Q) is the modulus
of fiber noncompactness of the set Q.

Remark 1. It is known (see, e.g., [1], [4]) that condition (f3) is fulfilled if f may be
represented as

f(t,'(/f) = fO(t’w) + fl(t’w)7
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where fo, f1 : [0,T] x C — E are continuous functions, fo is Lipschitz in the second
argument:

I fo(t,92) — fot, 1)l < k()12 — e, Vt € [0,T], v1,¢2 €C,

where k : [0,T] — Ry is a continuous function, and fi is compact in the second
argument, i.e., for each t € [0,T] and bounded Q C C, the set fi(t, Q) is relatively
compact in E.

For 0 < h < T, by the symbol D), we will denote the closed subspace of C([0, hl; F)
defined as
Dy ={y € C([0,h}; E) : y(0) = 0}.

Further, for any y € D), we define the function y[¢)] € C((—7,h; E) :

- { O(t), —T<t<0,

ylvl(t) = b(B),  0<t<h (3.3)

Then, clearly for t € [0,h], t < 7:
~ V(t+0), —1<0<—t,
yt+6), —t<6<0

and
y[](0) =yt +6), —7<0<0, provided ¢t > 7.

Definition 5. For a given 0 < h < T, a function y € C((—7,h]; E) is called a
mild solution to problem (3.1)-(3.2) on interval [—T,h] C [—7,T] if y satisfies initial
condition (3.2) and on interval [0, h] it has the form

1 ¢ _ . ~
W) = g | =T fsaldlds, e 0L
Let us consider the operator Fj, : Dy, — Dj, defined as
1 ! a— -5 o
Fi@) () = gy | (=714 0l s

It is clear that each mild solution y € C((—7,h]; E) of problem (3.1)-(3.2) is deter-
mined by a fixed point © = Fj(x) by the rule:

y = z[Y]

(see (3.3)).
It is easy to see that the operator Fj, is well-defined and continuous. Let us
investigate its further properties.

Proposition 2. The operator Fy, transforms bounded sets into equicontinuous ones.
Proof. From condition (A) it follows that there exists C' > 1 such that

e Loy < C, for all t € [0, 7).
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Now, let Q C Dj, be any nonempty, bounded set. Condition (f2) implies that there
exists a constant po > 0 such that
| f (&, z ])||E<;m7 Vt € [0,h], x € Q.

For a given x € ), take 0 < t; < to < h and let €, 0 < € < ¢1 be an arbitrary number.

Then we have
| Fn(@)(t2) = Fu(z) (1) <

H/ﬁ alAmsv@xm>@fo (11 =) e f(s,afdl)ds| | <
H/ (ty — s) oAt _ (1, S)aqu(tlfs)} f(&ff[i]s)dSHE‘F
t1—e

N®w£7m—@a%ﬂhﬂﬂaﬂﬂwﬂg<

I A R C R e PR BN
1H/tla(t2 B S)Q,leA(tlfefs) [6A(t27t1+6) _ eAE} f(Sax[{/;}s)dSHEﬂL
H/t B (ta —8)*~ leAltz=s) _ (t; — s)o‘*leA(tlfs)} f(&x[@]s)dsHE—i-
w0 et <

CNQ e a—1 a—1
e G CER A CE S U

t1—e
HeA(trtlJre) . eAEHL(E) /O 1 (ts — 8)a71d5+

t1 11 to
/ (ta — )" " ds + / (t1 — )" " ds + / (ty —s)* " ds)
t t

1—€ 1—¢€ t1
Since € may be taken arbitrarily small, we can see that the above expression tends to
zero while to — t; — 0 uniformly with respect to z € Q. O

Now, let us consider the MNC v in the space C ([0, h]; E') with the values in the
cone Ri of the following form:

v () = (¢ (), modc ), (3-4)

where () is the modulus of fiber noncompactness of @ and mod¢ € is its modulus
of equicontinuity (see Section 2).

It is easy to see that the MNC v obeys all the properties mentioned in Section 2,
including, by the Arzela-Ascoli theorem, the regularity.

We would like to indicate conditions under which the operator Fj, is v-condensing.
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Let

kp = Joax, k(t),

where k(-) is the function from condition (f3). Let C}(LX) > 0 be a constant such that
€245 < ¢ for all £ € (0, h).
It is clear that C’,(LX) < C. In case h =T we will denote %h = E, C}(LX) =W,

Proposition 3. Let

1 T (X) 1«
= 1. .
! r(a+1)kh0’l he < (3.5)

Then the operator Fy, is v-condensing.
Proof. Let Q C Dy, be a nonempty, bounded set for which

V(FA(Q) = Q). (3.6)
Let us estimate ¢(Fp(€2)). For any ¢ € [0, h] we have

Fr()(t) = {% /Ol(t — )2 LAl f(s a[)])ds : @ € Q}

(a

Consider the multifunction s € [0,t] — G(s),

G(s) = {(t _ s)afleA(tfs)f(s,x[{l;]s) . Q}

It is clear that G is integrable, and from condition (f2) it follows that it is integrably
bounded. Further, denoting Qs = {z[¢]s : € Q} and applying condition (f3) we
have the following estimate for a.e. s € [0,¢] :

X(G(9)) < (t =) A Oy ({f(s,2ld)s) - w € Q}) <
(t— ) 1CXx(f(5,94)) < (t — ) O k().
Applying Proposition 1 we have

X @) () = o (/Otms)ds) <

I o7 -
o) ’“/ (t=o)" s (@) < 0
L O, po —

But then
@ (Fn () <lp(Q)

which implies, by (3.6),

v (2) =0.
Further, from Proposition 2 we know that modc (Fr, () = 0 and (3.6) yields
modc () = 0, hence

v (Q2) =0,
implying, by the regularity property of v, the relative compactness of €. O
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Remark 2. Notice that condition (3.5) is obviously fulfilled zf the semigroup e
compact (C(X) =0) or f is compact in the second argument (kj, = 0).

Now we are in a position to formulate the following local existence result.

Theorem 3. Under conditions (A), () and (f1)-(f3), there exists h, 0 < h < T

such that problem (3.1)- (3.2) has a mild solution on the interval [—T, h].

Proof. Choose hi, 0 < hy < T such that
b
Ia+1)

Take an arbitrary number 7 > 0 and let @ C C be a closed ball with the radius [|¢|| 47

centered at the origin and pg the corresponding function from condition (f2).
Let fig = maxo<;<7 o (t). Take 0 < hy < T such that

1
P(a+1)
Take h = min{hy, ha} and consider the closed convex subset B, C Dy, defined as
B, ={zeDy: |zl <r}.

It is clear that z[¢]; € Q for each x € B, and ¢ € [0, ).
The operator Fj, transforms the set B, into itself. In fact, if 2 € B, then we have
for t € [0, h] :

ECORg < 1.

Cuohy <.

| @O = 5 H/ )10 (s, ol s <

1
—C t—s)lds < ——Cligh® <.
o u9/< 9*is < L CRan® <1

From Proposition 3 it follows that Fj, is v-condensing and to complete the proof we
apply Theorem 1. O

To prove the global existence result, we will need the following generalization of
the Gronwall lemma for singular kernels (see [3]).

Lemma 1. Let u,w : [0,b] — [0, +00) be continuous functions. If w(-) is nondecreas-
ing and there are constants a > 0 and 0 <y < 1 such that

u(t) < w(t) +a /0 u(s)

87
(t—s)7
then there exists a constant ¢ = q(vy) such that

u(t) <w(t) + qa/o

w(s)
o) ds

for every t € [0, b].

Now, strengthening the boundedness condition (f2), we can obtain the following
result on the existence of a solution on the whole [0, T7.
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Theorem 4. Assume that conditions (A), (), (f1), and (f3) are satisfied and that
1~
— = roW7e 1 i
Tt T <L (3:8)
and also

(f2") there exists a continuous function n : [0,T] — [0,+00) such that

[FED <n() A +[¢le) for te[0,T]
Then the set X5 of all mild solutions of problem (3.1)- (3.2) on [—7,T] is a nonempty
compact subset of the space C([—7,T]; E).
Proof. Denoting Fr = F, consider the following one-parameter family of maps ¥ :
[0,1] X DT —>DT :

U\ z) = AF(x).

We will demonstrate that the fixed point set of the family W,

Fiz¥ = {x € ¥(\,z) forsome A€ (0,1]}
is a priori bounded. Indeed, let x € FixW. Then

A K ~
x(t) = —/ (t — )2 1A (s, 2[].)ds
I'(a) Jo

and hence
<

o0l = g €= 074 s,

c
I'«)
C

o /Ot(t — 5 n(s) (1 n IIx[J]sllc) ds <

/0 (t — 5)*| £ (s, 2[d])||ds <

c ! _ ~

w9700 (14 170+ s a0 ) as

L(a) Jo 0<9<s

Since the last expression is a nondecreasing function of ¢, we have for the function
u(t) = SUPg<y<t |z ()|l the following estimate for each ¢t € [0,T] :

C t o1 ~
() < gy [ =9 n0e) (14 e+ ) s <

_ t
L+ |[Blle) T + Cﬁ/o (t— )" Mu(s)ds,

c
Tat1) ( T'(a)

where 77 = maxo<;<7 1(t). Denoting

c — N
N= gD (1+18le) T

and applying Lemma 1 we obtain
C ¢ ¢
u(t) <N + q—m\// (t—s)*"tds < N (1 + an@>
I(e) ™ Jo )

yielding the desired a priori boundedness.



94 VALERI OBUKHOVSKII AND JEN-CHIH YAO

Now take a closed ball B C Dr centered at the origin with radius R > 0 large
enough to contain the set Fiz W inside itself. By Proposition 3, condition (3.8) implies
that F : Bgp — Dr is v-condensing and it remains to apply Theorem 2. O

4. NEUTRAL FRACTIONAL FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section we will consider the following Cauchy problem:
Dy (t) —o(t,y)l = Aly (t) — o (tye)] + f (t,9e) 5 ¢ €[0,T]; (4.1)

y(t) =9(t), —1<t<0, $(0)=0, (4.2)

where A, f, and {/; are as in the previous section and ¢ : [0,7] x C — E is a given
function.

Definition 6. A functiony € C((—7,T]; E) is called a mild solution to problem (4.1)-
(4.2) on interval (—7,T] if y satisfies initial condition (4.2) and on interval [0,T] it
has the form

y(t) = ot ) — M (0,) + ﬁ / (t— )2 1A f(s, 4[], ds.

We will assume that the function p satisfies the following conditions:

(01) 0:[0,T] x C — E is a continuous function;

(02) for each nonempty, bounded set Q C C the family of functions {t — o(t,v) :
Y € Q} is equicontinuous;

(03) there exists a continuous function w : [0,T] — [0, 400) such that

e, )| <w (t) (1 + [[¢lle)  for ¢ 0,T];

(04) there exists a continuous function j : [0,T] — Ry such that for each
nonempty, bounded set Q C C

x(o(t, Q) < j(H)(Q)

for allt € [0,T], where x is the Hausdorff MNC'in E and ¢(Q) is the modulus
of fiber noncompactness of the set Q.

Denote & = maxo< ;<7 w(t), j = maxo<;<7 5 ().
We may present the following existence result for problem (4.1)-(4.2).

Theorem 5. Under conditions (A), (v), (f1), (f2'), (f3) and (ol) - (04), suppose
that

P L 7o0orpe

V=T fap T < (4.3)
and also

o<1 (4.4)

Then the set E{; of all mild solutions of problem (4.1)- (4.2) on [—7,T] is a nonempty
compact subset of the space C([—7,T); E).
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Proof. Consider the continuous operator P : Dy — Dr defined as

P (x) (1) = olt: z[¥e) — e 0(0,9) + ﬁ/o (t =)L) f (s, (0], )ds.

Each mild solution y € C((—7, h|; E) of problem (4.1)-(4.2) is determined by a fixed
point = P(z) by the same rule as before:

y = z[y].
Notice that P may be represented as

P(x)(t) = oft, z[¢]e) — ™ 0(0,4) + F(2)(1)
and hence from condition (p2) and Proposition 2 it follows that P transforms bounded
sets into equicontinuous ones.
To prove that P is v-condensing it is sufficient to use the property of algebraic
semiadditivity of the MNC ¥, condition (p4) and estimate (3.7). We obtain for a
nonempty, bounded set 2 C Dr the following estimate:

Y(PO)®) < x({elt.2d)) : =€ Q}) +x(FOQW) <

Jo(Q) + WEC(X)Taw(Q)

implying
o(P(Q2)) < U'p(Q).

After that, we may follow the same reasonings as in the proof of Proposition 3.
At last, let us demonstrate that the set of all solutions of the family of inclusions

x€ANP(z), 0<A<l1 (4.5)

is a priori bounded.
For any such solution x we have

(t) = No(t, z[¥]:) — AeA0(0,9) + AF(z)(t), t e [0,T).

Applying property (93) and the estimate obtained in the proof of Theorem 4 we come
to the following:

le@l < w@) (1+ l2flile) + Cw) (1+ [le) + IF @)@ <
& (14 Wl + gugs, L) ) + €3 (1-+ 1) +

C ~ C ¢
— (1 )T“ —n | (t—s)! J)||ds.
Fa gy (1 190 T+ sl [ (=9 max ()]s
The last expression is again a nondecreasing function of ¢, so denoting

u(t) = max [l+(0)]

we obtain

u(t) < Bu(t) + (1+ )& (1+1dlle) +
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n (1 + ||’(ZHC) T + Cﬁ/ot(t — 5)* Lu(s)ds.

INa+1) I'a)

Therefore

1
t <
w <15

C ~ C t
— (1 T+ —71 t—s)>t ds|.
a1 (1 I91e) T+ 7 [ (=9 ()]
Applying Lemma 1 we obtain the following bound for wu(t) :

(1+0)5 (1+15lc) +

qC -,
t) < [1——fi———fTﬂ,
wh <M+ G FHrar )
where _
1+ [[¢lle [ ~ ¢
= —(1 C — % Ta:|,
M=—="5 |0+ O+ sy
giving the desired a priori boundedness for solutions of family of inclusions (4.5).
Now the proof is completed by the application of Theorem 2. O
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