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1. INTRODUCTION

A classical question in the theory of functional equations is the following:
“When is it true that a function which approximately satisfies a functional
equation must be close to an exact solution of the equation?”. If the prob-
lem accepts a solution, we say that the equation is stable. The first stability
problem concerning group homomorphisms was raised by Ulam [24] in 1940
and affirmatively solved by Hyers [11] in the next year. In 1951, Bourgin [3]
treated the same problem. The result of Hyers was generalized by Aoki [2] for
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additive mappings and by Th.M. Rassias [22] for linear mappings by allow-
ing the difference Cauchy equation ||f(z + y) — f(z) — f(y)|| to be bounded
by e(]|z][P + [|y||P). In 1994, a generalization of Th.M. Rassias’ theorem was
obtained by Gavruta [8], who replaced the bound e(||z|[? + |ly||”) by a gen-
eral control function ¢(z,y). Since then the stability problems of various
functional equations and mappings and their pexiderized versions with more
general domains and ranges have been investigated by a number of authors
(see [6, 9, 12, 13, 23]).

Gildnyi [10] and Fechner [7] proved the stability of the the functional in-
equality [|2f(z) +2f(y) — f(x —y)|| < ||f(x + y)|| and its stability in Banach
spaces. Cho and Kim [4] studied the functional inequalities

Hf (x;y - z) + ) +20)| < ||f (xz“’ + z)

1) + F) +2£(2)] < H2f (‘2”/ N )

In addition, Lee, Park and Shin [16] investigated the functional inequality
laf(x)+bf(y)+cf(2)| < ||f(ax+ By+yz)|, where a,b, ¢, o, 3, are nonzero
complex numbers (see also [20]).

+ o(z,y, 2)

S ’

and

’ + @(x? y? Z) °

Let E be a set. A function d : E x E — [0, 00] is called a generalized metric
on I if d satisfies
(1) d(z,y) =0 if and only if x = y;
(ii) d(z,y) = d(y,z) for all z,y € E;
(i7i) d(z,z) < d(x,y) + d(y,z) for all x,y,z € E.
We recall the following theorem by Margolis and Diaz.

Theorem 1.1. [17] Let (E,d) be a complete generalized metric space and let
J : E — FE be a strictly contractive mapping with Lipschitz constant L < 1.
Then for each given element x € E, either

d(J"z, J" ) = oo
for all nonnegative integers n or there exists a non-negative integer ng such
that

(1) d(J"z, J""tx) < oo for all n > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
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(3) y* is the unique fized point of J in the set ¥ ={y € E :d(J™x,y) <
00 };
(4) dy,y") < tigdly, Jy) forally € .

Throughout this paper, let A be a unital C*-algebra with unitary group
U(A), unit e and norm | - |. Assume that 2  and # are left Banach A-
modules and % complete. An additive mapping T : X — % is called A-linear
if T'(ax) = aT'(z) for all a € A and all z € X.

In this paper, we investigate the functional inequality

IF(52+2) + (= +a) + F (5 +y)| < If@+y+2)l @D

(see also [19]). By using the fixed point method (see [1, 5, 14, 18, 21]) we prove
the stability of A-linear mappings in Banach A-modules associated with the
functional inequality (1.1).

For convenience, we use the following abbreviation for a given a € A and a
mapping f: X — ¥

Daf(z,y,2) = f(2
for all x,y,z € 2.

Z+ax)+af(%+y)

Y4 az) + f (2
2. FUNCTIONAL INEQUALITIES IN BANACH MODULES
We start our work with the following useful lemma.
Lemma 2.1. Let f: 2 — % be a mapping such that
[Daf(x,y, 2)|| <f(ax + ay + az)]| (2.1)
forallx,y,z € Z and all a € U(A). Then f is A-linear.

Proof. Letting x =y =2 =0 and a = e € U(A) in (2.1), we get that
f(0) =0. Letting z = —z —yand a = e € U(A) in (2.1), we get

2 4 2 4 1 () < D1500)

for all z,y € 3&”. Hence
fl=2=3y)+ fBz +2y) + f(—2z+y) =0 (2.2)

for all z,y € Z.
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Replacing x and y by &73;/ and h%y respectively, in (2.2), we get

f(=z)+ flx+y)+ f(=y) =0 (2.3)
for all z,y € 2. Since f(0) = 0, letting y = 0 in (2.3), we infer that f is odd.
It follows from (2.3) that

fl@+y)=f=)+ fy)
for all z,y € Z". Hence f(rz) =rf(x) for all x € 2 and all r € Q. By letting
z=—z and y =0 in (2.1) and using the oddness of f, we get
flaz) = af(z) (2.4)

for all a € U(A) and all z € 2". It is clear that (2.4) holds for a = 0.

Now let a € A (a # 0) and m an integer greater than 4|a|. Then || < 1 <
1-— % = % By Theorem 1 of [15], there exist three elements wuy, ug,us € U(A)
such that 2a = uy + ug + uz. Hence by (2.4) we have

flax) = %f(%am) = %f(ulx + usT + u3T)

- m[f(ul;zc) + f(uzz) + f(uzz)]

3
= ) @) = 5 af (@) = af(2)
forallz € . So f: X — % is A-linear, as desired. O

Now we prove the stability of A-linear mappings in Banach A-modules.

Theorem 2.2. Let f : 2~ — % be a mapping for which there exists a function
©: 23 —1[0,00) such that

. T Yy =z
S 20 (g g ga) =0 (25)
I1Daf@,3,2) < [ Flaz -+ ay +a2)] + (a3 ) (2:6)

for all x,y,z € & and all a € U(A). If there exists a constant L < 1 such
that the function

f2if'_39”)
7T T

x— P(x) == 2p(
has the property
2¢(z) < Lip(22)
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for all x € Z°, then there exists a unique A-linear mapping T : ' — % such
that

15@) - T@)l < {5 9() (27)

| < 1-17
forallz e Z.

Proof. It follows from (2.5) that ©(0,0,0) = 0. Letting z =y = z = 0 and
a=ecU(A)in (2.6), we get that f(0) = 0. Letting z = —z — y in (2.6), we
get

—z—3y 3z +2 —2x +
for all z,y € %. So

1f (=2 —3y) + f(3z +2y) + f(—2z + y)|| < p(2z,2y, —22 — 2y) (2.8)

223

for all z,y € 2 . Replacing z and y by m+3y and == respectively, in (2.8),

we get
2 + 6y 4xr —2y —6x —4y

If () + faty) + fll s e —— —%—) (29
for all z,y € 2. Letting y = 0 and y = x in (2.9), respectively, we get
20 4z —6
1f(=2) + @)l < o(5 5 =5, (2.10)
8z 2z —10
1£(22) + 2f(-)| < o(5, S ——) (2.11)

for all x € 2. It follows from (2.10) and (2.11) that
Hf ) —2f (5 H < (z (2.12)

for all x € Z". Let E be the set of all mappings g : & — % with ¢g(0) =0
and introduce a generalized metric on F as follows:

d(g,h) :=inf{C € [0,00] : ||g(z) — h(z)|| < Cy(x) for all z € X }.

It is easy to show that (E,d) is a generalized complete metric space [5].
Now we consider the mapping A : E — E defined by

(Ag)(x) = Qg(g), forallge Eand z € 2.

Let g,h € E and let C' € [0,00] be an arbitrary constant with d(g,h) < C.
From the definition of d, we have

lg(z) = h(z)[| < C¥(z)
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for all x € Z". By the assumption and last inequality, we have
x x x
I(Ag)@) — Ah)@) =2[a(5) - (3)|| < 200(5) < CLi@)
for all z € Z". So
d(Ag,Ah) < Ld(g,h)

for any g, h € E. It follows from (2.12) that d(Af, f) < 1. Therefore according
to Theorem 1.1, the sequence {A"™f} converges to a fixed point T of A, i.e.,

ToZ =, () = lm (A)(@) = lim 2°f(5)

and T'(2x) = 2T (x) for all z € 2". Also T is the unique fixed point of A in
the set E* ={g € F:d(f,g) < oo} and
1 1
d(T, f) < ——=d(A < —
(T.0) < 77 d(M ) <
i.e., inequality (2.7) holds true for all x € 2. Tt follows from the definition of

T, (2.5) and (2.6) that

IDJT(w,9,2)l| = Tim 27| Daf (57 o 50) |
n—oo
. aac+ay+az . T Yy =z
< lim 2 f(—Qn ||+ Jim 2 (o 900 o)

= ||T(az + ay + az)||

forall z,y,z € 2 and all a € U(A). By Lemma 2.1, the mapping 7' : X — &
is A-linear. Finally it remains to prove the uniqueness of 7. Let P : X — %
be another A-linear mapping satisfying (2.7). Since d(f, P) < ﬁ, and P is
additive, then P € E* and (AP)(x) = 2P(z/2) = P(x) forallz € X, i.e., Pis
a fixed point of A. Since T is the unique fixed point of A in E*, then P =T.
O

Corollary 2.3. Let r > 1 and 0 be non-negative real numbers and let f :

X — % be a mapping such that
[Daf(z,y, 2)|l < [If(az + ay + az)|| + O([lz]|" + [yl + [|2[]")

for all z,y,z € Z and all a € U(A). Then there exists a unique A-linear
mapping T : X — % such that
2"(342.2"+23"4+4"+5")
-T < 0|
I£(2) - T@)] < e o)

forallz e Z.
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Proof. The proof follows from Theorem 2.2 by taking

p(a,y,2) = O([lzl|” + lylI” + [I1=[1")

for all ,y,2 € 2°. Then we can choose L = 2!=" and we get the desired
result. O

Theorem 2.4. Let f : & — % be a mapping with f(0) = 0 for which there
exists a function ® : 23 — [0, 00) such that

. 1
lim 27@(2”:5, 2"y, 2"z) =0,

n—oo

[1Daf(z,y, 2)|| < [[f(az + ay + az)| + ®(z,y, 2)

for all x,y,z € Z and all a € U(A). If there exists a constant L < 1 such
that the function
2r 4x —6x 8xr 2x —10x
U(z) = 2p( =, 22 % i
has the property
U(2z) < 2LV (z)
for all x € X, then there exists a unique A-linear mapping T : X — % such

that

L
1£@) = T@)] < ;=7 V() (213)

forallz € X .
Proof. Using the same method as in the proof of Theorem 2.2, we have
1 1
|5700) - @) < swe) < L¥@) (2.14)

for all x € Z". We introduce the same definitions for £ and d as in the proof
of Theorem 2.2 such that (E, d) becomes a generalized complete metric space.
Let A: E — FE be the mapping defined by

1
(Ag)(x) = 59(23@), forallg e E and x € 2.

One can show that d(Ag,Ah) < Ld(g,h) for any g,h € E. Tt follows from
(2.14) that d(Af, f) < L. Due to Theorem 1.1, the sequence {A" f} converges
to a fixed point T of A, i.e.,
1
T:2 —-%, T()= lim (A"f)(z) = lim —f(2"x)

n—o0 n—oo 2N



148 M.S. MOSLEHIAN, A. NAJATI

and T'(2z) = 2T (z) for all x € Z". Also
1 L
T, f) < ——d(A < —
i.e., inequality (2.13) holds true for all z € 2 .
The rest of the proof is similar to the proof of Theorem 2.4 and we omit

the details. O

Corollary 2.5. Let 0 < r < 1 and 6, be non-negative real numbers and let
f:Z — % be a mapping satisfying f(0) = 0 and the inequality
[1Daf(z,y, 2)|| <[ f(ax + ay + az)]|
+ 6+ 0(l )" + [lyll" + ll=[")
for all x,y,z € Z and all a € U(A). Then there exists a unique A-linear
mapping T : Z — % such that
3.2" 4"(3+2.2" +2.3"+4"+5")

17 (x) = L(z)|| < 5570 + 72— 2")

Oll"
forallx € Z.
Proof. The proof follows from Theorem 2.4 by taking

p(e,y,2) =0+ 0(l=]" + llyll" + 121"

for all z,y,2 € 2. Then we can choose L = 2"~! and we get the desired
result. OJ
Acknowledgement. The authors would like to thank the referee for bringing
some useful references to their attention.

REFERENCES

[1] M. Amyari and M.S. Moslehian, Hyers-Ulam-Rassias stability of derivations on Hilbert
C”*-modules, Contemporary Math., 427(2007), 31-39.

[2] T. Aoki, On the stability of the linear transformationin Banach spaces, J. Math. Soc.
Japan, 2(1950), 64-66.

[3] D.G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer.
Math. Soc., 57(1951), 223-237.

[4] Y.-S. Cho and H.-M. Kim, Stability of functional inequalities with Cauchy-Jensen addi-
tive mappings, Abstr. Appl. Anal. 2007, Art. ID 89180, 13 pp.

[5] L. Cadariu and V. Radu, On the stability of the Cauchy functional equation: A fized
point approach, Grazer Math. Ber., 346(2004), 43-52.



6]
7]
8]
9]

[10]

[11]

[12]

13

[14]

[15]

[16]

[17]

18]

[19]

(20]

(21]
(22]
23]

(24]

AN APPLICATION OF A FIXED POINT THEOREM 149

P. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific
Publishing Company, New Jersey, Hong Kong, Singapore and London, 2002.

W. Fechner, Stability of a functional inequality associated with the Jordan-von Neumann
functional equation, Aequationes Math. 71(2006), no. 1-2, 149-161.

P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately ad-
ditive mappings, J. Math. Anal. Appl., 184(1994), 431-436.

R. Ger, The singular case in the stability behaviour of linear mappings, in: Selected
Topics in Functional Equations, Proc. Austrian-Polish Sem., Graz 1991, Grazer Math.
Ber., 316(1992), 59-70.

A. Gildnyi, On a problem by K. Nikodem, Math. Inequal. Appl., 5(2002), no. 4, 707-710.
D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A., 27(1941), 222-224.

D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several
Variables, Birkhauser, Basel, 1998.

S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical
Analysis, Hadronic Press Inc., Palm Harbor, Florida, 2001.

S.-M. Jung, A fixed point approach to the stability of an equation of the square spiral
Banach J. Math. Anal., 1(2007), no. 2, 148-153.

R.V. Kadison and G. Pedersen, Means and convex combinations of unitary operators,
Math. Scand., 57(1985), 249-266.

J.R. Lee, C. Park and D.Y. Shin, On the stability of generalized additive functional
inequalities in Banach spaces, J. Ineq. Appl., 2008, Article ID 210626, 13 pp.

B. Margolis, J.B. Diaz, A fized point theorem of the alternative for contractions on a
generalized complete metric space, Bull. Amer. Math. Soc., 74(1968), 305-309.

M. Mirzavaziri and M.S. Moslehian, A fixed point approach to stability of a quadratic
equation, Bull. Braz. Math. Soc., 37(2006), no.3, 361-376.

A. Najati, Stability of homomorphisms on JB™-triples associated to a Cauchy-Jensen
type functional equation, J. Math. Inequal., 1(2007), no. 1, 83-103.

C. Park, Y. Cho and M. Han, Stability of functional inequalities associated with Jordan-
von Neumann type additive functional equations, J. Inequal. Appl., 2007, Art. ID 41820,
13 pp.

V. Radu, The fized point alternative and the stability of functional equations, Fixed
Point Theory, 4(2003), no. 1, 91-96.

Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc., 72(1978), 297-300.

Th.M. Rassias, Functional Equations, Inequalities and Applications, Kluwer Academic
Publishers Co., Dordrecht, Boston, London, 2003.

S.M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York,
1960.

Received: May 5, 2008; Accepted: November 13, 2008.



