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1. Introduction

The aim of the present paper is to ensure in metric spaces the existence of fixed
points for functions not forced to be continuous.

In order to obtain our objective we introduce the definition of function with partially
complete graph, which is more general than the property of function with complete
graph introduced by Leader in [7]. In that paper the author extends the Meir-Keeler
type results presented in [4], [5], [8] and [9] by proving the existence either of fixed
points and of contractive fixed points for functions with complete graph in not nec-
essarily complete metric spaces.

We recall that the Meir-Keeler property assumes a significant relevance in the fixed
point theory, as it is shown by the numerous publications where it appears. In the
setting of complete metric spaces we recall the recent papers [6] and [10].

For functions verifying our new property we first establish two necessary and suf-
ficient conditions on the existence of a fixed point and of a contractive fixed point
respectively. These results allow us to remove the completeness on the metric space
in the Caristi fixed point theorem (see [3]) and in its more recent generalizations (see
[1]). Moreover, we also prove a viable version of our Caristi type theorem.

Then, again in the new class of functions with partially complete graph, we state
two theorems which strictly contain Theorem 3 in [7] and, moreover, we provide a
corollary which improves Corollary 4 in [7] (cf. Remark 3.1).

Furthermore, we present an example showing that in our results the assumption
on f to be with partially complete graph cannot be omitted, not even if the metric
space is complete.
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Finally we wish to observe that all our propositions extend Corollary 3.1 in [2],
which ensures the existence of a contractive fixed point for functions defined in a
complete metric space.

2. A Caristi type theorem

Let (X, d) be a metric space and f : X → X be a given function.
For every z ∈ X the sequence (fp(z))p∈IN , where f0(z) = z and fp(z) = f(fp−1(z))

for p ≥ 1, is said to be an orbit of f at z.
A point x ∈ X is a contractive fixed point for f if it is a fixed point for f and if

every orbit of f converges to x. Of course, if a contractive fixed point exists, then it
is unique.

Two sequences (xn)n∈IN and (yn)n∈IN in X such that limn→+∞ d(xn, yn) = 0 are
said to be equivalent; two equivalent sequences which are also Cauchy sequences are
said to be Cauchy equivalent.

We introduce a new definition, which will play a crucial rule throughout the paper.

Definition 2.1. A function f : S → X is said to be with partially complete graph if
for every Cauchy sequence (xn)n∈IN , {xn : n ∈ IN} ⊂ f(S), satisfying the properties

α) (f(xn))n∈IN is a Cauchy sequence;
αα) for every n ∈ IN , the sequence (fp(xn))p∈IN has not constant subsequences;

ααα) for every p ∈ IN , the sequence (fp(xn))n∈IN has not constant subsequences,
there exists x ∈ X such that lim

n→+∞
xn = x and lim

n→+∞
f(xn) = f(x).

Thanks to this notion, we are able to remove the assumption of completeness on
the metric space in the Caristi fixed point theorem (see [3]) and in its more recent
generalizations obtained in [1].

To this end, we first provide two necessary and sufficient conditions for the existence
of a fixed point and of a contractive fixed point respectively.

Theorem 2.1. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph. The function f has a fixed point if and only if there exists
x0 ∈ X such that the orbit of f at x0 is a Cauchy sequence.

Proof. The necessary condition is trivial by putting x0 equal to the fixed point of
f .

Assume now that there exists x0 ∈ X such that the orbit (fn(x0))n∈IN is a Cauchy
sequence.

Let us first suppose that (fn(x0))n∈IN has a constant subsequence, that is there
exist z ∈ X and (fnk(x0))k∈IN such that

fnk(x0) = z , for every k ∈ IN . (1)

Since if a Cauchy sequence has a converging subsequence then the whole sequence
converges, we deduce that

lim
n→+∞

fn(x0) = z . (2)

The element z is a fixed point for f . In fact, from (1) we have

0 ≤ d(f(z), z) = d (f (fnk(x0)) , z) = d
(
f1+nk(x0), z

)
, for every k ∈ IN .
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By (2) we conclude d(f(z), z) = 0, i.e. z = f(z) .
Suppose now that sequence (fn(x0))n∈IN has not constant subsequences. Then we

can say either that, for every n ∈ IN , sequence (fp(fn(x0)))p∈IN has not constant
subsequences and that, for every p ∈ IN , sequence (fp(fn(x0)))n∈IN has not constant
subsequences. Hence, sequence (fn(x0))n∈IN satisfies α), αα) and ααα) of Definition
2.1.

So, being f a function with partially complete graph, we can conclude that there
exists z ∈ X such that lim

n→+∞
fn(x0) = z and lim

n→+∞
f(fn(x0)) = f(z). By the

uniqueness of the limit algorithm also in this case f has a fixed point. �

From the proof of the previous theorem we deduce immediately the following

Corollary 2.2. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph. If there exists x0 ∈ X such that the orbit of f at x0 is a
Cauchy sequence, then this sequence converges to a fixed point for f .

Theorem 2.3. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph. The function f has a contractive fixed point if and only if,
for any x, y ∈ X, the orbits of f at x and y are Cauchy equivalent.

Proof. First we prove the sufficient condition. Let x ∈ X be fixed and consider
the orbit (fn(x))n∈IN . Since it is a Cauchy sequence, Corollary 2.2 states that the
sequence converges to a fixed point for f , say z.

For every y ∈ X, the orbit of f at y converges to z too. In fact, let w ∈ X be the
limit of (fn(y))n∈IN . As above, w is a fixed point for f . By the hypotheses, sequences
(fn(x))n∈IN and (fn(y))n∈IN are equivalent, therefore

d(z, w) = lim
n→+∞

d (fn(x), fn(y)) = 0 .

This gives w = z. Hence f has a contractive fixed point.
Now we establish the necessary condition.
Let us denote z the contractive fixed point of f . Note that for every x, y ∈ X, both

the orbits (fn(x))n∈IN and (fn(y))n∈IN converge to z and, as a consequence, they are
Cauchy sequences.

Moreover, we have

0 ≤ d(fn(x), fn(y)) ≤ d(fn(x), z) + d(z, fn(y)) , for every n ∈ IN .

Consequently, letting n → +∞, we can conclude that the orbits of f at x and y are
also equivalent.

�

We are now in position to provide, as the main result of the paper, a Caristi type
fixed point theorem in metric spaces.

Theorem 2.4. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph.

Suppose that there exists a function φ : X → [0,+∞[ such that

d(x, f(x)) ≤ φ(x)− φ(f(x)) , for every x ∈ X . (3)
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Then every orbit of f converges to a fixed point for f .

Proof. Fixed x ∈ X, we begin by proving that the orbit (fn(x))n∈IN is a Cauchy
sequence. First of all, by (3), for every n ∈ IN we have

0 ≤ d (fn(x), f(fn(x))) ≤ φ (fn(x))− φ
(
fn+1(x)

)
.

It follows that (φ (fn(x)))n∈IN is a decreasing (non negative) sequence and it clearly
implies its convergence in IR+

0 . Thus (φ (fn(x)))n∈IN is a Cauchy sequence.
Therefore, fixed ε > 0 there exists n̄ = n̄(ε) ∈ IN such that for every n, p ≥ n̄

(w.l.o.g. we take n < p), by applying (3), we get

d (fn(x), fp(x)) ≤ d
(
fn(x), fn+1(x)

)
+ d

(
fn+1(x), fn+2(x)

)
+ · · ·+

+d
(
fn+p−1(x), fp(x)

)
≤ φ (fn(x))− φ (fp(x)) ≤ ε,

that is (fn(x))n∈IN is a Cauchy sequence.
Now, by applying Theorem 2.1, we can conclude that the orbit (fn(x))n∈IN con-

verges to a fixed point for f . �

Remark 2.1. Let us note that it is not possible to state the existence of a contractive
fixed point in the class of functions of Theorem 2.4, as it is proved by the function
f(x) = x , x ∈ IR. Nevertheless the thesis of Theorem 2.4 gives more than just the
existence of fixed points; namely it asserts that it is possible to single out every fixed
point for f .

Now, let us restrict our attention to the functions with complete graph, introduced
by Leader in [7].

We recall that a function f : X → X is said to be with complete graph if for every
Cauchy sequence (xn)n∈IN such that (f(xn))n∈IN is also a Cauchy sequence there
exists a point x ∈ X such that limn→+∞ xn = x and limn→+∞ f(xn) = f(x).

In this setting, from Theorem 2.4 we can deduce the following

Corollary 2.5. Let (X, d) be a metric space and f : X → X be a function with
complete graph.

Suppose that there exists a function φ : X → [0,+∞[ such that

d(x, f(x)) ≤ φ(x)− φ(f(x)) , for every x ∈ X .

Then every orbit of f converges to a fixed point for f .

Proof. The assert follows by observing that a function with complete graph is also
with partially complete graph. �

Remark 2.2. We note that Corollary 2.5 extends the similar results presented in [1],
[3].
Moreover, we emphasize that there exist functions satisfying all the assumptions of
Theorem 2.4 but not having all properties required in Corollary 2.5, as the following
example shows.
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Example 2.1. Let ([0, 2[, d) be the metric space where d is the Euclidean metric.
Let f : [0, 2[→ [0, 2[ be defined as

f(x) =
{

0 , x ∈ [0, 1]
1 , x ∈ ]1, 2[ .

This function is not with complete graph: in fact, the Cauchy sequence
(
1 + 1

2n

)
n∈IN

is such that also
(
f

(
1 + 1

2n

))
n∈IN

is a Cauchy sequence and
(
1 + 1

2n

)
n∈IN

converges

to 1, but lim
n→+∞

f

(
1 +

1
2n

)
= 1 6= 0 = f(1).

On the other hand, obviously f is with partially complete graph since there not
exist sequences in f([0, 2[) verifying α), αα) and ααα) of Definition 2.1.

Moreover, if we consider the function φ : [0, 2[→ [0,+∞[ defined by

φ(x) =
{

d(x, 0) , x ∈ [0, 1]
d(x, 1) + d(1, 0) , x ∈]1, 2[ ,

we can say that f verifies also (3).

The next theorem is a viable version of our Caristi type result.

Theorem 2.6. Let (X, d) be a metric space and let x0 ∈ X. Suppose that f :
B(x0, r) → X is a function with partially complete graph and that there exists a
function φ : X → [0,+∞[ such that

φ(x0) ≤ r (4)

and
d(x, f(x)) ≤ φ(x)− φ(f(x)) , for every x ∈ B(x0, r) . (5)

Then the orbit of f at x0 converges to a fixed point for f belonging to B(x0, r).

Proof. Let us consider the orbit (fn(x0))n∈IN . By using (5), the fact that φ is a
non negative function and (4), we get

d
(
x0, f

1(x0)
)

= d (x0, f(x0)) ≤ φ(x0)− φ(f(x0)) ≤ φ(x0) ≤ r ,

so f1(x0) belongs to B(x0, r). Then, by proceeding as above, we also have

d
(
x0, f

2(x0)
)
≤ d

(
x0, f

1(x0)
)

+ d
(
f1(x0), f2(x0)

)
≤

≤ φ(x0)− φ(f1(x0)) + φ(f1(x0))− φ(f2(x0))

= φ(x0)− φ(f2(x0)) ≤
≤ φ(x0) ≤ r,

so f2(x0) belongs to B(x0, r).
By means of an iterative process, we conclude that

{fn(x0) : n ∈ IN} ⊂ B(x0, r) .

We are now in position to use (5) on the elements of the orbit of f at x0 and then
we can proceed analogously as in the proof of Theorem 2.4 in order to obtain that
(fn(x0))n∈IN is a Cauchy sequence.
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If the sequence (fn(x0))n∈IN does not satisfy the whole set of properties of Defi-
nition 2.1 (i.e. there exists n̄ ∈ IN such that (fp+n̄(x0))p∈IN has a constant subse-
quence), by proceeding as in the first part of the proof of Theorem 2.1, we can say
that there exists a fixed point for f and this case is proved.

Otherwise, by recalling that f is a function with partially complete graph, the
sequence (fn(x0))n∈IN converges in X to a point x̄. Now, set Y = {fn(x0) : n ∈ IN}∪
{x̄}, we consider the metric space (Y, d|Y×Y ). Of course the range of f|Y is the space Y
and the function f|Y : Y → Y is with partially complete graph. Moreover, f|Y is easily
seen to satisfy property (3). Therefore f|Y verifies all the assumptions of Theorem
2.4 and so we can claim that the orbit (fn(x0))n∈IN converges in Y ⊂ B(x0, r) to a
fixed point for f .

Then, this case is proved too. �

3. Some generalizations of Leader fixed point theorems

In the new class of functions with partially complete graph we state the following
propositions which improve some of the results obtained in [7].

Theorem 3.1. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph.

The function f has a fixed point if and only if there exists x̄ ∈ X with the property
(C) for every ε > 0 there exist δ = δ(ε, x̄) > 0 and a natural number r = r(ε, x̄)

such that

d
(
fp+r(x̄), fq+r(x̄)

)
< ε , for every p, q ∈ IN with d (fp(x̄), fq(x̄)) < ε + δ .

Moreover, if there exists x̄ such that (C) is satisfied and the sequence (fn(x̄))n∈IN

converges to an element w ∈ X, then we have

d
(
fp+r(x̄), w)

)
< ε , for every p ∈ IN with d (fp(x̄), fp+r(x̄)) < δ

where ε, δ, r are the numbers defined in (C).

Proof. From our Theorem 2.1 and by applying Corollary 1 in [7], we can say
immediately that

f has a fixed point if and only if there exists x̄ ∈ X such that (fn(x̄))n∈IN is a
Cauchy sequence if and only if there exists x̄ ∈ X with the property (C)

and so we have the first part of the thesis.
The second part is an obvious consequence of Theorem 2 in [7]. �

Theorem 3.2. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph.

The function f has a contractive fixed point if and only if for any x, y ∈ X the
following condition holds

(CC) for every ε > 0 there exist δ = δ(ε, x, y) > 0 and a natural number r =
r(ε, x, y) such that

d
(
fp+r(x), fq+r(y)

)
< ε, for every p, q ∈ IN with d (fp(x), fq(y)) < ε + δ .
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Proof. From our Theorem 2.3 and by applying Theorem 1 in [7], we have

f has a contractive fixed point if and only if for any x, y ∈ X the sequences
(fn(x))n∈IN , (fn(y))n∈IN are Cauchy equivalent if and only if for any x, y ∈ X con-
dition (CC) is satisfied

which proves the proposition. �

Corollary 3.3. Let (X, d) be a metric space and f : X → X be a function with
partially complete graph which satisfies the property
(s-CC) for every ε > 0 there exist δ = δ(ε) > 0 and r = r(ε) ∈ IN such that

d (fr(x), fr(y)) < ε , for every x, y ∈ X with d(x, y) < ε + δ .

Then f has a contractive fixed point, say w.
Moreover,

d (fr(x), w)) ≤ ε , for every x ∈ X with d (x, fr(x)) ≤ δ

where ε, δ, r are the numbers defined in (s-CC).

Proof. The first part of the thesis is a trivial consequence of our Theorem 3.2.
In order to obtain the second part, we fix x ∈ X and, since w is a contractive fixed

point, we have that the orbit of f at x converges to w.
Taking into account of (s-CC), fixed ε > 0 there exist δ = δ(ε) > 0 and r = r(ε) ∈

IN such that

d
(
fr+p(x), fr+q(x)

)
< ε , for every p, q ∈ IN with d(fp(x), fq(x)) < ε + δ .

Hence, by using Theorem 2 in [7], we can conclude that

d
(
fr+p(x), w

)
≤ ε , for every p ∈ IN such that d

(
fp(x), fr+p(x)

)
≤ δ .

�

Remark 3.1. Thanks to Example 2.1 we can say that our Theorems 3.1 and 3.2
strictly contain Theorem 3 in [7]. Moreover, we note that our Corollary 3.3 improves
Corollary 4 in [7].

Remark 3.2. We claim that, even if the metric space X is complete, Theorems 2.1,
2.3, 3.1, 3.2 and Corollary 3.3 are not still true if we drop the assumption on f to be
with partially complete graph. This is proved by the following example.

Example 3.1. Let ([0, 1], d) be the complete metric space where d is the Euclidean
metric. Let f : [0, 1] → [0, 1] be defined as

f(x) =


1
2 , x ∈ {0} ∪

]
1
2 , 1

]
1

m+1 , x ∈
]

1
m+1 , 1

m

]
, m = 2, 3, . . . .

First we prove that f satisfies the assumption (s-CC) of Corollary 3.3. Of course, as a
consequence, there will be an x̄ with the property (C) and also, for every x, y ∈ [0, 1],
the condition (CC) will be verified.
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Let us fix ε > 0. We put δ(ε) = ε and r = r(ε) =
[
1
ε

]
+ 1, where the symbol

[
1
ε

]
denotes the integer part of the number 1

ε .
Indeed, we prove that

d (fr(x), fr(y)) < ε , for every x, y ∈ [0, 1] . (6)

To this end we observe that if x = 0 or if x ∈
]
1
2 , 1

]
, then fr(x) = 1

r+1 < ε. On the

other hand, if x ∈
]

1
m+1 , 1

m

]
, m ≥ 2, we have fr(x) = 1

m+r < ε. Therefore, for every
x ∈ [0, 1], we get fr(x) ∈]0, ε[. Hence, (6) is satisfied obviously.

Finally, taking into account of our Corollary 3.3 and by observing that f has not
fixed points, we can conclude that f cannot be a function with partially complete
graph.

Remark 3.3. In [2] the authors prove, in the setting of the complete metric spaces,
the existence of contractive fixed points for functions f : X → X satisfying the
following property (cf. [2], Corollary 3.1)

there exists p ∈ IN such that for every ε > 0 there exists δ = δ(ε, p) > 0 for which
d (fp(x), fp(y)) < ε for every x, y ∈ X with d(x, y) < ε + δ .

Thanks to Example 3.1 we also claim that the above property cannot be weakened
by requiring (s-CC), not even to the aim of obtaining just the existence of at least
one fixed point.
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