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1. INTRODUCTION

The theory of modular space was initiated by Nakano [8] in 1950 in connec-
tion with the theory of order spaces and redefined and generalized by Musielak
and Orlicz [7] in 1959. By defining a norm, particular Banach spaces of func-
tions can be considered. Metric fixed theory for these Banach spaces of func-
tions has been widely studied (see [2]). Another direction is based on consider-
ing and abstractly given functional which controls the growth of the functions.
Even though a metric is not defined, many problems in fixed point theory for
nonexpansive mappings can be reformulated in modular spaces.

Modular version of Krasnoselskii’s fixed point theorem in modular space is
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proved in [3]. Using this, we show the existence of solution of a perturbed
integral equation. In this article, a new version of Krasnoselskii’s fixed point
theorem in modular space is presented. In order to do this and for the sake of
convenience, some definitions and notations are recalled from [2], [3], [4], [6],
[7], [8] and [9].

Definition 1.1. Let X be an arbitrary vector space over K(= R or C). A
functional p : X — [0, 4+00) is called modular if:

(1) p(x) =0 if and only if z = 0.

(2) plazx) = p(z) for a € K with |a| =1, for all z,y € X.

(3) plaz + By) < p(z) +py) if o, >0, + B =1, for all z,y € X.

Definition 1.2. If 3) in Definition 1.1 is replaced by:

plaz + By) < a’p(x) + 6°p(y)
for a, 8 > 0,0° + % = 1 with an s € (0, 1], then the modular p is called an

s-convex modular, and if s =1, p is called a convex modular.

Definition 1.3. A modular p defines a corresponding modular space, i.e. the
space X, is given by

X, ={z € X| p(Ax) — 0 as A — 0}.

Definition 1.4. Let X, be a modular space.
(1) A sequence {xy}y in X, is said to be:
(a) p-convergent to x if p(z, —x) — 0 as n — +o0.

(b) p-Cauchy if p(x,, — ) — 0 as n,m — +o0.
(2) X, is p-complete if any p-Cauchy sequence is p-convergent.
(3) A subset B C X, is said to be p-closed if for any sequence {z,}, C B

with z,, — z, then z € B. B denotes the closure of B in the sense of

p-
(4) A subset B C X, is called p-bounded if

6,(B) = sup p(x — y) < +ox,
z,yeB

where 0,(B) is called the p-diameter of B.
(5) We say that p has Fatou property if:

p(m’ - y) < liminf p(z;, — yn)
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whenever
P P
Tn — x and y, — y.

(6) p is said to satisfy the Ag-condition if: p(2z,) — 0 as n — +oo
whenever p(z,) — 0 as n — 4o0.

2. MAIN RESULT

In this section a new generalization of Theorem 2.1 in [3] is presented. Due
to do this, we recall some preliminaries from [3].

Definition 2.1. If X is a normed space and E C X, a function f : E — X
is said to be compact if f is continuous and clf (A) is compact whenever A is
a bounded subset of E.

Lemma 2.2. Let p be a convex modular and X, be a modular space. If a
subset B of X, is p-bounded then B is ||.||,-bounded.

Theorem 2.3. Schauder’s fized point theorem Let E be a closed, bounded and
convez subset of a normed space X. If f : E — X is a compact map such that
f(E) C E then, there exists x € E such that f(z) =z

Following theorem is a new generalization of Theorem 2.1 in [3]

Theorem 2.4. Let p be a convex modular that satisfies the Ag-condition, X,
be a p-complete modular space and B be a convex, p-closed, p-bounded subset
of X,. Assume that U and T are two applications from B into B such that U
1s p-completely continuous and there exists real number ¢ > 1 such that

pc(Tx —Ty)) < (p(x —y)),

where ¥ : R — (0,00) is upper semi continuous and satisfies ¥(t) < t. And
T(B)+ U(B) C B. Then the operator S =T + U has a fized point.

Proof: At first, we show that I — T is a bijection from B into U(B), where
I is the identity map. Let x € B, and consider the sequence

Ynt1 = TYn + Uz,

with yo € B a fixed element. Then, the sequence {y,} is Cauchy. Since
P(Ym+n — yn) = p(Tym-‘rn—l — Typ—1) and {Tyn} is Cauchy. Indeed, at first
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we show that the sequence {p(c(Tyn, —Tyn—1))} converges to 0. For n € N we
have:

p(e(Tyn — Tyn-1)) < ¥(p(Yn — Yn-1))
Y(p(Tyn—1 — Tyn—2))
p((Tyn—l - Tyn—?))

p(c(Tyn—1 — Tyn—2)).
Consequently, {p(c(Tyn — Tyn—1))} is decreasing and bounded from below

(p(z) > 0). Therefore {p(c(Tyn, — T'yn—1))} converges to a.
Now, if a # 0

VANAN

a = limy, 00 p(c(TYn, — Tyn—1)) < limp—oo V(p(Yn — Yn—1))
= limy— oo Y (P(TYn—-1 — Tyn—2))
< limp o0 Y(p(c(Tyn—1 — Tyn—2)))

then
a < 1(a)

which is a contradiction. So a = 0.

Now, we show that {T'y,} is a Cauchy sequence. Suppose that {Ty,} is
not a Cauchy sequence. Then, there are an ¢ > 0 and sequences of integers
{mg}, {nr}, whit my > ng > k, and such that

dp = p(T"x —T"z) > € for k=1,2,---. (1)

We can assume that
P(TYm-1 — Tyn) <€, (2)

by choosing my, to be the smallest number exceeding ny for which (1) holds.
Indeed, let

Y ={mi € N| In; € N, p(Tym, — Tyn,) > €}.

Obviously, X # () and since ¥ C N then by Well Ordering Principle, 3, has
the minimum element m € N, and clearly, (2) holds.
Now, let o € R* be such that
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then, we have

di. = p(TYm — Tyn)

P( (Tym —Tyni1+TYnt1 — T?JN>)
p(e(TYm — Tyn+1)) + p(a(TYnt1 — Tyn))
V(pWm — Ynt1)) + p((TYnt1 — Tyn))
V(P(TYm—1 — Tyn)) + p(a(TYn+1 — Tyn))
P(TYm—1 — Tyn) + p(a(TYn+1 — Tyn))
€+ p((Tyns1 — Tyn))-

If k tends to infinity, then so does n, and by Ags-condition, p(a(Tynt1 —
Tyy,)) — 0.
Hence, dj, — €', as k — 0.

IAIA

IA A

But now,

di = p(Tym — Tyn)
< p(c(TYm+1 — Tyn+1)) + pa(TYm — Tym+1)) + p2a(TYns1 — Tyn))
< Y(p(Tym — Tyn)) + p(2a(Tym — Tym+1)) + p(2a(Tynt1 — Tyn))

Thus, as k — oo, we obtain € < 1(e), which is a contradiction for e > 0.
Therefore, {T'y,} is a Cauchy sequence, and with respect to this point that
X, is complete, there is a y € B such that p(y, —y) — 0 as n — +oo. And
y =Ty + Uz, since

y—Ty—Ux)

— —Ty—U
p( g Yy yn+yn2 Y SC)

=n(
—Yn+Tyn—1-T
:p(yy+2y 1 y)

< p(y = yn) + p(Tyn—1 — Ty).

Since T is continuous, the right hand side tends to zero, this implies y — Ty =
Uz.

It means that for any = € B there exists y € B such that (I —T)y = Uz. So
(I - T)B C U(B), and the operator I — T is surjective from B into U(B).
Now, let y1,y2 € B which (I — T)y1 = (I — T)y2, then y1 —yo = Ty1 — Ty2
and

plyr —y2) = p(Tyr — Ty2)



538 A. RAZANI, M. BEYG MOHAMADI, S. HOMAEI POUR AND E. NABIZADEH

This is contradiction, so p(y1 — y2) = 0 and y; = ya. Therefore, I — T is
injective. Consequently, I — T is a bijective operator from B into U(B).
Claim: (I —T)~! is continuous.

Let {x,} be a sequence in U(B) such that z, — x € U(B). Consider the
sequence z, = (I — T)~(z,), then {2,} is p-Cauchy. Indeed,

Zmin — 2n = Zmin — LZmin + T2min —Tzn + T2y — 2
= Tmtn + Tzmin — T2n — Ty
=Tmgn — Tn + LT 2min — T2n.

Now, by choosing « in relation (3), we have:

P(Zmin — 2n) = P(%(C(sz—&-n —Tz)) + éa(xm-kn - n))
< %P(C(TZern —Tz)) + ép(a(mmﬂl — n))
< %@Z)(P(zm+n — 2n)) + é($m+n —Tp))
< %P(Zm—l—n — 2zn) + é(mm-&-n — n)).

Therefore

1
P(Zmn — 2n) < X Ep(a(xwﬁn — Tp)).

c—1
And since p(min — xn) — 0 then by Ag-condition p(a(Zpmtn — xn)) — 0.
Therefore p(zm+n —2n) — 0. So by hypothesis X, is complete, {z,} converges

to an element z € B. Then z, = z, — T(z,) is convergent to x = z — T'z.
Indeed,

z2n —T(2n) — 2+ T2
2

and by Ag-condition p(z, — Tz, — (z — Tz)) — 0. Therefore (I —T)"(z,)

converges to (I — T)~!(z) which implies that (I — 7)™ is continuous.

p( ) < p(zn —2) + p(Tzn —T2) — 0,

Now, consider
fl@) =T -T)"'U().

Since U is p-completely continuous and (I — T)~*

is p-continuous, by As-
condition, U is ||.||,-completely continuous, and (I — T')~! is ||.|| ,-continuous.
Consequently, f is ||.||,-completely continuous from B into B. By Ao-
condition, B is ||.||,-closed. Then by Lemma 2.2 and Schauder’s fixed point
theorem, f has a fixed point xg. Then

f(zo) = o,
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and this means that

or

xro = (I — T)ilU(.%())

xTo = (T + U)(afo)

and the proof is complete.
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