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1. Introduction

Generally, the proofs of equilibrium theorems in game theory are based on
fixed-point theorems. In this paper we obtain a fixed-point theorem for lower
semicontinuous correspondences in Hausdorff local convex spaces and we use
it to prove equilibrium existence theorems. X. Wu (in [8]) stated that, even
if in recent years, many mathematicians have studied fixed point problems
of l.s.c. correspondences, until that time, there had been no ideal result. X.
Wu gave a new fixed point theorem for l.s.c correspondences in Hausdorff
local convex spaces, which can almost compare with Himmelberg’s fixed point
theorem. Wu’s Theorem was used by X. Liu and H.Cai (in [4]) to prove their
results in equilibrium existence. To prove his fixed-point theorem, X. Wu
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used a Michael’s selection theorem, which states that there exists an upper
semicontinuous correspondence such that its values are included in the values
of the l.s.c. correspondence. For the selection theorem one needs a metrizable
set. X. Wu left an open problem: is the conclusion tenable if the metrizable
condition is cancelled?

We get our result by using Yannelis and Prabhakar’s selection theorem (see
[9]) and an approximation method.The domain of the correspondence is not
metrizable. We use this result in equilibrium theorems.

There is another fixed point theorem in a Hausdorff topological space, for-
mulated by W. Kim in [2], but the l.s.c. correspondence must verify an addi-
tional topological condition.

Most of existence theorems of equilibrium deal with preference correspon-
dences which have lower open sections or are majorized by correspondences
with lower open sections. In the last years, some existence results were ob-
tained for lower semicontinuous and upper semicontinuous correspondences.
X. Z. Yuan and E. Taradfar (in [11]) proved existence theorems of equilibrium
for economies with u-majorized correspondences (majorized by u.s.c., irreflex-
ive correspondences with closed convex values) and X. Liu and H. Cai (in
[4]) proved existence theorems of equilibrium for economies with Q-majorized
correspondences (majorized by irreflexive, l.s.c. correspondences with open,
convex values).

We propose the notion of Q
′
-majorized correspondences, notion which is

stronger than the notion of Q-majorized correspondences. Finally we obtain
existence theorems of equilibrium which drop the condition of set’s being
metrizable in the theorem of X. Liu and H. Cai (see [4]).

I am using the term correspondence instead of the well-known ones of set-
valued function or multifunction. This term is used in specialized books (for
example in [3]), espacially in economic mathematized literature.

The paper is organized in the following way: Section 2 contains preliminaries
and notation. The fixed-point theorem is presented in Section 3. Section 4
contains the description of the model of an abstract economy (in Subsection
4.1), Preliminaries (Subsection 4.2) and the equilibrium theorems are stated
in Subsection 4.3.
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2. Preliminaries and notation

Throughout this paper, we shall use the following notation and definitions.
Let A be a subset of a topological space X.
1. F(A) denotes the family of all non-empty finite subset of A.
2. 2A denotes the family of all subsets of A.
3. cl A denotes the closure of A in X.
4. If A is a subset of a vector space, coA denotes the convex hull of A.
5. If F , T : A → 2X are correspondences, then coT , cl T , T ∩ F : A →

2X are correspondences defined by (coT )(x) =coT (x), (clT )(x) =clT (x) and
(T ∩ F )(x) = T (x) ∩ F (x) for each x ∈ A, respectively.

6. The graph of T : X → 2Y is the set Gr(T ) = {(x, y) ∈ X×Y | y ∈ T (x)}
7. The correspondence T is defined by

T (x) = {y ∈ Y : (x, y) ∈ clX×Y Gr(T )}

(the set clX×Y Gr(T ) is called the adherence of the graph of T).
It is easy to see that clT (x) ⊂ T (x) for each x ∈ X.

Lemma 2.1 [10]. Let X be a topological space, Y be a non-empty subset of
a topological vector space E, ß be a base of the zero neighborhoods in E and
A : X → 2Y . For each V ∈ß, let AV : X → 2Y be defined by AV (x) = (A(x)+
V ) ∩ Y for each x ∈ X. If x̂ ∈ X and ŷ ∈ Y are such that ŷ ∈ ∩V ∈ßAV (x̂),
then ŷ ∈ A(x̂).

Definition 2.1. Let X, Y be topological spaces and T : X → 2Y be a
correspondence

1. T is said to be upper semicontinuous if for each x ∈ X and each open
set V in Y with T (x) ⊂ V , there exists an open neighborhood U of x in X

such that T (x) ⊂ V for each y ∈ U .
2. T is said to be lower semicontinuous if for each x∈ X and each open set

V in Y with T (x) ∩ V 6= ∅, there exists an open neighborhood U of x in X

such that T (y) ∩ V 6= ∅ for each y ∈ U .

The following three lemmas refere to the lower semicontinuous correspon-
dences.
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Lemma 2.2 [10]. Let X and Y be two topological spaces and let A be a
closed subset of X. Suppose F1 : X → 2Y , F2 : X → 2Y are lower semi-
continuous such that F2(x) ⊂ F1(x) for all x ∈ A. Then the correspondence
F : X → 2Y defined by

F (x ) =

{
F1(x), if x /∈ A,
F2(x), if x ∈ A

is also lower semicontinuous.

Lemma 2.3.[9]. Let X and Y be two topological spaces and let S : X → 2Y

and T : X → 2Y be correspondences such that
(i) S is l.s.c. and has open upper sections
(ii) T is l.s.c.
(iii) for all x ∈ X, S(x) ∩ T (x) 6= ∅.
Then the correspondence F : X → 2Y defined by F (x) = S(x) ∩ T (x) is

l.s.c.

Lemma 2.4. [10]. Let X be a topological space, E be a topological vector
space and Y be a non-empty subset of E. Suppose T : X → 2Y is a lower
semicontinuous correspondence and V is any non-empty open subset of E.

Then the correspondence H : X → 2Y defined by H (x) = (T (x) + V )∩ Y for
each x ∈ X has an open graph in X × Y.

N. C. Yannelis and N. D. Prabhakar proved in [9] a continuous selection
lemma.

Lemma 2.5 [9]. Let X be a paracompact Hausdorff space and Y be a linear
topological space. Suppose T : X → 2Y is a correspondence such that

(a) for each x ∈ X, T (x) is non-empty and convex, and
(b) for each y ∈ Y, T−1(y) = {x ∈ X : y ∈ T (x)} is open in X.
Then there exists a continuous function f : X → Y such that f(x) ∈ T (x)

for all x ∈ X.

3. A fixed-point theorem

The purpose of this section is to give a fixed-point theorem for lower semi-
continuous correspondences in a Hausdorff local convex space.

Our theorem improves Theorem 1 of X. Wu in [8], since for each i ∈ I, Xi is
not a convex set and Di is not metrizable, but we impose the stronger condition
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that coSi(x) ⊂ Ti(x) for each x ∈ X instead of clcoSi(x) ⊂ Ti(x) for each
x ∈ X. To prove his fixed-point theorem, X. Wu used a Michael’s selection
thorem, which states that there exists an upper semicontinuous selector of a
l.s.c. correspondence. We get our result by using Yannelis and Prabhakar’s
selection theorem in [9] and an approximation method.

We present first Wu’s Theorem:

Theorem 3.1. [8] Let I be an index set. For each i ∈ I, let Xi be a
nonempty convex subset of a paracompact set in a Hausdorff locally convex
topological vector space Ei, Di a non-empty compact metrizable subset of Xi

and Si, Ti : X → 2Di two correspondences with the following conditions:
(1) for each x ∈ X, clcoSi(x) ⊂ Ti(x) and Si(x) 6= ∅.
(2) Si is lower semi-continuous.
Then there exists an equilibrium point x∗ ∈ D :=

∏
i∈I

Di such that x∗i ∈

Ti(x∗) for each i ∈ I.

Our main result is the following.
Theorem 3.2. Let I be an index set. For each i ∈ I, let Xi be a paracom-

pact set in a Hausdorff local convex space Ei. Let Si, Ti : X =
∏
i∈I

Xi → 2Ei

be correspondences such that:
(1) Si(x) is non-empty, closed and coSi(x) ⊂ Ti(x) for each x ∈ X.
(2) Si is lower semi-continuous and there exists a compact convex set Di ⊂

Xi such that Si(x) ∩Di 6= ∅ for each x ∈ X.
Then there exists an equilibrium point x∗ ∈ D :=

∏
i∈I

Di such that x∗i ∈

Ti(x∗) for each i ∈ I.

Proof. Let ßi denote the family of all open convex neighborhoods of zero
in Ei and β =

∏
i∈I

ßi. Let V =
∏
i∈I

Vi ∈ß be given.

By Lemma 2.4, the correspondence Hi : X → 2Xi , defined by Hi(x) =
(coSi(x) + Vi) ∩ X for each x ∈ X has an open graph in X × Xi, then it
has open lower sections. The correspondence Gi : X → 2Xi , defined by
Gi(x) = Di for each x ∈ X has open lower sections.

Since the intersection of two correspondences with open lower sections is
a correspondence with open lower sections, it follows that Ki : X → 2Xi ,
defined by Ki(x) = Hi(x) ∩Di for each x ∈ X has open lower sections.
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Since coSi has non-empty convex values and Di is convex, it follows that
Ki(x) = (coSi(x) + Vi) ∩Xi ∩Di = (coSi(x) + Vi) ∩Di is non-empty, convex.
Then by Lemma 2.5 we have that there exists a continuous selection fi : X →
Di, fi(x) ∈ (coSi(x) + Vi)∩Di. Let f : X → D be defined by f(x) =

∏
i∈I

fi(x)

for each x ∈ X.

We apply the Brouwer-Schauder’s Theorem to the restriction f|D : D → D

and we obtain a point x∗V = f(x∗V ) and it follows that (x∗V )i ∈ (coSi(x∗V ) +
Vi) ∩Di for each i ∈ I.

For each V ∈ß we define the set QV = ∩i∈I{x ∈ D : xi ∈ (coSi(x)+Vi)∩Di}.
QV is non-empty because x∗V ∈ QV , then clQV is non-empty. We show that

the family {clQV : V ∈ß} has the finite intersection property.
Let {V 1, V 2, ...V n} be any finite set of ß and let V =

n
∩

k=1
V k, then V ∈ ß;

Clearly QV ⊂
n
∩

k=1
QV k so that

n
∩

k=1
QV k 6= ∅. It follows that

n
∩

k=1
clQV k 6= ∅.

Since D is compact and the family {clQV : V ∈
∏
i∈I

ßi} has the finite inter-

section property, we have that ∩{clQV : V ∈ ß} 6= ∅. Take any x∗ ∈ ∩{clQV :
V ∈ß}, then for each V ∈ ß, x∗ ∈cl{x∗ ∈ D : x∗ ∈

∏
i∈I

(coSi(x∗) + Vi) ∩Di}.

Then (x∗, x∗) ∈clGr
∏
i∈I

(coSi(x∗) + Vi) ∩ Di and x∗i ∈ (coSi(x∗) + Vi) ∩Di

for every V ∈ß and for each i ∈ I.
By Lemma 2.1 we have that for each i ∈ I, x∗i ∈ coSi(x∗) ⊂ Ti(x∗) and

x∗ ∈ D. �

The following results improve Wu’s Corollaries in [8], since X is not a convex
set and D is not metrizable.

Corollary 3.1. Let X be a non-empty subset of a Hausdorff locally convex
space E, D a non-empty compact convex subset of X and S, T : X → 2E be
two correspondences with the following conditions:

(i) for each x ∈ X, coS(x) ⊂ T (x) and S(x) 6= ∅,
(ii) S is l.s.c. on X and
(iii) S(x) ∩D 6= ∅ for each x ∈ X.

Then there exists x∗ ∈ D and x∗ ∈ T (x∗).

Corollary 3.2. Let X be a paracompact set in a Hausdorff local convex
space E. Let T : X → 2E be a correspondence l.s.c. such that T (x) is non-
empty, convex for each x ∈ X.
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We also assume that there exists a compact convex set D ⊂ X such that
T (x) ∩D 6= ∅ for each x ∈ X.

Then there exists x∗ ∈ D such that x∗ ∈ T (x∗).

4. Applications in the equilibrium theory

4.1. The model of an abstract economy. Let I be a nonempty set (the
set of agents). For each i ∈ I, let Xi be a non-empty topological vector space
representing the set of actions and define X :=

∏
i∈I

Xi; let Ai, Bi : X → 2Xi be

the constraint correspondences and Pi the preference correspondence.
Definition 4.1. [10]. An abstract economy Γ = (Xi, Ai, Pi, Bi)i∈I is defined

as a family of ordered quadruples (Xi, Ai, Pi, Bi).

Definition 4.2 [10]. An equilibrium for Γ is defined as a point x∗ ∈ X such
that for each i ∈ I, x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.

Remark 4.1. When, for each i ∈ I, Ai(x) = Bi(x) for all x ∈ X, this
abstract economy model coincides with the classical one introduced by Borglin
and Keiding in [1]. If in addition, Bi(x) =clXiBi(x) for each x ∈ X, which
is the case if Bi has a closed graph in X × Xi, the definition of equilibrium
coincides with that one used by Yannelis and Prabhakar in [9].

4.2. Preliminaries. X. Liu and H. Cai defined in [4] the correspondences
of class Q and Q-majorized.

Definition 4.3. [4] Let X be a topological space and Y be a non-empty
subset of a vector space E, θ : X → E be a mapping and T : X → 2Y be a
correspondence.

(1) T is said to be of class Qθ (or Q) if
(a) for each x ∈ X, θ(x) /∈clT (x) and
(b) T is lower semicontinuous with open and convex values in Y ;

(2) A correspondence Tx : X → 2Y is said to be a Qθ-majorant of T at x

if there exists an open neighborhood N(x) of x such that
(a) For each z ∈ N(x), T (z) ⊂ Tx(z) and θ(z) /∈clTx(z)
(b) Tx is l.s.c. with open and convex values;

(3) T is said to be Qθ-majorized if for each x ∈ X with T (x) 6= ∅ there
exists a Qθ-majorant Tx of T at x.

We introduce the following definitions.
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Definition 4.4. Let X be a topological space and Y be a non-empty
subset of a vector space E, θ : X → E be a mapping and T : X → 2Y be a
correspondence.

(1) T is said to be of class Q
′
θ (or Q

′
) if

(a) for each x ∈ X, θ(x) /∈ T (x) and
(b) T is lower semicontinuous with open and convex values in Y ;

(2) A correspondence Tx : X → 2Y is said to be a Q
′
θ-majorant of T at x

if there exists an open neighborhood N(x) of x such that
(a) For each z ∈ N(x), T (z) ⊂ Tx(z) and θ(z) /∈ Tx(z)
(b) Tx is l.s.c. with open and convex values;

(3) T is said to be Q
′
θ-majorized if for each x ∈ X with T (x) 6= ∅ there

exists a Q
′
θ-majorant Tx of T at x.

We need the following Lemma to prove the existence theorems in the next
section.

Lemma 4.1. Let X be a paracompact topological space and Y be a non-
empty subset of a vector space E. Let θ : X → E be a single-valued function
and P : X → 2Y \{∅} be Q

′
-majorized. Then there exists a correspondence

S : X → 2Y of class Q
′
such that P (x) ⊂ S(x) for each x ∈ X.

The proof follows the same line as the proof of Theorem 1 in [4].

4.3. Equilibrium theorems. In this section, we state some new equi-
librium existence theorems for abstract economies with any (countable or un-
countable) set of players in locally convex spaces.

We present first the result obtained by X. Wu [8] and X. Liu and H. Cai [4].

Theorem 4.1. (X. Wu [8]). Let Γ = (Xi, Ai, Pi, Bi)i∈I be an abstract
economy, such that for each i ∈ I, the following conditions are fulfilled:

(1) Xi is a non-empty convex subset of a Hausdorff locally convex topological
space Ei and Di is a non-empty compact metrizable subset of Xi;

(2) for each x ∈ X :=
∏
i∈I

Xi, Pi(x) ⊂ Di(x), Ai(x) ⊂ Bi(x) ⊂ Di and

Bi(x) is nonempty convex;
(3) the set Wi : = {x ∈ X / (Ai ∩ Pi) (x) 6= ∅} is closed in X;
(4) the correspondences Ai|Wi

and Pi|Wi
: Wi → 2Di are lower semi-

continuous and either Ai or Pi : X → 2Di has open sections, Bi : X → 2Di

is lower semicontinuous;
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(5) for each x ∈ X, xi /∈clco(Ai(x) ∩ Pi(x)).
Then there exists an equilibrium point x∗ ∈ D for Γ, i.e., for each i ∈ I,

x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.

Theorem 4.2. (X. Liu, H. Cai [4]). Let Γ = (Xi, Ai, Pi, Bi)i∈I be an
abstract economy, where I is a (possibly uncountable) set of agents such that
for each i ∈ I :

(1) Xi is a non-empty convex subset of Hausdorff locally topological vec-
tor space Ei, X :=

∏
i∈I

Xi is paracompact and Di is a non-empty compact

metrizable subset of Xi;
(2) Ai, Bi, Pi are corespondences : X → 2Di , for each x ∈ X, Ai(x) is

non-empty, Bi is l.s.c. and convex closed valued; and clBi(x) ⊂ Di;
(3) the set Wi : = {x ∈ X / (Ai ∩ Pi) (x) 6= ∅} is closed in X;
(4) Ai ∩ Pi : X → 2Di is Q-majorized.
Then there exists an equilibrium point x∗ ∈ X for Γ, i.e., for each i ∈ I,

x∗i ∈clBi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.

Now we present our equilibrium theorems.

Theorem 4.3 is an existence theorem of equilibria in which constraint and
preference correspondences are lower semi-continuous. This theorem improves
the theorem of X. Wu (see [8]) in the following ways: the sets Di are not
metrizable, Xi is not convex for each i ∈ I. We impose the stronger condi-
tion that for each i ∈ I, xi /∈ (coAi ∩ coPi)(x) for each x ∈ X instead of
xi /∈clco(Ai(x) ∩ Pi(x)) for each x ∈ X.

Theorem 4.3. Let Γ = (Xi, Ai, Pi, Bi)i∈I be an abstract economy, where
I is a (possibly uncountable) set of agents such that for each i ∈ I :

(1) Xi is a non-empty convex set in a Hausdorff locally convex space Ei,
X :=

∏
i∈I

Xi is paracompact and Di is a non-empty, convex, compact subset

of Xi;
(2) Bi is lower semicontinuous with non-empty convex values and for each

x ∈ X, Ai(x) 6= ∅, Ai(x) ⊂ Bi(x) and clBi(x) ∩Di 6= ∅;
(3) the set Wi : = {x ∈ X / (Ai ∩ Pi) (x) 6= ∅} is closed in X;
(4) Ai|Wi

and Pi|Wi
: Wi → 2Di are lower semi-continuous and either Ai

or Pi : X → 2Di has open sections;
(5) for each x ∈ X, xi /∈ (coAi ∩ coPi)(x).
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Then there exists an equilibrium point x∗ ∈ D :=
∏
i∈I

Di for Γ, i.e., for

each i ∈ I, x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.
Proof. For each i ∈ I and x ∈ X, let

Fi(x) =

{
coAi(x) ∩ coPi(x), if x ∈ Wi,

Bi(x), if x ∈ X \Wi;
coAi and coBi are l.s.c. with non-empty open convex values, then coAi∩coPi

is l.s.c. by Lemma 2.3 and has nonempty convex values.
By Lemma 2.2, Fi is l.s.c. and has non-empty and convex values.
Define F : X → 2D by F (x) =

∏
i∈I

Fi(x). The correspondence F is l.s.c with

non-empty closed convex values and there exists a set D such that G(x)∩D 6= ∅
for each x ∈ X.

By Corollary 3.2, it follows that exists x∗ ∈ D such that x∗ ∈ F (x∗), i.e.,
for each i ∈ I, x∗i ∈ F i(x∗).

If there exists some i ∈ I0 such that x∗ ∈ Wi, x∗i ∈ F i(x∗), by the definition
of Fi, then x∗i ∈ (coAi ∩ coPi)(x∗), which contradicts assumption 5. Therefore,
x∗ /∈ Wi for all i ∈ I0, i.e. Ai(x∗)∩Pi(x∗) = ∅ for all i ∈ I0. By the definition
of Fi, we must have that x∗i ∈ Bi(x∗) and Ai(x∗)∩Pi(x∗) = ∅ for all i ∈ I0. �

Theorem 4.4. Let Γ = (Xi, Ai, Pi, Bi)i∈I be an abstract economy, where
I is a (possibly uncountable) set of agents such that for each i ∈ I :

(1) Xi is a non-empty convex set in a Hausdorff locally convex space Ei,
X :=

∏
i∈I

Xi is paracompact and Di is a non-empty, convex, compact subset

of Xi;
(2) Bi is lower semicontinuous with non-empty convex values and for each

x ∈ X, Ai(x) 6= ∅, Ai(x) ⊂ Bi(x) and clBi(x) ∩Di 6= ∅;
(3) the set Wi : = {x ∈ X / (Ai ∩ Pi) (x) 6= ∅} is closed in X;
(4) the correspondence Ai ∩Pi : X → 2Di is lower semi-continuous;
(5) for each x ∈ X, xi /∈ (coAi ∩ coPi)(x).
Then there exists an equilibrium point x∗ ∈ D :=

∏
i∈I

Di for Γ, i.e., for

each i ∈ I, x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.
Proof. For each i ∈ I and x ∈ X, let

Fi(x) =

{
co(Ai ∩ Pi)(x), if x ∈ Wi,
Bi(x), if x ∈ X \Wi;

We have that co(Ai ∩ Pi) is l.s.c. and has nonempty convex values.
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By Lemma 2.2, Fi is l.s.c. and has non-empty and convex values.
Define F : X → 2D by F (x) =

∏
i∈I

Fi(x). The correspondence F is l.s.c with

non-empty closed convex values and there exists a set D such that G(x)∩D 6= ∅
for each x ∈ X.

By Corollary 3.2, it follows that exists x∗ ∈ D such that x∗ ∈ F (x∗), i.e.,
for each i ∈ I, x∗i ∈ F i(x∗).

If there exists some i ∈ I0 such that x∗ ∈ Wi, x∗i ∈ F i(x∗), by the definition
of Fi, then x∗i ∈ (coAi ∩ coPi)(x∗), which contradicts assumption 5. Therefore,
x∗ /∈ Wi for all i ∈ I0, i.e. Ai(x∗)∩Pi(x∗) = ∅ for all i ∈ I0. By the definition
of Fi, we must have that x∗i ∈ Bi(x∗) and Ai(x∗)∩Pi(x∗) = ∅ for all i ∈ I0. �

Theorem 4.5 is an existence theorem of equilibria of a generalized game
in which the intersection of constraint and preference correspondences is
Q

′−majorized and with any (countable or uncountable) set of players in lo-
cally convex spaces. This theorem improves the theorem of X. Liu and H.
Cai [4] in the following ways: the sets Di is not metrizable, Xi is not convex
for each i ∈ I. The correspondences Ai ∩ Pi is Q

′
-majorized instead of being

Q-majorized.

Theorem 4.5. Let Γ = (Xi, Ai, Pi, Bi)i∈I be an abstract economy, where
I is a (possibly uncountable) set of agents such that for each i ∈ I :

(1) Xi is a non-empty convex set in a Hausdorff locally convex space Ei,
X :=

∏
i∈I

Xi is paracompact and Di is a non-empty, convex, compact subset

of Xi;
(2) Bi is lower semicontinuous with non-empty convex values and for each

x ∈ X, Ai(x) 6= ∅, Ai(x) ⊂ Bi(x) and clBi(x) ∩Di 6= ∅;
(3) the set Wi : = {x ∈ X / (Ai ∩ Pi) (x) 6= ∅} is closed in X;
(4) Ai ∩ Pi is Q

′
-majorized and (Ai ∩ Pi) (x) ∩Di 6= ∅ for each x ∈ X.

Then there exists an equilibrium point x∗ ∈ D for Γ, i.e., for each i ∈ I,
x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅.

Proof. If Wi = ∅ for all i ∈ I, Bi is l.s.c. and by Theorem 3.2, it follows
that there exists an equilibrium point for Γ.

Let I0 = {i ∈ I, Wi 6= ∅}, without loss of generality, we may assume that
I0 6= ∅.
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Case 1. For each i ∈ I0, by 4) and Lemma 4.1, there exists a correspon-
dence Si : X → 2Di which is l.s.c. with open and convex values such that
(Ai ∩ Pi) (x) ⊂ Si(x) for each x ∈ X.

Define the correspondence Fi : X → 2Di , by

Fi(x) =

{
Si(x) ∩Bi(x), if x ∈ Wi,
Bi(x), if x ∈ X \Wi;

Si is l.s.c. with open convex values, Bi is l.s.c. with open convex values,
then Si ∩Bi is l.s.c. by Lemma 2.3 and has nonempty convex values..

Fi is l.s.c. with non-empty and convex values by Lemma 2.2.
Case 2. For i ∈ I \ I0, we define Fi : X → 2Di , by Fi(x) = Bi(x) for each

x ∈ X.

For i ∈ I, Gi : X → 2Di , defined by Gi(x) = clFi(x) for each x ∈ X, is l.s.c
with non-empty closed convex values.

Define G : X → 2D by G(x) =
∏
i∈I

Gi(x). The correspondence G is l.s.c with

non-empty closed convex values and there exists a set X such that G(x)∩D 6= ∅
for each x ∈ X.

By Corollary 3.2, it follows that exists x∗ ∈ D such that x∗ ∈ G(x∗), i.e.,
for each i ∈ I, x∗i ∈ F i(x∗).

If there exists some i ∈ I0 such that x∗ ∈ Wi, x∗i ∈ F i(x∗), by the definition
of Fi, then x∗i ∈ Si(x∗) ∩Bi(x∗) ⊂ Si(x∗), which contradicts that Si is of class
Q

′
. Therefore, x∗ /∈ Wi for all i ∈ I0, i.e. Ai(x∗)∩Pi(x∗) = ∅ for all i ∈ I0. By

the definition of Fi, we must have that x∗i ∈ Bi(x∗) and Ai(x∗) ∩ Pi(x∗) = ∅
for all i ∈ I0. �
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