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1. INTRODUCTION

Let (X, d) be a metric space, Y C X anonempty subset of X and f: Y — X

an operator. In what follow we shall use the following notations:
Fy={x €Y : f(x) = x} — the fixed points set of f

I(f)={ZCY :f(Z)CZ,Z # (0} — the set of invariant subsets of f
(MI)y = UI(f) — the maximal invariant subset of f

(AB)¢(z*) = {x € Y : f*(z) is defined for all n € N and f"(z) — 2* € Ff}-

the attraction basin of the fixed point z* with respect to f

(AB)y = U (AB)¢(z") — the attraction basin of f
z*eFy

(PH)q: P(X) x P(X) — Ry U{+0o0} — the Pompeiu-Haudorff functional,

(PH)4(A, B) = max (Sup inf d(a,b), sup inf d(a, b))
acAbEB beB €A
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In [20] the author uses the weakly Picard operator technique for the study
of data dependence of fixed points of self generalized contractions. The aim
of this paper is to study the same problem in the case of non-self operators.
In addition, we introduce the 1-condition and we study the data dependence
of the fixed points of operators satisfying the w-condition. A fibre non-self
contraction theorem is also established. An application to functional equations
is included.

2. PICARD AND WEAKLY PICARD NON-SELF OPERATORS

We begin our considerations by some definitions. Let (X, d) be a metric
space and Y C X a nonempty subset of X.

Definition 2.1. An operator f : Y — X is said to be a Picard operator (PO)
of

(i) Fy =A{z}};

(if) (MI) = (BA);-
Definition 2.2. An operator f : Y — X is said to be a weakly Picard operator
(WPO) if

(i) Fy # 0;

(i) (MI)j = (BA);.
Definition 2.3. For each WPO f : Y — X we define the operator [ :
(BA), — (BA), by f*(z) = lim ["(x).
Remark 2.1. It is clear that f*((BA)s) = Fy, so f* is a set retraction of
(BA)f to Ff.

Remark 2.2. In terms of weakly Picard self operators the above definitions

take the following form:

f1Y = X isa WPO (PO) iff flun,: (MI)f— (MI)g is a WPO (PO).
Let ¥ : Ry — R4 be an increasing function which is continuous in 0 and

¥(0) = 0.

Definition 2.4. An operator f:Y — X is said to be a »-WPO (¢-PO) if f
is a WPO (PO) and

d(z, () < (d(z, f(x)) for every x € (MI);.
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In case that ¥(t) = ct, t € Ry and ¢ > 0, we say that f is a ¢c-WPO (c-PO).

Example 2.1. Let Y be a nonempty subset of the metric space (X,d) and
f Y — X be an a-contraction (0 < a <1) with Fy = {a}}. Then f is a
1

-PO.

11—«

Indeed, for z € (MI); we have that d(f"(z),2}) — 0 as n — oo, Le., f is
a PO. On the other hand, for x € (M1I);, we have

d(z, f*(x)) < d(z, f(2)) + d(f(2), f*(2)) + ... +d(f" (2), ()
<(I+a+a?+..+a" Hd(z, f(z))
< o d(e, f(2)
whence

(e, 3) < +—d(e. [(2))

Example 2.2. Let Y be a nonempty subset of the metric space (X, d) and let
f:Y — X be a generalized contraction of Ciric-Reich-Rus type, that is

d(f(2), f(y)) < ad(z, f(z)) + Bd(y, f(y)) + vd(z, y) (2.1)

for all z,y € Y, where «, 8,7 are non-negative numbers with o + 6+ v < 1.
We suppose that Fy = {:E}} Then f is a c-PO, where c =

TR -
Indeed, if we let in (2.1) y = f(x), € (BA)s, we obtain
d(f(x), f*(x)) < ad(z, f(2)) + Bd(f(2), f*(x)) +~d(z, f(z))

and so
o+ 7y

1-p

d(f(x), fA(x)) < (z, f(z)), for all x € (BA)y.

Then, for every n, one has

d(z, f"(2)) < d(z, f(@)+d(f(2), (@) +..+d (" (2), " (@)

< d(e f ()

1-p
_ =B e
= e @),

Consequently, f is a ¢-PO.
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Example 2.3. Let Y be a nonempty subset of the metric space (X,d) and let
f:Y — X be a generalized contraction of Ciric type, that is

d(f(x), f(y)) < gmax{d(z,y), d(x, f(x)),d(y, f(y)), d(x, f(y)), d(y, f(x))}

for all z,y € Y and some q € [0, 3). We suppose that Fy = {23} Then A is a
l—q

1-2q

Example 2.4. Let f : Y — X be a closed graphic contraction, i.e., f is closed
(i.e. it has closed graph) and there exists o € (0,1) such that

d(f*(z), f(z)) < ad(z, f(z))

for all x for which f*(x) is defined. We suppose that Fy # 0. Then f is a
L_wproO
1—a” :

c-PO, where ¢ =

Indeed, the graphic contraction condition implies that for every x € (M1)¢,
the sequence (f"(z)) is convergent. Since f is closed the limit of sequence
(f"(x)) is a fixed point of f. Thus f is a WPO. In addition, if x € (BA)¢,
then

d(z, f"(2)) < d(@, f(2)) + d(f (@), f2(2)) + ... + d(f* (@), ["(2))
<(I+a+a?+.. +a" YHd(z, f(z))

L (e f (@)

l-«
and letting n — oo, we obtain

A £ (@) < 7 (@ (7))

Example 2.5. Let ¢ : Ry — Ry be a strict comparison function (see [19]),

IN

i.e.,
(a) @ 18 increasing;
(b) ”()—>0 asn — oo, for all t € Ry;
(c) t
Let (X d) be a metric space, Y C X and f:Y — X a strict o- contraction,

1.€.,

o(t) — 400 ast — oco.

d(f(x), f(y)) < e(d(z,y)) forallz,y€Y,
with Fr # 0. Then f is a v, -PO, with respect to 1, : Ry — Ry,

Yp(n) =sup{t € Ry : t —p(t) < n}.
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Indeed, f|r) ;s a PO as follows from Matkowski’s fixed point theorem
see [11], [10] and [19]). Let Fy = {x*}. Then, for x € (BA), we have
(see [11], [10] 1 !

d(x,z%) < d(z, f(x)) + d(f(2),2")
< d(z, f()) + p(d(z,z7)).
Hence
d(z, 2") — p(d(x, 2")) < d(z, f(z)).
So
d(x, %) < hp(d(z, f(2))).
Therefore f is a 1¥,- PO.

Remark 2.3. [t is clear thatif f : X — X is a WPO (PO), then fly : Y — X
is also a WPO (PO).

3. DATA DEPENDENCE FOR %-WPOs AND ¢-POs

Let (X,d) be a metric space, ¥ C X a nonempty subset of X and f,g :
Y — X two operators. Denote by (PH),; the Pompeiu-Hausdorff functional.

Theorem 3.1. Assume that the following conditions are satisfied:
(i) f and g are Y-WPOs;
(ii) Fy C (BA)y and Fy C (BA)g;
(iii) there exists n > 0 such that

d(f(z),g(x)) <n forall x €Y.

Then
(PH)4(Fy, Fg) < 4(n).

Proof. If x € F,, then
d(z, f>(x)) < P(d(z, f(2))) = P(d(g(z), f(x))) < P(n).
If y € Fy, then

d(y, 97 (y)) < ¥(d(y,9(y))) = ¥ (d(f(y),9(y))) < ¥(n).

Now the conclusion follows from the next lemma from [19]. O
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Lemma 3.1. Let (X, d) be a metric space and A, B C X two nonempty sets.If
7> 0 is such that:

(1) for each a € A there exists b € B such that d(a,b) < T

(2) for each b € B there exists a € A such that d(a,b) < T,

then (PH)4(A,B) <.

A similar result holds for -POs.

Theorem 3.2. Assume that the following conditions are satisfied:
(i) fis a Y-PO (Fy = {a}});
(ii) 0 # Fy C (BA)y;
(iii) there exists n > 0 such that
d(f(z),g(z)) <n foralzeY.
Then
d(z%, ;) <¢(n)  for all zj € Fy.
Proof. Let zj € Fy. Then
d(xg, xy) < P(d(xy, f(xy))) = Y(d(g(xy), f(2g))) < p(n). O
A Detter result holds in case of strict ¢- contractions.
Theorem 3.3. Assume that the following conditions are satisfied:
(i) f is a strict p-contraction with Fy = {z}};
(i) Fy # 05
(iii) there exists n > 0 such that
d(f(z),g(x)) <n, forallz €Y.
Then
d(zy,x7) < p(n), for all zj € Fy.
(For the definition of 1, see Example 2.5).

Proof. Let {E; € F,;. We have
d(wy,x%) < d(xy, f(zy)) +d(f(zy), 2F)
<1+ p(d(xy, 7))

Hence
d(zg,z%) — p(d(xy, x7)) < n.
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Then
d(zy,2%) < Pp(n). O

We also have the following result:

Theorem 3.4. Assume that the following conditions are satisfied:
(i) there exist a, f € Ry, a4+ 26 < 1 such that

d(f (@), f(y) < ad(z,y) + Bld(z, f(x)) + d(y, f(y))]
for all z,y € X, and let Fy = {x}i},
(i) F, 0
(iii) there exists n > 0 such that
d(f(x). g(x)) < n, forall z €Y.

Then

d(zy,x%) < T for all z € F. (3.1)

Proof. Let x; € F,;. We have

d(xy, x7) < d(zg, f(xy)) + d(f(xg), 27%)
<n+ad(zg, ) + Bd(zy, f(xy))
<+ ad(zy, x}) + .
This immediately gives (3.1). O

Remark 3.1. In particular, condition (i) in Theorem 3.1 and Theorem 3.2
follows from a continuation principle ([1], 2], [3], [4], [5], [6], [8], [12], [13],
[14], [15], [16], [17], [18]). For ezample, we have:

Theorem 3.5. Let (X,d) be a complete metric space, U C X open and f :
U — X an operator. Assume that there exists H : U x [0,1] — X continuous
such that:

(a) there exists xg € U with H(-,0) = xo;

(b) H(x,1) = f(x) for allx € U;

(c) there exists a € [0,1) such that

d(H(:L‘, )‘)7 H(yv )‘)) < ad(x7 y)

for all z,y € U and X € [0, 1];
(d) H(xz,\) # x for all x € OU and X € [0, 1];
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(e) H(x,\) is continuous in X\, uniformly for x € U.
Then:
(1) f has a unique fized point 2} and f is a L__po;

1—a”

(2) if g is as in Theorem 3.2, then d(z},z7) < 5.

Proof. From conditions (c), (d) and (e) we have that the homotopy

H:U x [0,1] — X has the properties from Granas’ continuation principle
for contractions on complete metric spaces ( [8]). In addition we have that
H(.,0) = zp has a unique fixed point. So H) has a unique fixed point in U
for all A € [0, 1]. Then, from condition (b), f has a unique fixed point :v}, that
is f(2}) = z}, and using Example 2.1 f is a L _PO. Now (2) follows from

11—«

Theorem 3.2. O

4. DATA DEPENDENCE FOR OPERATORS SATISFYING THE 1/J—CONDITION

4.1. The 7~ condition in the case Fy = {z}}. Let ) : Ry — Ry be
continuous in zero and v (0) = 0. Let (X, d) be a metric space, Y C X and
f:Y — X be any operator with Fy = {x;‘c}

Definition 4.1. The operator f satisfies the v-condition if
d(z,r%7) <Y(d(z, f(z))) for allz €Y.

Example 4.1. If f : Y — X is an a-contraction (0 < a < 1), then f satisfies
the 1p-condition with respect to (t) = 1fa.

Example 4.2. If f : Y — X a strict p-contraction with respect to some
strict comparison function ¢ : Ry — Ry, then f satisfies the v-condition with
respect to (r) =sup{t € Ry : t — p(t) < r}.

Example 4.3. If Y = X and f is a ¥-PO, then f satisfies the 1-condition
(see [20] and [23]).
The above examples give rise to the following problems:

Problem 4.1. Which metric conditions on f imply the 1-condition with re-
spect to some function ¥ : Ry — R4 7

Problem 4.2. Let Y = X. For which generalized contractions we have that:
(i) f satisfies the ¥~ condition with respect to some function v : Ry — Ry;
(ii) f is not a ¥-PO.
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Theorem 4.1. If f satisfies the y-condition, then the fixed point problem is
well posed for f.

Proof. Let x, € Y be such that (see [22])
d(xn, f(zn)) — 0 as n — oc.
Then, from the -condition, we have
d(@n, 27) < P(d(@n, f(zn))) — 0 asn — oo. O
Theorem 4.2. Assume that the following conditions are satisfied:
(i) Y = X;
(ii) f satisfies the ¥~ condition;

(111) f is asymptotically reqular.
Then f is a ¢-PO.

Proof. Let x € X. We have
d(f™(x), x7) < Pd(f"(x), 1 (2))) = 0 as n — oo.

So, f is a PO. Now (ii) implies that f is a 1-PO. O
Now we state a data dependence result for operators satisfying the -

condition.

Theorem 4.3. Let (X,d) be a metric space, Y C X and f,g: Y — X two
operators. We suppose that:
(i) f satisfies the - condition;
(ii) there exists n > 0 such that
d(f(z),9(z)) <m, for every xz € Y.
Then
d(z},zg) < (n)

for every xj, € Fy.
Proof. Let zj € F,;. Then (i) and (ii) guarantee that

d(wy, x7) < (d(xy, f(z4))) = P(d(g(xy), f(z4))) < ¥(n). O

In particular, for ¢-contractions (see Example 2.5) we have the following
result:
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Theorem 4.4. Let (X, d) be a metric space, Y C X and f,g:Y — X be two
operators. We suppose that:

(i) f is a @-contraction;

(ii) there exists n > 0 such that

d(f(z),g9(x)) <n for every x € Y.

Then
d(zy,zy) < ¥(n)

for every xy, € Iy.

4.2. The y-condition in the case F; # (). Let ¢ : Ry — Ry be continuous
in zero and ¥ (0) = 0. Let (X, d) be a metric space, Y C X and f:Y — X
be any operator with Fy # (.

Definition 4.2. The operator f satisfies the 1- condition if there exists a set
retraction x ¢ :Y — Fy such that

d(z, xs(x)) < Y(d(z, f(x))) for every x €Y.

Example 4.4. Let Y = X and let f: X — X be a y-WPO. In this case we
take xy = [ and f satisfies the 1-condition.

Example 4.5. Let (X,d) be a metric space, Y C X and f: Y — X. We
suppose that
(i)Y = UYZ is a partition of Y such that Fy NY; = {z}}, i € I;
i€l
(ii) fly, : Yi — X is an a-contraction, i € I.
Then f satisfies the 1- condition with respect to (t) = .

11—«

Problem 4.3. Which generalized contractions f satisfy the i-condition with
respect to some function 7

Problem 4.4. In the case Y = X, for which generalized contractions we have
that:

(i) f satisfies the ¥-condition;

(ii) f is not a Yp—WPO?

We have the following data dependence result.
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Theorem 4.5. Let (X, d) be a metric space, Y C X and f,g:Y — X be two
operators. We suppose that:

(i) f, g satisfy the ¥-condition and Fy # 0;

(ii) there exists n > 0 such that

d(f(2),(x)) <n, for cveryz € Y;

(i) F, # 0.
Then

(PH)4(Fy, Fg) < 4(n).
Proof. Let x € F,. Then
d(z, xf(z)) < ¥(d(z, f(z))) = ¥(d(g(2), f(z))) < ().
Similarly, if y € F, then
d(y, xq(y)) < ¥(d(y, 9(y))) = ¥(d(f(y), 9(y))) < v(n).
Now from Lemma 3.1 we have

(PH)a(Fy, Fy) < 9(n). O

5. FIBRE NON-SELF CONTRACTION THEOREMS

In what follows we need the notion of L-space structure. Let X be a

nonempty set. Let
s(X) =A{(xn)nen : xn € X, n € N}.
Let ¢(X) C s(X) be a subset of s(X) and Lim : ¢(X) — X an operator.

Definition 5.1. Following M. Fréchet [7] (1905) the triple (X, c(X), Lim) is
called an L— space if the following conditions are satisfied:
(i) If xy, = x for every n € N, then (zp)nen € ¢(X) and Lim(xy)pnen = ;
(il) If (zn)nen € c(X) and Lim(xp)nen = x, then for all subsequences
(Tn,)ien Of (Tn)nen we have that (Ty,)ien € ¢(X) and Lim(xy,)ien = .

In what follows an L-space (X, ¢(X), Lim) will be simply denoted by (X, —).
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Theorem 5.1. Let (X,—) be an L—space, X1 C X a nonempty set and
(Y,d) a complete metric space. Let g : X1 — X, h : X xY — Y and
f:XixY = X XY, f(z,y) = (g9(x),h(x,y)). We suppose that:

(i) g is a WPO (PO);

(ii) there exists a € (0,1) such that

d(h(z,y1), Wz, y2)) < ad(y1, y2)

for allz € (AB)y and y1,y2 € Y;
(iii) f is continuous.
Then f is a WPO (PO).

Proof. First of all we remark that (M) = (MI), xY and (MI), = (AB),.
Let xg € (AB)4 and yo € Y. Define xp41 = g(2n), Ynt1 = h(xpn,yn) for n € N.
It is clear that z, — 2* € F; as n — oo. Let Fj,,+ .y = {y*}. Let us prove
that y, — y*. We have

d(ynJrla y*) = d(h($n, yn)v y*)
< d(h(Zn, Yn), b(n, y™)) + d(h(2n, ¥7), ¥7)
< ad(yn, y*) + d(h(@n, y*), y*)

< " d(yo,y*) + a™d(h(z0,y"), y")+
ot ad(M(@n-1,97),y") + d(h(zn, y"), y").
Then d(yn+1,y*) — 0 by the Cauchy lemma, see [24] Indeed, in Cauchy lemma

we take ap = oF, by = d(h(xy,y*),y*) and we have Zak < 00, b, — 0 as

k=0
n+1

n — 0. So Zan+1_kbk—>0asn—>oo. O

k=0
The above result is very useful to study the differentiability of solutions

of operator equations with respect to a parameter. For example, let us to
consider the following equation

z(t,\) = F(t,x(t,\),\), t €la,b], A€ JCR, (5.1)
where F': [a,b] x I x J — R. We suppose that:

(i) I,J C R are compact intervals;
(ii) F € C(la,b] x I x J);
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(iii) F(t,-,-) € C*(I x J) for every t € [a, b];
F

(iv) g—(t,u,)\) <a<1 forevery t € [a,bl,uec I, A€ J
T

(v) equation (5.1) has at least one solution.
Then we have:

Theorem 5.2. Under the above conditions equation (5.1) has in C([a,b]x J, I)
a unique solution x* and x*(t,-) € C*(J) for every t € [a,b].

Proof. Let X = C([a,b] x J,I) with the supremum norm |.||, and let B :

C(la,b] x J,I) — C([a,b] x J) be defined by B(x)(t,\) = F(t,x(t, \), ).
From the conditions (iv) and (v) it follows that Fip = {z*}. Let Y = {z €

C([a,b] x J,I) : B(x)(t,\) € I for all t € [a,b], A € J}. It is clear that

€Y, BY) CYand B:Y — Y is a PO. Let zp € Y be such that there

0 3} *
exists % and % € C([a,b] x J). Let us suppose that there exists

Then we have that
ox*(t, \) B OF (t,z*(t, \), \) . ox*(t, \) n OF (t,z*(t, \), \)

oA ox O\ oA

This relation suggests us to consider the following operators:

C:Y x C([a,b] x J) — C([a,b] x J)

oA

defined by
_ OF(t,z(t,\), A) OF (t,x(t,\), \)
and
A:Y xC([a,b] x J) =Y x C([a,b] x J)
with

A(z,y) = (B(z),C(z,y)).
From Theorem 3.2 we have that A is a PO. This implies that the sequences
Tnt1 = B(zy), Yn+1 = C(zn, yn) converge, x, — z*, y, — y* and 2* = B(z*),
yr=C"y).

8(6() amn
Let us take yo = ——. Then y, = ——. So
x, — x* as n — oo, with respect to the norm |||
and
0xy, .
—_— = as n — oo.

()
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: * 1 * 828*
These imply that y* € C*([a,b] x J) and y* = ox a
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