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1. INTRODUCTION

In the present paper we study the existence of semifixed sets for maps in hyper-
spaces (i.e. spaces of sets) in the case where the underlying space E is a Hausdorff
locally convex topological linear space. When E is Banach, semifixed sets of maps
have been considered in [3], where also an application to set differential equations can
be found.

Let X be the hyperspace of all nonempty compact convex subsets of E, equipped
with the Hausdorff topology, and let C(X) be the family of all nonempty compact
convex subsets of X.

A semifized set of a singlevalued map ¢ : A — X, where ¢ # A C X,isaset Ac A
satisfying one of the relations:

ANp(A)#¢, ACp(A), ADypA).

More generally, a semifized set of a multivalued map ® : A — C(X) isaset A € A
such that, for some F' € ®(A), one of the relations is valid:

ANF#¢, ACF, ADF.
If A=p(A) or A e ®(A), then A is a fized set of ¢ or .
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The theory of fixed points in topological linear spaces has a long history, starting
with the fundamental contributions of Tychonoff [20] and Ky Fan [6]. For devel-
opments, applications and more recent results, see Gérniewicz [8], Bugajewski [1],
Cobzag [2], Park [16], [17], where also additional bibliography can be found.

We shall prove the following hyperspace versions of the classical fixed point theo-
rems of Tychonoff [21] and Ky Fan [6].

Denote by A a nonempty compact convex subset of X. Then:

I. Any continuous singlevalued map ¢ : A — A has a fixed set.

IT. Any upper semicontinuous multivalued map ® : A — C(X), with values con-
tained in A, has a fixed set.

The latter result will be used to prove the existence of semifixed sets of maps,
under Tychonoff or Ky Fan type assumptions, namely:

I'. Let ¢ : A — X be a continuous singlevalued map with the property that for
each X € A there is Z € A such that Z N o(X) # ¢ (resp. Z C p(X), Z D o(X)).
Then there exists a set A € A such that AN@(A) # ¢ (resp. A C p(A4), A D p(A)).

IT. Let ® : A — C(X) be an upper semicontinuous multivalued map satisfying the
following condition: for each X € A there are sets Z € A and F € ®(X) such that
ZNF # ¢ (resp. Z C F, Z D F). Then there exists a set A € A such that AN F
(resp. AC F, ADF) for some F € &(A).

In this context an important role is played by an embedding result of the space X
into a positively-semilinear subspace of a Hausdorff locally convex topological linear
space. This is essentially due to Hormander [9], who established it by a functional
analysis approach (though for a different class of convex sets not closed under the
addition operation). Here an alternative topological construction is presented which
is based, as in Radstrom [20], on the well known technique of embedding an Abelian
semigroup with cancellation law into an Abelian group. This technique with its re-
finements was previously used by Urbaiiski [22] in order to extend the Radstrém
embedding theorem to arbitrary topological linear spaces. Yet, for the sake of com-
pleteness, we shall review the Radstréom construction in Hausdorff locally convex
topological linear spaces, a setting with additional structure which is appropriate in
the investigation of the semifixed sets of maps we discuss here.

It is worth noting that fixed and semifixed sets of maps can occur in the theory of
set differential and fuzzy differential equations [3], [4], [13], [14], [18], [19].

The paper consists of five sections, the first of which is the introduction. Section
2 contains notation and preliminary results. In Section 3, the Radstrom embedding
is discussed. Fixed and semifixed set for singlevalued and multivalued maps are
presented in Section 4 and Section 5, respectively.

2. NOTATION AND PRELIMINARY RESULTS

Throughout this paper E is a Hausdorff locally convex topological linear real space,
2% is the family of all nonempty subsets of E, and X is the space defined by

X = {X € 2%|X is compact convex} .

For X, Y e Xand A € RT =[0,+00),set X +Y ={r+y€Elr € X and y € Y},
AX = {dz € E|lz € X}. X is closed under the above operations of addition and



SEMIFIXED SETS OF MAPS AND RADSTROM EMBEDDING 13

multiplication by nonnegative scalars. Moreover X is a positively-semilinear space,
by which we mean that for X, Y, Z € X and A\, u € R the following properties are
satisfied: (i) X +{0} = X (0 is the zero of E); (ii) X +Y =Y + X; (iii) (X +Y)+Z =
X+ +2); (iv) 1X =X; (v) MpX) = (A)X; (vi) A(X +Y) = AX + \Y; (vii)
A+ p)X =X + pX.

Remark 2.1. Properties (i)-(vi) remain valid for X, Y, Z € 2% and A\, u € R, while
(vii) holds provided X € 2% is convex and A, u € R*. Moreover, the definition of AX
is meaningful when X € 2% and A € R, in which case (iv)-(vi) are valid, while (vii)
holds in the weaker form (vii)’ (A + p)X C AX + uX.

The closure of a set A contained in a topological space is denoted by A.

For a set A C E let us recall the following definitions: A is balanced if a € A and
A € [—1,1] imply Aa € A; A is bounded if for each neighborhood U of 0 there exists a
number A > 0 such that A C AU; A is absorbent if for each x € E there exists r > 0
such that z € AA for all A with |[A| > r. When A is convex and balanced, then A is
absorbent if and only if for each x € E there exists A > 0 such that = € \A.

By a net {S;}ic;r we mean any map S : I — Z, where I is a directed set. A net
{T;}jes is a subnet of {S;}icr if there exists a function N : J — I such that

(a) Tj = Snyj) for each j € J;

(b) for each ig € I there exists jo € J such that j > jo implies N(j) > io.

We refer to Kelley [12] for properties of nets that we shall use in the sequel.

The proof of the following cancellation law lemma can be found in Hu and Papa-
georgiou [10], p. 64. For further results in this direction, see Pallaschke and Urbanski
[15].

Lemma 2.2. Let A, B, C C E be nonempty sets, with B closed and convex and C
bounded. Then A+ C C B + C implies A C B. If A and B are both closed and
convez, then A+ C = B + C implies A = B.

Lemma 2.3. Let K C E be a nonempty compact set such that K C A+ U, where
A C E is nonempty and U is an open neighborhood of 0. Then there exists 0, with
0 <6 <1, such that K C A+ 0U. Moreover if H, K C E are nonempty compact,
A C E is nonempty convex, and U is an open convezr and balanced neighborhood of 0,
then

K+HCA+U+H implies KCA+U.

Proof. 1If the first statement is not true there exists a sequence {x, }nen C K such
that z,, ¢ A+0,U for every n € N, where 0,, = n/(n+1). As K is compact, {zp }nen
has a subnet {xN(i)}iej which converges to some x € K. Since x € A+ U, there exist
a € A and u € U such that x = a + u. Moreover \ — Au is continuous and v € U, an
open set, hence there is 0 < ¢ < 1 such that v € cU. Hence x € a +ocU C A+ ocU
which shows that A+ oU is an open neighborhood of z. Fix ny € N so that 6,,, > o.
By definition of subnet there is 47 € I such that if ¢ > i; one has N(i) > ng, which
implies Oy () > Op, > 0. Thus x € A+ 0oU C A+ 0On(;)U for all i > 4;. On the other
hand z € A + oU, an open set, hence there is i € I such that zy) € A+ oU, for
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all 4 > i5. Then by taking 7 € I with i > 41, i > i3 one has xy(;) € A+ On@U and
0, from the contradiction, the first statement follows.

Consider the second statement. As K + H is compact, there exists 0 < 6 < 1 such
that K + H C A+ H+ 60U C A+ 60U + H. By [11], Theorem 4, p. 66, H is totally
bounded and a fortiori bounded, hence Lemma 2.2 implies K C A + 8U. Moreover,

AT0UCA+U . (2.1)

In fact each z € A+ U satisfies (z + (1 — 0)U) N (A + 0U) # ¢ and thus, for some
a € Aand u, v € U, one has z + (1 — )u = a + Ov. Since U is balanced and
convex, it follows that z = a 4+ v + (1 — 0)(—u) € A+ U, proving (2.1). Therefore
K Cc A+ 60U C A+ U, completing the proof.

We now introduce in X the Hausdorff topology (similar to the topology induced
by the Hausdorff distance in a metric space) and we review some of its properties.
Set
F ={N c 25|N is a base of neighborhoods of 0 € E} .

For Ne F,Ae X and U € N, set
VWA U) = {X €X|X CA+U and AC X + U},

and let
By (A) = {Vn(A,U)}ven -

Proposition 2.4. Let N € F. For each A € X the family Bar(A) has the following
properties:
(i): if Vv (A,U) € Bar(A) then A € Var(A,U);
(ii): if Vv (A, U;) € Bar(A), i = 1,2, then there exists Var(A,U) € By (A) such
that Var(A,U) C Vn (A, U1) NV (A, Us);
(iii): for each Var(A,U) € Bpr(A) there exists Var(A,Ur) € By (A) such that
Vn(A,Ur) C Vi (A, U) and such that, for every B € Vi (A,U;) there exists
Vn (B, Us) € By(B) with Va(B,Uz) C Var(A,U).

Proof. (i) is obvious, while (ii) is valid if one takes U € N such that U C U; NUs. To
show (iii), let V be a convex neighborhood of 0 contained in U, and take U; = Uy = W
with W € N satisfying W C V/2. For any X € Vy(B,Us), where B € Vp(A,Uy),
one has X € B+ Us, B C X+ Uy, B C A+ U;, A C B+ U, which imply
XCA4+2W CA+U, ACX+2W C X +U. Hence X € Vp(A,U), showing that
Vn(B,Usz) C Va(A,U). As the inclusion Var(A,U;) C Var(A,U) is obvious, also (iii)
holds, completing the proof.

For fixed N € F consider the family of sets {Bx(A)} ;.. A set A € X is said
to be open of for every A € A there exists a set Var(4,U) € Bu(A) such that
Vn(A,U) C A.

By virtue of [11], Theorem 1, p. 7, and Proposition 2.4 one has:

Proposition 2.5. The system s of all open sets of X is a topology for X. Moreover,
for each A € X, the family Byr(A) is a base of neighborhoods of A in the resulting
topological space (X, Tnr).
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Proposition 2.6. If N, N € F are arbitrary bases of neighborhoods of 0, then the
resulting topologies Tarr and Tarv for X coincide.

Proof. Let A € X and let Va1 (A, U’) € By (A). As U’ € N' and N is a base of
neighborhoods of 0, there exists U” € N such that U” C U’. Hence Vy (A, U") €
B (A) satisfies Varr (A, U") C Var (A, U’). This and the analogous relation obtained
by interchanging the roles of U’, N’ and U”, N’ yield the result.

Remark 2.7. By Proposition 2.6, the resulting topology 7 for X is independent of
N € F and thus it will be denoted by .

In the sequel the space X is understood to be endowed with the topology 7 and
the resulting topological space will be denoted by (X, 7).
Set

No = {U € 28|U is an open convex balanced neighborhood of 0 € B} , (2.2)
and observe that 7p;, = 7, for Ny € F.

Proposition 2.8. For each A € X the base of neighborhoods By, (A) of A consists
of open and conver sets.

Proof. Each VY, (A,U) € Bp,(A) is open. Let X € Vp, (A, U), thus X € A+ U,
AC X +U. By Lemma 2.3, there is 0 < # < 1 such that X C A+60U, A C X +0U.
Each Y € Vp, (X, (1 —-0)U) satisfies Y C X+ (1—-0)U, X CY + (1 —60)U and hence

YCA+O0U+(1-0OU=A+U, ACY+(1—-0U+0U=Y+U,

for U is convex. Therefore Y € Vy, (A4,U), and thus Vi, (X, (1 — 0)U) C Va, (A, U).
Hence V, (A, V) is open. Furthermore Var, (A, U) is convex for, if X; € Vn, (A, U),
i=1,2and A € [0,1], one has X; C A+ U, A C X;+ U, i = 1,2, which imply
X+ (1 — )\)XQ CA+U,AC I X+ (1 - )\)Xg + U. Therefore A X7 + (1 — )\)XQ S
Vn, (A, U), completing the proof.

Proposition 2.9. The topological space (X,7) is Hausdorff.

Proof. Let A, B € X, A+# B. Let a € A\B (if a € B\ A, the argument is similar).
By the Hahn-Banach theorem [11], Theorem 6, p. 73, there exist a continuous linear
functional f : E — R and an € > 0 such that

sup{f(z)|z € B} +¢ < f(a) . (2.3)
Taking any U € Ny, with U C {x € E| |f(z)| < £/2}, one has
Vo (A, U) N VAL (B, U) = ¢ . (2.4)

In the contrary case, there exists X € X such that X ¢ A+ U, A C X + U,
X CB+U,BCX+U, which imply AC B+ 2U, BC A+2U. Hence a =b+ 2u
for some b € B and u € U, and so f(a) = f(b) + 2f(u) < sup{f(z)|zr € B} +¢,
contradicting (2.3). Therefore (2.4) holds, completing the proof.

Proposition 2.10. Let X be endowed with the topology 7, and X x X and R™ x X
with the respective product topologies. Then
(i): the map (X,Y) — X +Y is continuous from X x X to X;
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ii): the map (A, X) — AX is continuous from RT x X to X.
(i) p (A,

Proof. (i) Let (A,B) € X x X and let Va, (A + B,U) € By, (A + B), where N
is given by (2.2). Then each (X,Y) € Va,(4,(1/2)U) x Va, (B, (1/2)U) satisfies
X CA+(1/2U, AC X+ (1/2)U,Y C B+ (1/2)U, BC Y + (1/2)U, and thus
X+YCA+B+U, A+ BCX+Y+U. Hence X +Y € Vp,(A+ B,U), and (i)
holds.

(ii) Let (Ao, A) € RT x X and Vn, (M4, U) € By, (MA) be given. Fix p > 0 so
that A C pU and let 0 < 0 < 1/2(Ag + 1).

Let (A, X) € [Xo, Ao +1/2(p + 1)] X Y, (A, 0U). Clearly

XCA+oU ACX+oU, (2.5)
and thus
AX CAMA+0U) = XA+ (A=X)A+ XoU + (A= X)oU
C XA+ (A=X)pU + XooU + oU ,
for (A —Xog)o < (1/2(pp+1))o < 0. Since (A — Xo)p + (Ao + 1)o < 1, it follows
AX CXA+U . (2.6)

On the other hand X C A+ oU C pU 4+ oU C (u+ 1)U, and hence (A — X)X C
(A= Xo)(u+ 1)U C (1/2)U. As the latter set is a balanced neighborhood of 0, one
has 0 € (A — X)X + (1/2)U and thus, by adding Ao X to each side,

MX CAX +(1/2)U . (2.7)
By virtue of (2.5) and (2.7) one has
MA C XX + AgoU C AX + (1/2)U 4+ XoU CAX +U

which, combined with (2.6), implies AX € V(Ao A4, U).

Let (A, X) € [Ao—1/2(u+1), \o]NRTF. Clearly 0 € (A\g—A)A+(Xo—A)(—A4) C (A\o—
ANA+(No—A)pU, as A C pU, a balanced set. Then from (2.5), as (A\g—A)p+Ao < 1,
one has

AX CAA+ AU CAA+ (Mo —NA+ (Ao —NpU +AaU C ANA+TU . (2.8)
On the other hand from (2.5) it follows
MA C XX 4+ AoU = AX + (Mg — N X + AgoU
CAX +(Ao—ANA+ (Ao —NaU + A\oU
CAX + (Ao —NpU 4+ (Ao — A)oU + XooU CAX + U, (2.9)
for A C pU and (Ag — A+ (Ao — A)o + Ago < 1. Combining (2.8) and (2.9) gives

AX € Va, (M4, U), hence (ii) holds, completing the proof.
The following proposition shows that 7 is a natural topology for X.

Proposition 2.11. Let X, be the subspace of (X,T) consisting of all singleton subsets
of E, with the induced topology. Then the map J : X9 — E defined by J({z}) = z is
a positively-semilinear homeomorphism from Xg onto E.
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Proof. J is bijective and positively-semilinear, i.e. J(A{z}+ pu{z'}) = Az + pz’ for all
{z}, {«'} € X and A, u > 0. Moreover, J is a homemorphism. In fact, for {a} € X
and U € N, one has

J(Xo NV ({a},U)) = {J({z}){z} C{a} + U, {a} C{z} + U} =a+ U,

where the last equality holds, as U is balanced. Since, by Proposition 2.8, Xy N
Vn,({a},U) is an open neighborhood of {a}, it follows that .J is continuous. The
proof that J~! is continuous is similar and so it is omitted. This completes the proof.

3. RADSTROM EMBEDDING

In this section we shall construct a topological linear space ) in which X will be
embedded as a positively-semilinear subspace. This will be done by using the classical
method of embedding an Abelian semigroup with cancellation rule into an Abelian
group (see [7] and, for spaces of sets, [20], [22]).

Introduce in X x X the relation ~ defined by

(X', Y") ~ (X", Y") if and only if X' +Y" = X" +Y" .
By using Lemma 2.2, one can easily see that ~ is an equivalence relation. For (X,Y) €
X x X, denote by [X,Y] the equivalence class containing (X,Y), and set Y = (X x
X)/ ~, that is

P ={I'C X x XTI =[X,Y] for some (X,Y) e X x X} .

Thus 9) is the set of all disjoint equivalence classes of X x X.
For [X,Y], [X',Y'] € ) and X € R define the sum [X,Y]+[X’,Y’] and the product
by a scalar A[X, Y], by setting

(X, Y]+ [ X, Y]=[X+XY +Y]
Al = [AX, Y] if A>0
TN IAX] if A<oO
Remark 3.1. The above definitions are meaningful. In fact, if (4,B) ~ (X,Y),
(A", B") ~ (X',Y") and X\ € R, then
[A+A" B+ B]=[X+XY +Y'] AMA, Bl = A\[X,Y].
Moreover, it is easy to prove the following

Proposition 3.2. The space Y endowed with the above operations of addition, and
multiplication by scalars X € R is a linear real space with zero [Z,Z] = [0, 0].

Set
K={TeYPI'=[X+Z2,Z] forsome X,ZecX}. (3.1)

Remark 3.3. K is a positively-semilinear subspace of ), i.e. K is closed under the
operations of addition and multiplication by scalars A € R*. In fact, for [X'+ 2/, Z'],
(X" + 2", 72" € K and A\, u € R, setting X = AX' + uX", Z = \Z'+ uZ", one has
NX/+ 2, 2+ p[X" + 2", 2" = X + Z,Z] € K.
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Now let J : K — X be the map given by
J(X+2Z,Z))=X foreach [X+Z,Z]cek.

This definition is not ambiguous for, if (X' + Z',Z') ~ (X + Z, Z), then by Lemma
2.2 one has J([X'+ 2, 7')) = J(| X + Z, Z)).
The following proposition is immediate.

Proposition 3.4. The map J : K — X is a bijection from K onto X. Moreover, for
X+ 2,7, [ X'+2',7') € K and A\, € R one has

JANX+Z,Z)+uX' +2,2'))=NJ(X + Z,Z)) + uJ ([ X' + 2", Z")) ,
i.e. J is a positively-semilinear isomorphism of IC onto X.
Let Ny be given by (2.2). For [A,B] € and U € N set
WA, BLLU)={X,Y]|eP9X+BCA+Y+Uand A+Y CX+B+U},

and let
B([A, B]) = {W([A, B],U)}ven, -

Proposition 3.5. The definition of W([A, B],U) is meaningful, that is it is indepen-
dent of the representatives in the equivalence classes [A, B], [X,Y].

Proof. Let (A", B") ~ (A, B) and (X',Y’) ~ (X,Y), thus
A+B=A+B X +Y=X+Y'. (3.2)
It suffices to show that
{X’+B’CA’+Y’+U
A+Y' CcX' +B +U

X+BCA+Y+U

3.3
A+Y CX+B+U (3:3)

if and only if {
Suppose that both inclusions on the left hand side of (3.3) are satisfied. Then, adding
X + B to each side and taking into account (3.2), one has

X+B+X' +B CcCX+B+A+Y +U=A+Y+X' +B +U
A+Y+ X'+ B =A+B+X+Y CX+B+X'+B +U.

Hence, by Lemma 2.3, the inclusions on the right hand side of (3.3) follow at once,
proving the “only if” part. The proof of the “if” part is analogous, and thus it is
omitted. This completes the proof.

Proposition 3.6. For each [A, B] € 9 the family B([A, B]) has the following prop-
erties:
(1): if W([A, B],U) € B([A, B]) then [A, B] € W([A, B],U);
(ii): of W([A, B],U1) € B([A,B]), i = 1,2, then there exists W([A, B],Uz) €
B([A, B]) such that W([A, B],U) C W([A, B],U1) "N W([A, B]),Us);
(iii): for each W([A, B],U) € B(|A, B]) there exists W([A, B],V) € B([A, B])
such that W([A, B],V) C W([A, B],U) and such that for every [A’, B']
W([A, B], V) there exists W([A', B'],U’) € B([A’, B']) with W([A,B'],U")
W([A, B],U).

S
-
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Proof. (i) is obvious, while (ii) holds if one takes U = U; N Us, a set in Np. It will
be shown that (iii) holds with V = U’ = (1/2)U. Let [X,Y] € W([A’, B’],U’), where
[A", B"] € W([A, B],V), hence

X+B cA+Y+U A+YcCcX+B+U

AA+BCA+B +V A+B cA+B+V.
It follows

X+B +BCA+Y+B+U CA+B +Y4+U +V=A4+Y+B +U

A+Y+A CA+X+B +U CcA+B+X+U' +V=X+B+A+U,
and so, by Lemma 2.3,

X+BCA+Y+U A+Y CX+B+U.

Therefore W([A',B'],U’) < W([A,B],U). As the inclusion W([A,B],V) C
W([A, B],U) is evident, then also (iii) holds, completing the proof.

Now consider the family {B([A4, B])}[A BeY: A set A C Q) is said to be open if for
every [A, B] € A there exists a set W([4, B],U) € B([A, B]) such that W([A, B],U) C
A.

By virtue of [11], Theorem 1, p. 7, and Proposition 3.6 one has:

Proposition 3.7. The system o of all open subsets of ) is a topology for ). More-
over, for each [A, B] € Q), the family B([A, B]) is a base of neighborhoods of [A, B] in
the resulting topological space (2),0).

In the sequel the space ) will be supposed endowed with the topology o.

Proposition 3.8. For each [A, B] € ) the base of neighborhoods B([A, B]) of [A, B]
consists of open and convex sets.

Proof. Each W([A, B),U) € B([A,B]) is open. To see this, take any [A',B'] €
W([A, B],U). Hence A’+ B C A+ B'+U, A+ B’ ¢ A'+ B+U and thus, by Lemma
2.3, there exists 0 < 6 < 1 such that

A+BCA+B +0U A+B CcA'+B+6U. (3.4)

Then, W([A", B']), (1 — 0)U) ¢ W([4, B],U). In fact any [X,Y] € W([A',B], (1 —
OU) satisfies X + B C A +Y+(1-0)U, A/ +Y C X+ B+ (1 —6)U and hence,
by (3.4),

X+B +A+BCA+Y+(1-0OU+A+B +0U=Y+A+A +B +U

A+Y+A+B cX+B' +1-0)U+A'+B+0U=X+B+A' +B'+U .

By Lemma 2.3 it follows X + BC A+Y +U, A+Y CX+B+U,ie. [X,Y]€
W([A, B],U), and thus W([A4, B]),U) is open.

W([A, B],U) is convex. In fact, if [X;,Y;] € W([A, B],U), i = 1,2, and X € [0,1],
one has X;+B C A+Y;+U, A4+Y; C X;+B+U,i=1,2,and so AX1+(1-\)X2+B C
A+)\Y1+(17)\)Y2+U,A+)\Y1+(].*)\)Y’2 C)\X1+(17>\)X2+B+U Hence
AX1, Y1)+ (1 — N)[Xa,Ya] € W([A, B],U), i.e. the latter set is convex, completing
the proof.
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Proposition 3.9. Let ) be endowed with the topology o, and let ) x P and R x Y
be endowed with the respective product topologies. Then,

(): the map ([X,Y],[ X', Y']) — [X,Y] + [ X', Y] is continuous from P x P to

(ii): the map (A, [X,Y]) — A[X,Y] is continuous from R x Q) to ).

Proof. (i) Let ([A,B], [A/,B’]) € P x Y and let W([A+ A', B+ B'|,U) € B(|[A+
A', B+ B’]). Then each ([X,Y],[X",Y’]) € W([A, B], (1/2)U) x W([4', B'], (1/2)U)
satisfies
X+BCA+Y +(1/2)U A+Y CcX+B+(1/2)U
X' +B' cA+Y' +(1/2)U A+Y' cX'+B +(1/2)U,

which imply
X+X'+B+B CA+A+Y+Y'+U A+A+Y+Y' CX+X'+B+B+U .
Therefore [X,Y]+ [X', Y] e W([A+ A, B+ B’],U), and so (i) holds.

(ii) Let (Mo, [4, B]) € R x Y and W(N\[A, B],U) € B(Xo[A, B]) be arbitrary. Fix
w > 0sothat A, B C pU and take o satisfying 0 < o < 1/2(Ao+1). Set v = 1/4(pu+1).
We first consider the case \g > 0.

Case 1. Let A\g > 0. Then
A€ Ao, o +v] and [X,Y] e W([A, B],oU) imply A\[X,Y] € W(\[A, B],U) ,

3.5
A€ Mo —v, M) NRT and [X,Y] € W([A, B],cU) imply A[X,Y] € W(X\|A, B], ((J) )
3.6
Since the proofs of (3.5) and (3.6) are similar, we shall prove only (3.5). We hav(e )
AX +XB = AX+A+(M—N)B
C AX+AB+(A=X)(—B), by Remark 2.1
= AMX+B)+ (A= X)uU, as B C pU, a balanced set
C MA+Y +oU)+ (A= 2)pU, for [X,Y]e W(A, B],oU)

= MA+A=20)A+AY +XoU + (A= X)uU ,
C MA+AY +2A = 2)pU +AoU , for AcCuU
C MNA+NY +U,
because 2(A — Ao)p < pu/2(p+1) < 1/2 and Ao < (Mg + 1) < 1/2. Similarly one can

show that \gA+ Y C AX +AgB+U. Hence \[X,Y] € W(\[A4, B],U), and so (3.5)
is proved.

Case 2. A\g < 0. Then,
A€ Ao —v, N and [X,Y] € W([4, B],oU) imply A[X,Y] € W(\[A4, B],U) ,
(3.7)
A€ Aoy do + 2] NR™ and [X, Y] € W([A, B],oU) imply A[X,Y] € W(ho|A4, B, U)
(3.8)
where R~ = (—o0, 0].
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Consider (3.7). Clearly M[A, B] = |\o|[B, 4], A[X,Y] = |N[Y, X], for A, Ao < 0.
Since |A| € [|Aol, |Ao] + v] and [V, X] € W([B, 4],0U), (3.5) implies |\|[Y,X] €
W(|Xo|[B, A],U), and hence A[X,Y] € W(Xo[A, B],U). The proof of (3.6) is similar,
and so it is omitted.

In conclusion, the map (A, [X,Y]) — A[X, Y] is continuous at each Ay # 0, by Case
1 and Case 2, while it is continuous at A\g = 0 by (3.5) and (3.7). This completes the
proof.

Proposition 3.10. The space (2, 0) is a Hausdorff locally convex topological linear
real space.

Proof. By virtue of Propositions 3.2, 3.7, 3.8 and 3.9, (2),0) is a locally convex
topological linear real space. To prove that (9),0) is Hausdorff, fix two arbitrary
distinct points [A4, B] [A’, B’] € 9, hence A+ B’ # A’ + B. It suffices to show that
there is U € Ny such that

W(A, B, U)nW(A",B'|,U) = ¢ . (3.9)

Let c € (A+ B")\(A' + B) (if ¢ € (A’ + B)\(A + B’) the argument is similar). By
the Hahn-Banach theorem there exist a continuous linear functional f : E — R and
an € > 0 such that

sup{f(z)lz € A"+ B} +¢ < f(c) . (3.10)
Now if one takes U € Ny, with U C {z € E| |f(z)| < €/2}, then (3.9) is satisfied. In
the contrary case, there is [X,Y] € 9 such that

X+BCA+Y+4+U, A+YCX+B+U,

X+B cA+Yy+U, A+YCX+B+U.

By virtue of the third and the second of the above relations, one has
X+B' +ACA+Y+A+UCX+A+B+2U

and hence, by Lemma 2.3, A+ B’ C¢ A’ + B+ 2U. It follows that ¢ = d + 2u for some
de A"+ B and u € U, and thus f(c) = f(d) + 2f(u) < sup{f(z)|r € A+ B} +¢, a
contradiction to (3.10). Therefore (3.9) is valid, completing the proof.

The following embedding theorem concludes the foregoing elementary construction.
It was established, for different spaces of convex sets, by Radstrom [20] in normed
spaces, by Hormander [9] in locally convex topological linear spaces, and by Urbanski
[22] in topological linear spaces.

Theorem 3.11. Let K be the positively-semilinear subspace of ) given by (3.1)
equipped with the relative ox topology, induced by the o topology of Y. Let X be
endowed with the topology T. Then the map J : K — X, given by J((X +Z,7]) = X
has the following properties:

(i): J is a positively-semilinear isomorphism from K onto X;
(i1): J is a homeomorphism from (K,ox) onto (X,7).
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Proof. (i) follows from Proposition 3.4.
(ii) J is continuous. In fact, given [A + B, B] € K and Vn, (A,U) € By, (4), take
any [X +Y,Y] e W([A+ B, B|,U)N K. Hence

X+Y+BCA+B+Y+U, A+B+YCX+Y+B+U (3.11)

and thus, by Lemma 2.3, X C A4+ U, A C X+ U, that is J(X +Y,Y]) = X €
Vn, (A, U). Therefore J is continuous from (K, ox) to (X, 7).

J~1 is continuous. In fact, fix arbitrary A € X and W([A + B, B] N K, where
W([A+ B, B|,U) € B([A+ B, B]). Clearly, each X € V;, (A,U) satisfies X C A+ U,
A C X 4+ U. From these, adding to each side B+ Y, with Y € X, one obtains (3.11)
and hence J71(X) = [X +Y,Y] € W([A + B,B],U) N K. Therefore also J~! is
continuous, and thus J is a homeorphism from K to X, completing the proof.

4. SEMIFIXED SETS OF SINGLEVALUED MAPS

In this section we prove some fixed and semifixed set results for singlevalued maps
under Tychonoff type assumptions.

Theorem 4.1. Let A be a nonempty compact convexr subset of (¥X,7). Then any

continuous singlevalued map ¢ : A — A has a fized set, i.e. there exists at least one
set A € A such that A = p(A).

Proof. By Theorem 3.11, J~! : ¥ — K is a positively-semilinear isomorphism and,
moreover, J ! is continuous from (X,7) onto (K,ox). It follows that the set = =
J7Y(A) C K is compact and convex. Define ¢ : = — Z by

(&)= - )€ forevery (E€E.
Furthermore = is contained in (), o), which is a Hausdorff locally convex topological
linear space, by Proposition 3.10. Hence, by Tychonoff’s fixed point theorem (see
[21], or [5] p. 414), there exists € € = such that & = (&). Hence J(§) = ¢(J(£)), and
thus the set A = J(&) € A satisfies A = ¢(A), completing the proof.

Let Z and Y be topological spaces. A multifunction ®, defined on Z, whose values
are compact nonempty subsets of ) is said to be upper semicontinuous if, for each
20 € Z and each open set U C Y such that ®(zp) C U, there exists a neighborhood
W of zy such that ®(z9) C U for every z € W.

Denote by C(X) (resp. C(2)) the family of all nonempty compact convex subsets
of X (resp. 9).

Theorem 4.2. Let A be a nonempty compact convex subset of (X,7). Then any
upper semicontinuous multifunction ® : A — C(X), with values ®(X) C A for all
X € A, has a fized set, i.e. there exists at least one set A € A such that A € ®(A).

Proof. By Theorem 3.11, Z = J~!(A) is a compact convex subset of X homeomorphic
to A, where Z and A are equipped with the induced topologies of K and X.
For ¢ € = put
v(E) =2 d)©), (4.1)
and observe that (4.1) defines a multifunction ¥ : = — C(2)) with values ¥(§) C =
for all £ € =.



SEMIFIXED SETS OF MAPS AND RADSTROM EMBEDDING 23

W is upper semicontinuous. Let £y € = and let U C = be an open set such that
V(&) C U. As @ is upper semicontinuous at Ag = J(&) € A and ®(J(&)) € J(U),
where J(U) is open in A, there exists an open neighborhood Wy, C A of Ay such
that

(X)) cC JU) for every X € Wy, . (4.2)
Let & be in Vg, = J~1(Wy,), an open neighborhood of &. As J(&) € Wa,, (4.2)
implies ®(J(&)) € J(U), and thus ¥(¢) = J-Y(®(J(£))) C U, proving that ¥ is
upper semicontinuous.

Furthermore, Z is contained in (), o) which, by Proposition 3.10, is a Hausdorff
locally convex topological linear space. Hence, by Ky Fan’s fixed point theorem [6],
there exists £ € Z such that £ € U(&). Then the set A = J(§) € A satisfies A € ®(A),
completing the proof.

Theorem 4.3. Let A be a nonempty compact convex subset of (X,7). Let o : A — X
be a continuous function satisfying the following condition: () for each X € A there
is a set Z € A such that

ZNp(X)#¢  (resp. ZCp(X), ZDp(X)).
Then @ has a semifized set, i.e. there exists at least one set A € A such that
ANp(A) #¢  (resp. ACp(A), ADp(A) .
Proof. Consider first the intersection case. For each X € A set
Q(X) = {Z € AIZN@(X) £ 6} . (4.3)
It is easy to verify that Q(X) C A is nonempty and convex. Furthermore, Q(X) is

compact. For this it suffices to show that (X)) is closed in A. Let Z € Q(X) and let
{Zi}icr be a net in Q(X) converging to Z € A, whence

ZiNp(X)#¢ foreachiel. (4.4)

We have Z N p(X) # ¢. In the contrary case, by the Hahn-Banach theorem, there
exist a continuous linear functional f : E — R and constants A € R and £ > 0 such
that

sup{f(z)lx € Z} < A —e < A+e <inf{f(z)|x € p(X)} .
From the latter, taking U € N so that U C {z € E| |f(z)| < £}, one can easily
show that
Z'np(X)=¢ forall Z'€Vy, (Z,U0). (4.5)
Since Z; - Z, there is i € I such that Z; € Vi, (Z,U) and hence, by (4.5), one has

Z; Np(X) = ¢, a contradiction to (4.4). Therefore Z N (X)) # ¢, that is Z € Q(X),
which shows that Q(X) is closed.

Thus (4.3) defines a multifunction Q : 4 — C(X), with values Q(X) C A, for each
X e A

Q is upper semicontinuous. In the contrary case there is A € A and an open
set W C X, with Q(A) C W, such that the following property holds: (§) for each
neighborhood V of A, where V € B and B = By, (A4), there exist Xy € V and Zy € A
such that:

ZyNo(Xy)# ¢ and Zy ¢ W, forevery VeEB. (4.6)
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We now make B a directed set with partial order > induced by the reverse inclusion
relation in B. By construction, { Xy }yep is a net in A converging to A. On the other
hand {Zy }yep is a net in A, a compact space, and thus by Kelley [12], p. 136, it has
a subnet {Z;,}yec, where Z;, = Zyy), which converges to some B € A. Moreover
{X{;}uec where Xj, = Xy, is a subnet of {X}yep and thus it converges to A.
Therefore,
Xu—A, Zu—B, ¢(Xy)—w(4), (4.7)
where the latter is valid by the continuity of .
We have
Brg(d) £ 6. (4.8)
In the contrary case there exist a continuous linear functional f : E — R and constants
A € R and € > 0 such that sup{f(z)|x € B} < XA —e < A+ <inf{f(x)|x € p(A)}.

Then, fixing U € N such that U C {z € E||f(x)| < £}, one can show as before that
the following property holds:

ZNY =¢ forall ZeVy,(B,U), Y €Vn,(0(A),U). (4.9)
By virtue of (4.7) for some Uy € C one has

INWo) € VN (B U) s o(Xnwy)) € Vi (9(A),U)
and hence, by (4.9),
ZN(o) N P( XN o)) = ¢ -
But the latter contradicts (4.6), for N'(Up) € B, and thus (4.8) is valid.

By (4.8) it follows that B € Q(A) C W. As W is open, by (4.7) there exists U’ € C
such that ¢ > U’ implies Zy ) € W, a contradiction to (4.6), as N(U) € B.

It has been proved that Q : A — C(X) is a upper semicontinuous multifunction
with nonempty compact convex values Q(X) C A, for all X € A. Then, by Theorem
4.2 there exists A € A such that A € Q(A4). From the definition of it follows that
AN(A) # ¢. In the inclusion cases the argument is analogous and so it is omitted.
This completes the proof.

5. SEMIFIXED SETS OF MULTIVALUED MAPS

In this section we prove a semifixed set result for multivalued maps under Ky Fan
type assumptions.
For D a nonempty subset of X and V' € N, set

V(D,V)= ] Vx(D, V).
DeD

Clearly V(D, V) is an open subset of X.

Lemma 5.1. Let D be a nonempty compact subset of X. Let {Y;}ier be a net in X
satisfying the following condition: (8) for every V- € Ny there exists ig € I such that

Y € Va, (D, V) forall i>1dg . (5.1)

Then {Yi}ier has a subnet {Y]}jec; which converges to some set D € D.
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Proof. For (¢,V), (', V') e W =1 x Ny define (', V') > (i, V) il i > i and V' C V,
and observe that W equipped with the relation > is a directed set.
For (i,V) € W put
I, V)y={jellj>i¢ and Y; e V(D,V)}. (5.2)
I'(4, V) is nonempty. In fact let ig € I correspond to V according to property (4), and

take j € I satisfying j > i and j > 4. By the latter and (5.1) one has Y; € Vi, (D, V),
and thus T'(i, V) # ¢. Furthermore,

(', V") > (i,V) implies T'(',V')cCT(@G,V), (5.3)
because if j € I'(¢/, V') one has j > i > i and Y; € V(D,V’) C V(D,V), and thus
jETEV).

Now fix a map N : W — [ satisfying
N(@i,V)eTI(i,V) forevery (i,V)eW. (5.4)
N has the following property: (g) for each jo € I there exists (ig, Vo) € W such that
(1,V) > (i0,Vp) 1implies N(i,V) > jo . (5.5)

In fact, set (i0, Vo) = (jo, Vo), with Vo € Np, and let (i,V) > (ig, Vo). By (5.4) and
(5.3) one has: N(i,V) € I'(4,V) C I'(ip, Vp). Hence, by (5.2), N(i,V) > ig = jo, and
(5.5) is valid.

As (W, >) is a directed set and N : W — T satisfies property (), it follows that
{Yn(, vy}, vyew is a subnet of {Yi}ier.

For every (i,V) € W there is Fy(;,y) € D such that

Yne,vy € Vv (Fng,vy, V) - (5.6)
In fact, combining (5.4) and (5.2) gives Yy (;,v) € V(D,V), from which (5.6) follows
for some set, say Fiy(;,v), in D.

By construction {Fy; vy}, vyew is a net in D, a compact space, and thus it has
a subnet {F}; , }zez which converges to some set D € D. Here M is a map from a
directed set Z to W, i.e.

M(Z)=(i(Z),V(Z))eW forevery ZecZ,
which satisfies the following condition: (7)) for each (ig, Vo) € W there exists Zy € 2
such that
Z > Zy implies (i(2),V(Z)) > (io, Vo) -

It will be shown that the subnet {Y1</I(Z)}Z€Z of {Yn,v)},v)ew, which for conve-
nience we write {Yn(i(z),v(2)) } zez, converges to D. In the sequel { Fy(i(z),v(z)) }zez
will be used to denote the subnet {F; , }zez of {Fnev)}uv)ew-

Let U € Ny be arbitrary. As Fnz),vz) - D, there exists Z; € Z such that

Fniz),v(z) € Vo (D,U/2) forall Z> 7 . (5.7)

On the other hand, by (1), in correspondence of (i(Z;),U/2) there exists Z5 € Z such
that
(i(2),V(Z2)) > (i(£1),U/2) forall Z > Z,. (5.8)
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Fix Zy € Z, such that Zy > Z;, Zg > Z5. Then for all Z > Z; one has

Ynuzyvzy € VYao(Enez)vizy),V(Z)) by (5.6)
C Yno(Engiz),v(z)),U/2) by (5.8)
C VYn,(D,U) by (5.7) .

Since U € N is arbitrary, it follows that the subnet {Y](/[(Z)}Zeg of {Yn@vy}tavyew
converges to D. As the latter is a subnet of {Y;};cr, the proof is complete.

Lemma 5.2. Let A be a nonempty compact subset of X and let ® : A — C(X) be
upper semicontinuous. Then the set ®(A) = {Y € X|Y € ®(X) for some X € A} is
compact.

Proof. Let {Y;}icr be an arbitrary net in ®(.A), and let {X,};er correspond, where
Y; € ®(X;), for each i € I. Since A is compact, {X;}icr has a subnet, say {X}je,
which converges to some A € A. Let {YJ/ }jes be the corresponding subnet of {Y; }ier.
By hypothesis ® is upper semicontinuous, and thus for each V € N there exists
a neighborhood U of A, relative to A, such that ®(X) C V(®(A),V) for all X € U.
Moreover, as X’ T)A’ there is jo € J such that j > jo implies X} € U. Therefore,

Y] € ®(X}) CV(®(A),V) forall j>jo.

By Lemma 5.1, {Y/}jes has a subnet {Y}" };cz, which converges to some I € ®(A) C
®(A). Clearly {Y;"}icr is a subnet of {Y;};c; and so, by Kelley [12], p. 136, ®(A) is
compact. This completes the proof.

Theorem 5.3. Let A be a nonempty compact convex subset of (X,7). Let ®: A —
C(X) be a upper semicontinuous multifunction satisfying the following condition: ()
for every X € A there exist sets Z € A and F' € ®(X) such that

ZNF+#¢ (resp. ZCF, ZDF).

Then ® has a semifized set, i.e. there exists at least one set A € A and an F € ®(A)
such that
ANF#¢ (resp. ACF, ADF).

Proof. Consider first the intersection case. For every X € A set
Q(X) ={Z € A| there exists F' € ®(X) such that ZNF # ¢} . (5.9)
It is easy to verify that Q(X) C A is nonempty and convex. Moreover, to show that

Q(X) is compact it suffices to prove that it is closed in A. To see that, let Z € Q(X)
and let {Z; };cs be an arbitrary net in Q(X) converging to Z € A. Further let {F;}ier

be a corresponding net in ®(X) such that
F, e o(X), ZiNF,#¢ foreveryiel. (5.10)

Since {Fi}icr C ®(X), a compact set, there exists a subnet {F};c;, where I =
Fn(j), which converges to some I € ®(X). Moreover {Z} e, where Z = Zy ;), is
a subnet of {Z;};c; and thus it converges to Z.

It will be shown that

ZNF+#¢. (5.11)
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Suppose, by contradiction, that Z N F = ¢. Then, by the Hahn-Banach theorem,
there exist a continuous linear functional f : E — R, and constants A € R and € > 0
such that

sup{f(z)lx € Z} <A —e < A+e <inf{f(z)|lz € F}. (5.12)

Now taking U € N so that

UcC{zecE|f(z) <e}, (5.13)
one has
Z'NY' ' =¢ forall Z' €V, (Z,U), Y €V (FU). (5.14)
In fact,as Z' C Z+ U and Y' C F + U, in view of (5.12) and (5.13), it follows that
Z'c{z €E|f(z) <A}, Y C{z€e€E|f(z)> A}

and thus (5.14) is valid.
Since Zy ;) TZ and Fy(j) TF’ for some j € J one has Zy(;) € Va,(Z,U),

Fn) € Vao(F,U). By (5.14) one has Zy(;) N Fn(j) = ¢, a contradiction to (5.10),
for N(j) € I. Hence (5.11) is valid and, clearly, Z € Q(X), proving that Q(X) is
closed in A and hence also compact.

Therefore (5.9) defines a multifunction Q : A — C(X) with nonempty compact
convex values Q(X) C A, for each X € A.

Q) is upper semicontinuous. In the contrary case there exist A € A and an open
set H C X, with Q(A) C H, such that the following property holds: for each U € Ny
there exist Xy € Vn, (A, U), Zy € A and Fyy € ®(Xy) such that

ZuNFy#¢, Zyé¢H, foreach U €N . (5.15)

We suppose that A is directed under the partial order > induced by the reverse
inclusion relation. By construction { Xy } e, is a net in A converging to A; moreover
{Zv}vuen, and {Fyulvuen, are nets in A and ®(.A), both compact sets, the latter by
Lemma 5.2. Hence there exist subnets, say {Znv)}vey and {Fyv)}vey, which
converge, respectively, to Z € A and F € ®(A). Further, as {Xn(v)}vey converges
to A, Fn(v) € ®(Xy) for each V' € V, and @ is upper semicontinuous at A, Lemma
5.1 implies that F' € ®(A). On the other hand as before one can show that ZNF # ¢.
Therefore, from the definition of Q(A), it follows that Z € Q(A).

Now Zy v -~ Z, where Z € Q(A) C 'H, and hence there exists V) € V such that

Znwv) €EH forall V>V,

a contradiction to (5.15), for N(V) € Ny. Therefore © is upper semicontinuous.

By Theorem 4.2, there exists A € A such that A € Q(A). Consequently for some
F € ®(A) one has AN F # ¢. In the inclusion cases the argument is similar and so
it is omitted. This completes the proof.
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