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Abstract. In this paper, we suggest and analyze both explicit and implicit iterative schemes

for two strongly positive operators and a nonexpansive mapping S on a Hilbert space. We

also study explicit and implicit versions of iterative schemes for an inverse-strongly monotone

mapping T and S by an extragradient-like approximation method. The viscosity approxi-

mation methods are employed to establish strong convergence of the iterative schemes to a

common element of the set of fixed points of S and the set of solutions of the variational

inequality for T . As applications, we consider the problem of finding a common fixed point

of a nonexpansive mapping and a strictly pseudocontractive mapping which solves some

variational inequalities. Our results improve and unify various celebrated results of viscosity

approximation methods for fixed-point problems and variational inequality problems.

Key Words and Phrases: General iterative method, viscosity approximation method,

hybrid viscosity approximation method, fixed points, inverse-strongly monotone mappings,

nonexpansive mappings, variational inequalities, strongly positive operators.

2000 Mathematics Subject Classification: 47J20, 49J43, 47H10.

35



36 L.-C. CENG, A.R. KHAN, Q.H. ANSARI AND J.-C. YAO

Acknowledgement. In this research, the first author ws partially sup-
ported by the National Science Foundation of China (10771141), Ph.D. Pro-
gram Foundation of Ministry of Education of China (20070270004), Science
and Technology Commission of Shanghai Municipality grant (075105118)
and Shanghai Leading Academic Discipline Project (S30405). The second
and third authors were supported by a KFUPM Funded Research Project
IN070362. The fourth author was partially supported by the grant NSC 97-
2115-M-110-001.

References

[1] F.E. Browder and W.V. Petryshyn, Construction of fixed points of nonlinear mappings

in Hilbert space, J. Math. Anal. Appl., 20(1967), 197-228.

[2] L.C. Ceng and J.C. Yao, Relaxed viscosity approximation methods for fixed point prob-

lems and variational inequality problems, Nonlinear Anal., 69(2008), 3299-3309

[3] L.C. Ceng, J.C. Yao, An extragradient-like approximation method for variational in-

equality problems and fixed point problems, Appl. Math. Comput., 190(2007), 205-215.

[4] J.M. Chen, L.J. Zhang and T.G. Fan, Viscosity approximation methods for nonexpansive

mappings and monotone mappings, J. Math. Anal. Appl., 334(2007), 1450-1461.

[5] K. Goebel and W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Univ.

Press, Cambridge, UK, 1990.

[6] H. Iiduka and W. Takahashi, Strong convergence theorems for nonexpansive mappings

and inverse-strongly monotone mappings, Nonlinear Anal., 61(2005), 341-350.

[7] F. Liu and M.Z. Nashed, Regularization of nonlinear ill-posed variational inequalities

and convergence rates, Set-Valued Anal., 6(1998), 313-344.

[8] G. Marino and H.K. Xu, A general iterative method for nonexpansive mappings in

Hilbert spaces, J. Math. Anal. Appl., 318(2006), 43-52.

[9] A. Moudafi, Viscosity approximation methods for fixed point problems, J. Math. Anal.

Appl., 241(2000), 46-55.

[10] M.O. Osilike and D.I. Igbokwe, Weak and strong convergence theorems for fixed points of

pseudocontractions and solutions of monotone type operator equations, Comput. Math.

Appl., 40(2000), 559-567.

[11] R.T. Rockafellar, On the maximality of sums of nonlinear monotone operators, Trans.

Amer. Math. Soc., 149(1970), 75-88.

[12] T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-

parameter nonexpansive semigroups without Bochner integrals, J. Math. Anal. Appl.,

305(2005), 227-239.

[13] H.K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory Appl.,

116(2003), 659-678.



VISCOSITY APPROXIMATION METHODS 37

[14] H.K. Xu and T.H. Kim, Convergence of hybrid steepest-descent methods for variational

inequalities, J. Optim. Theory Appl., 119(2003), 185-201.

[15] L.C. Zeng and J.C. Yao, Implicit iteration scheme with perturbed mapping for common

fixed points of a finite family of nonexpansive mappings, Nonlinear Anal., 64(2006),

2507-2515.

[16] L.C. Zeng, N.C. Wong and J.C. Yao, Convergence of hybrid steepest-descent methods for

generalized variational inequalities, Acta Math. Sinica, (English Ser.), 22(2006), 1-12.

[17] L.C. Zeng, N.C. Wong and J.C. Yao, Convergence analysis of modified hybrid steepest-

descent methods with variable parameters for variational inequalities, J. Optim. Theory

Appl., 132(2007), 51-69.

Received: March 18, 2008; Accepted: October 21, 2008.


