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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. Let F be a bifunction from C × C to R, where R is the set of
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real numbers. The equilibrium problem for F : C × C → R is to find x ∈ C

such that

F (x, y) ≥ 0 for all y ∈ C. (1.1)

The set of solutions of (1.1) is denoted by EP (F ). Numerous problems
in physics, optimization and economics reduce to find a solution of (1.1), for
more details, please see [1] and [2].

Recall that a mapping S of a closed convex subset C of H is nonexpansive
[3] if there holds that ‖Sx− Sy‖ ≤ ‖x− y‖ for all x, y ∈ C.

We denote the set of fixed points of S by Fix(S). It is known (see [3]) that
Fix(S) is closed convex, but possibly empty. A mapping A of C into H is
called monotone if

〈Ax−Ay, x− y〉 ≥ 0

for all x, y ∈ C. A mapping A of C into H is called α-inverse-strongly mono-
tone if there exists a positive real number α such that

〈x− y, Ax−Ay〉 ≥ α‖Ax−Ay‖2

for all x, y ∈ C.
Let the mapping A : C → H be α-inverse-strongly monotone. The varia-

tional inequality problem is to find a point x ∈ C such that

〈Ax, y − x〉 ≥ 0

for all y ∈ C. The set of solutions of the variational inequality problem is
denoted by V I(C,A).

Some methods have been proposed to solve the equilibrium problem; see,
for instance, [1, 2, 4-6, 8-10] and the references therein]. Recently, Combettes
and Hirstoaga [4] introduced an iterative scheme of finding the best approx-
imation to the initial data when EP (F ) is nonempty and proved a strong
convergence theorem. Takahashi and Takahashi [5] introduced the following
iterative scheme by the viscosity approximation method for finding a common
element of the set of solution (1.1) and the set of fixed points of a nonexpan-
sive mapping in a Hilbert space. Starting with an arbitrary x1 ∈ H, define
sequences {xn} and {un} by{

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Sun,∀n ∈ N.
(1.2)
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They proved that under certain appropriate conditions imposed on {αn}
and {rn}, the sequences {xn} and {un} generated by (1.2) converge strongly to
z ∈ Fix(S) ∩ EP (F ), where z = PFix(S)∩EP (F )f(z), where f is a contraction
on H.

Tada and Takahashi [6] introduced the following iterative scheme by the CQ
method for finding a common element of the set of solution (1.1) and the set
of fixed points of a nonexpansive mapping in a Hilbert space. Starting with
an arbitrary x1 ∈ H, define sequences {xn} and {un} by

un ∈ C,F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

wn = (1− αn)xn + αnSun,

Cn = {z ∈ H : ‖wn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0}, xn+1 = PCn

T
Qn

x

(1.3)

They proved that under certain appropriate conditions imposed on {αn}
and {rn}, the sequences {xn} and {un} generated by (1.3) converge strongly
to PFix(S)∩EP (F )x. Nakajo and Takahashi [7] introduced an iterative schemes
by the CQ method for finding an element of the set of fixed points of a non-
expansive mapping in a Hilbert space. Kikkawa and Takahashi [8] introduced
an iterative schemes by the CQ method for finding a common element of the
set of fixed points of a family of infinite of nonexpansive mapping in a Hilbert
space. Su, Shang and Qin [9] introduced the following iterative scheme by the
viscosity approximation method for finding a common element of the set of
solution (1.1) and the set of fixed points of a nonexpansive mapping and the
set of solutions of the variational inequality problem for an α-inverse strongly
monotone mapping in a Hilbert space. Starting with an arbitrary x1 ∈ H,
define sequences {xn} and {un} by{

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)SPC(un − λnAun),∀n ∈ N.
(1.4)

They proved that under certain appropriate conditions imposed on {αn},
{rn} and {λn} , the sequences {xn} and {un} generated by (1.4) converge
strongly to z ∈ Fix(S) ∩ EP (F ) ∩V I(C,A), where

z = PFix(S)∩EP (F )∩V I(C,A)f(z).
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Yao, Liou and Yao [10], Ceng and Yao [11] introduced some iterative viscosity
approximation schemes for a common element of the set of solution (1.1) and
the set of fixed points of infinitely nonexpansive mappings in a Hilbert space.

Inspired by the above results, in the present paper, we introduce a modified
CQ iterative process for finding the common element of the set of fixed points
of a nonexpansive mapping, the set of an equilibrium problem and the set
of solutions of the variational inequality problem for an α-inverse strongly
monotone mapping in a Hilbert space. Then, we obtain a strong convergence
theorem for three sequences generated by this process. Based on this result,
we also get several new and interesting results which generalize and extend
some well-known results in [6-8].

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let
C be a nonempty closed convex subset of H. Let symbols → and ⇀ denote
strong and weak convergence, respectively. In a real Hilbert space H, it is well
known that

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2

for all x, y ∈ H and λ ∈ [0, 1].
For any x ∈ H, there exists a unique nearest point in C, denoted by PC(x),

such that ‖x− PC(x)‖ ≤ ‖x− y‖ for all y ∈ C. The mapping PC is called the
metric projection of H onto C. We know that PC is a nonexpansive mapping
from H onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2 (2.1)

It is also known that PCx ∈ C and

〈x− PC(x), PC(x)− y〉 ≥ 0 (2.2)

for all x ∈ H and y ∈ C.
It is easy to see that (2.2) is equivalent to

‖x− y‖2 ≥ ‖x− PC(x)‖2 + ‖y − PC(x)‖2 (2.3)

for all x ∈ H and y ∈ C.
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Let A be α-inverse-strongly monotone mapping of C into H. In the context
of the variational inequality problem the characterization of projection (2.1)
implies the following:

u ∈ V I(C,A) ⇒ u = PC(u− λAu), λ > 0,

and
u = PC(u− λAu) for some λ > 0 ⇒ u ∈ V I(C,A).

It is known that if T is a nonexpansive mapping of C into itself and I is the
identity mapping of H, then A = I − T is 1

2 -inverse-strongly monotone and
V I(C,A) = Fix(T ). If A is α-inverse-strongly monotone of C into H, then it
is obvious that A is 1

α -Lipschitz continuous. We also have that for all x, y ∈ C

and λ > 0,

‖(I − λA)x− (I − λA)y‖2 = ‖x− y − λ(Ax−Ay)‖2

= ‖x− y‖2 − 2λ〈x− y, Ax−Ay〉+ λ2‖Ax−Ay‖2

≤ ‖x− y‖2 + λ(λ− 2α)‖Ax−Ay‖2. (2.4)

So, if λ ≤ 2α, then I − λA is a nonexpansive mapping of C into H.
It is also known that H satisfies the Opial’s condition [12], i.e., for any

sequence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H with x 6= y.
A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H,

f ∈ Tx and g ∈ Ty imply 〈x−y, f−g〉 ≥ 0. A monotone mapping T : H → 2H

is maximal if its graph G(T ) of T is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping T is maximal
if and only if for (x, f) ∈ H × H, 〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T )
implies f ∈ Tx. Let A is an α-inverse strongly monotone mapping of C into H

and let NCv be normal cone to C at v ∈ C, i.e, NCv = {w ∈ H : 〈v − u, w〉 ≥
0,∀u ∈ C}. Define

Tv =

{
Av + NCv if v ∈ C,

∅ if v /∈ C,

then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A) (see [13]).
For solving the equilibrium problem, let us assume that the bifunction F

satisfies the following conditions:
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(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;
(A3) for each x, y, z ∈ C,

lim
t↓0

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.
We recall some lemmas needed later.

Lemma 2.1. [2] Let C be a nonempty closed convex subset of H, let F

be a bifunction from C × C to R satisfying (A1)-(A4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that F (z, y) + 1

r 〈y− z, z−x〉 ≥ 0, for all y ∈ C.

Lemma 2.2. [4] Let C be a nonempty closed convex subset of H, let F

be a bifunction from C × C to R satisfying (A1)-(A4). For r > 0 and x ∈ H,

define a mapping Tr : H → C as follows.

Tr(x) = {z ∈ C : F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0,∀y ∈ C}

for all x ∈ H. Then, the following statements hold:
(1) Tr is single-valued;
(2) Tr is firmly nonexpansive, i.e, for any x, y ∈ H,

‖Tr(x)− Tr(y)‖2 ≤ 〈Tr(x)− Tr(y), x− y〉;

(3) F (Tr) = EP (F );
(4) EP (F ) is closed and convex.

Let S1, S2, ... be an infinite family of nonexpansive mappings of C into itself
and let ξ1, ξ2, ... be real numbers such that 0 ≤ ξi ≤ 1 for every i ∈ N . For
any n ∈ N , define a mapping Wn of C into C as follows:

Un,n+1 = I,

Un,n = ξnTnUn,n+1 + (1− ξn)I,

Un,n−1 = ξn−1Tn−1Un,n + (1− ξn−1)I,

...

Un,k = ξkTkUn,k+1 + (1− ξk)I,

Un,k−1 = ξk−1Tk−1Un,k + (1− ξk−1)I,

...
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Un,2 = ξ2T2Un,3 + (1− ξ2)I,

Wn = Un,1 = ξ1T1Un,2 + (1− ξ1)I.

Such a mapping Wn is called the W -mapping generated by Sn, Sn−1, ..., S1

and ξn, ξn−1, ..., ξ1; see [14, 15].
Lemma 2.3. [15] Let C be a nonempty closed convex subset of a Banach

space E. Let S1, S2, ... be an infinite family of nonexpansive mappings of C

into itself such that ∩∞i=1Fix(Si) is nonempty, and let ξ1, ξ2, ... be real numbers
such that 0 < ξi ≤ d < 1 for every i ∈ N . For any n ∈ N , let Wn be the
W -mapping of C into itself generated by Sn, Sn−1, ..., S1 and ξn, ξn−1, ..., ξ1.
Then Wn is asymptotically regular and nonexpansive. Further, if E is strict
convex, then F (Wn) = ∩n

i=1Fix(Si).
Lemma 2.4. [14] Let C be a nonempty closed convex subset of a strictly

convex Banach space E. Let S1, S2, ... be an infinite family of nonexpansive
mappings of C into itself such that ∩∞i=1Fix(Si) is nonempty, and let ξ1, ξ2, ...

be real numbers such that 0 < ξi ≤ d < 1 for every i ∈ N . Then for every
x ∈ C and k ∈ N , the limit limn→∞Un,kx exists.

Remark 2.1. Using Lemma 2.4, one can define a mapping U∞,k and W of
C into itself as follows:

U∞,kx = limn→∞Un,kx

and Wx = limn→∞Wnx = limn→∞Un,1x for every x ∈ C. Such a mapping
W is called the W -mapping generated by S1, S2, ... and ξ1, ξ2, .... Since Wn is
nonexpansive, W : C → C is also nonexpansive. Indeed, observe that for each
x, y ∈ C

‖Wx−Wy‖ = limn→∞‖Wnx−Wny‖ ≤ ‖x− y‖.

If {xn} is a bounded sequence in C, then we have

limn→∞‖Wx−Wnx‖ = 0.

Lemma 2.5. [15] Let C be a nonempty closed convex subset of a strictly
convex Banach space E. Let S1, S2, ... be an infinite family of nonexpansive
mappings of C into itself such that ∩∞i=1Fix(Si) is nonempty, and let ξ1, ξ2, ...

be real numbers such that 0 < ξi ≤ d < 1 for every i ∈ N . Then F (W ) =
∩∞n=1Fix(Sn).
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3. Strong convergence theorem

In this section, we show a strong convergence theorem which solves the
problem of finding a common element of the set of solutions of an equilibrium
problem, the set of fixed points of a nonexpansive mapping and the set of the
variational inequality for an α-inverse strongly monotone mapping in a Hilbert
space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C to R satisfying (A1)-(A4) and
let A be an α-inverse strongly monotone mapping of C into H. Let S1, S2, ...

be an infinite family of nonexpansive mappings of C into itself such that
Ω = ∩∞i=1Fix(Si) ∩ V I(C,A) ∩ EP (F ) 6= ∅ and let ξ1, ξ2, ... be real numbers
such that 0 < ξi ≤ d < 1 for every i ∈ N . For any n ∈ N , let Wn be the
W -mapping of C into itself generated by Sn, Sn−1, ..., S1 and ξn, ξn−1, ..., ξ1.
Let {xn}, {un}, {yn} and {zn} be sequences generated by

x1 = x ∈ H,

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = αnxn + (1− αn)WnPC(un − λnAun),
Cn = {z ∈ H : ‖zn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn

T
Qn

x

for every n = 1, 2, .... If {λn} ⊂ [a, b] ⊂ (0, 2α), {αn} ⊂ [0, c] for some c ∈ [0, 1]
and {rn} ⊂ (0,∞) satisfies lim inf

n→∞
rn > 0. Then, {xn}, {un} and {zn} converge

strongly to w = PΩ(x).
Proof. It is obvious that Cn is closed and Qn is closed and convex for

every n = 1, 2, .... As Cn = {z ∈ H : ‖zn − xn‖2 + 2〈zn − xn, xn − z〉 ≤ 0},
we also have that Cn is convex for every n = 1, 2, .... As Qn = {z ∈ H :
〈xn − z, x − xn〉 ≥ 0}, we have 〈xn − z, x − xn〉 ≥ 0 for all z ∈ Qn and, by
(2.2), xn = PQnx. Put tn = PC(un − λnAun) for every n = 1, 2, .... Let u ∈ Ω
and let {Trn} be a sequence of mappings defined as in Lemma 2.2. Then
u = PC(u− λnAu) = Trnu. And from un = Trnxn ∈ C, we have

‖un − u‖ = ‖Trnxn − Trnu‖

≤ ‖xn − u‖. (3.1)
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Since A is an α-inverse strongly monotone mapping, from (2.4), we have

‖tn − u‖ = ‖PC(un − λnAun)− PC(u− λnAu)‖

≤ ‖un − λnAun − (u− λnAu)‖

≤ ‖un − u‖. (3.2)

Therefore from (3.1), (3.2), zn = αnxn + (1 − αn)Wntn and u = Wnu, we
have

‖zn − u‖2 = ‖αnxn + (1− αn)Wntn − u‖2

≤ αn‖xn − u‖2 + (1− αn)‖Wntn − u‖2

≤ αn‖xn − u‖2 + (1− αn)‖tn − u‖2

≤ αn‖xn − u‖2 + (1− αn)‖un − u‖2

≤ ‖xn − u‖2, (3.3)

for every n = 1, 2, ... and hence u ∈ Cn. So, Ω ⊂ Cn for every n = 1, 2, ....
Next, let us show by mathematical induction that {xn} is well defined and
Ω ⊂ Cn∩Qn for every n = 1, 2, .... For n = 1 we have x1 = x ∈ C and Q1 = H.
Hence we obtain Ω ⊂ C1 ∩ Q1. Suppose that xk is given and Ω ⊂ Ck ∩ Qk

for some k ∈ N . Since Ω is nonempty, Ck ∩ Qk is a nonempty closed convex
subset of H. So, there exists a unique element xk+1 ∈ Ck ∩Qk such that
xk+1 = PCk∩Qk

x. It is also obvious that there holds 〈xk+1 − z, x− xk+1〉 ≥ 0
for every z ∈ Ck ∩Qk. Since Ω ⊂ Ck ∩Qk, we have 〈xk+1 − z, x− xk+1〉 ≥ 0
for every z ∈ Ω and hence Ω ⊂ Qk+1. Therefore, we obtain Ω ⊂ Ck+1 ∩Qk+1.

Let l0 = PΩx. From xn+1 = PCn∩Qnx and l0 ∈ Ω ⊂ Cn ∩Qn, we have

‖xn+1 − x‖ ≤ ‖l0 − x‖ (3.4)

for every n = 1, 2, .... Therefore, {xn} is bounded. From (3.1)-(3.3), we also
obtain that {tn}, {zn} and {un} are bounded. Since xn+1 ∈ Cn ∩ Qn ⊂ Cn

and xn = PQnx, we have

‖xn − x‖ ≤ ‖xn+1 − x‖

for every n = 1, 2, .... Therefore, limn→∞ ‖xn − x‖ exists.
Since xn = PQnx and xn+1 ∈ Qn, using (2.3), we have

‖xn+1 − xn‖2 ≤ ‖xn+1 − x‖2 − ‖xn − x‖2
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for every n = 1, 2, .... This implies that

lim
n→∞

‖xn+1 − xn‖ = 0.

Since xn+1 ∈ Cn, we have ‖zn − xn+1‖ ≤ ‖xn − xn+1‖ and hence

‖xn − zn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − zn‖ ≤ 2‖xn − xn+1‖

for every n = 1, 2, .... From limn→∞ ‖xn+1 − xn‖ = 0, we have ‖xn − zn‖ → 0.
For u ∈ Ω, we have, from Lemma 2.2,

‖un − u‖2 = ‖Trnxn − Trnu‖2 ≤ 〈Trnxn − Trnu, xn − u〉

= 〈un − u, xn − u〉 =
1
2
{‖un − u‖2 + ‖xn − u‖2 − ‖xn − un‖2}.

Hence,
‖un − u‖2 ≤ ‖xn − u‖2 − ‖xn − un‖2.

Then, by (3.3) and (3.2),

‖zn − u‖2 ≤ αn‖xn − u‖2 + (1− αn)‖tn − u‖2

≤ αn‖xn − u‖2 + (1− αn)‖un − u‖2

≤ αn‖xn − u‖2 + (1− αn)[‖xn − u‖2 − ‖xn − un‖2]

= ‖xn − u‖2 − (1− αn)‖xn − un‖2.

Hence,
(1− c)‖xn − un‖2 ≤ (1− αn)‖xn − un‖2

≤ ‖xn − u‖2 − ‖zn − u‖2

= (‖xn − u‖+ ‖zn − u‖)(‖xn − u‖ − ‖zn − u‖)

≤ (‖xn − u‖+ ‖zn − u‖)‖xn − zn‖.

Since ‖xn−zn‖ → 0 and the sequences {xn} and {zn} are bounded, we obtain
‖xn − un‖ → 0.

For u ∈ Ω, from (3.3), (3.1) and (2.4), we have

‖zn − u‖2 ≤ αn‖xn − u‖2 + (1− αn)‖tn − u‖2

≤ αn‖xn − u‖2 + (1− αn)‖PC(un − λnAun)− PC(u− λnAu)‖2

≤ αn‖xn − u‖2 + (1− αn)‖un − λnAun − (u− λnAu)‖2

≤ αn‖xn − u‖2 + (1− αn)[‖un − u‖2 + λn(λn − 2α)‖Aun −Au‖2]

≤ ‖xn − u‖2 + (1− αn)λn(λn − 2α)‖Aun −Au‖2
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and hence
(1− c)a(2α − b)‖Aun −Au‖2

≤ (1− αn)λn(2α− λn)‖Aun −Au‖2

≤ ‖xn − u‖2 − ‖zn − u‖2

≤ (‖xn − u‖+ ‖zn − u‖)‖xn − zn‖

Since ‖xn − zn‖ → 0 and the sequences {xn} and {zn} are bounded, we
obtain ‖Aun −Au‖ → 0.

From (2.1) and (2.4), we have

‖tn − u‖2 = ‖PC(un − λnAun)− PC(u− λnAu)‖2

≤ 〈(un − λnAun)− (u− λnAu), tn − u〉

=
1
2
{‖(un − λnAun)− (u− λnAu)‖2 + ‖tn − u‖2

−‖[(un − λnAun)− (u− λnAu)]− (tn − u)‖2}

≤ 1
2
{‖un − u‖2 + ‖tn − u‖2 − ‖(un − tn)− λn(Aun −Au)‖2}

=
1
2
{‖un−u‖2+‖tn−u‖2−‖un−tn‖2+2λn〈un−tn, Aun−Au〉−λ2

n‖Aun−Au‖2}.

Hence,

‖tn−u‖2 ≤ ‖un−u‖2−‖un− tn‖2 +2λn〈un− tn, Aun−Au〉−λ2
n‖Aun−Au‖2

From (3.3) and (3.1), we have

‖zn − u‖2 ≤ αn‖xn − u‖2 + (1− αn)‖tn − u‖2

≤ αn‖xn − u‖2 + (1− αn)[‖un − u‖2 − ‖un − tn‖2

+2λn〈un − tn, Aun −Au〉 − λ2
n‖Aun −Au‖2]

≤ ‖xn − u‖2 − (1− αn)‖un − tn‖2

+2λn(1− αn)〈un − tn, Aun −Au〉 − (1− αn)λ2
n‖Aun −Au‖2

and hence
(1− c)‖un − tn‖2 ≤ (1− αn)‖un − tn‖2

≤ ‖xn−u‖2−‖zn−u‖2+2λn(1−αn)〈un−tn, Aun−Au〉−(1−αn)λ2
n‖Aun−Au‖2

≤ (‖xn − u‖+ ‖zn − u‖)‖xn − zn‖

+2λn(1− αn)〈un − tn, Aun −Au〉 − (1− αn)λ2
n‖Aun −Au‖2.



526 JIAN-WEN PENG AND JEN-CHIH YAO

Since ‖xn − zn‖ → 0 and ‖Aun − Au‖ → 0, we obtain ‖un − tn‖ → 0. It
follows from the Lipschitz-continuity of A that ‖Aun −Atn‖ → 0.

From ‖zn− tn‖ ≤ ‖zn−xn‖+‖xn−un‖+‖un− tn‖ we have ‖zn− tn‖ → 0.
From ‖tn − xn‖ ≤ ‖tn − un‖+ ‖xn − un‖ we also have ‖tn − xn‖ → 0.

Since zn = αnxn + (1− αn)Wntn, we have (1− αn)(Wntn − tn) = αn(tn −
xn) + (zn − tn). Then

(1− c)‖Wntn − tn‖ ≤ (1− αn)‖Wntn − tn‖ ≤ αn‖tn − xn‖+ ‖zn − tn‖

and hence ‖Wntn − tn‖ → 0. At the same time, observe that

‖Wtn − tn‖ ≤ ‖Wtn −Wntn‖+ ‖Wntn − tn‖. (3.5)

It follows from (3.5) and Remark 2.2, we have limn→∞ ‖Wtn − tn‖ = 0.
As {xn} is bounded, there exists a subsequence {xni} of {xn} such that

xni ⇀ w. From ‖xn−un‖ → 0, we obtain that uni ⇀ w. From ‖un− tn‖ → 0,
we obtain also that tni ⇀ w. Since {uni} ⊂ C and C is closed and convex, we
obtain w ∈ C.

First, we show w ∈ EP (F ). By un = Trnxn, we know that

F (un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0,∀y ∈ C.

It follows from (A2) that

1
rn
〈y − un, un − xn〉 ≥ F (y, un),∀y ∈ C.

Hence,

〈y − uni ,
uni − xni

rni

〉 ≥ F (y, uni),∀y ∈ C.

It follows from uni−xni
rni

→ 0, uni ⇀ w and (A4) that

f(y, w) ≤ 0,∀y ∈ C.

For t with 0 < t ≤ 1 and y ∈ C, let yt = ty + (1 − t)w. Since y ∈ C and
w ∈ C, we obtain yt ∈ C and hence F (yt, w) ≤ 0. So

0 = F (yt, yt) ≤ tF (yt, y) + (1− t)F (yt, w) ≤ tF (yt, y)

Dividing by t, we get

F (yt, y) ≥ 0.
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Letting t → 0, it follows from (A3) that

F (w, y) ≥ 0

for all y ∈ C and hence w ∈ EP (F ). We next show that w ∈ Fix(W ). Assume
w /∈ Fix(W ). Since tni ⇀ w and w 6= Ww, from the Opial theorem [12] we
have

lim inf
i→∞

‖tni − w‖ < lim inf
i→∞

‖tni −Ww‖

≤ lim inf
i→∞

{‖tni −Wtni‖+ ‖Wtni −Ww‖}

≤ lim inf
i→∞

‖tni − w‖

This is a contradiction. So, we get w ∈ Fix(W ) = ∩∞i=1Fix(Si).
We shall show w ∈ V I(C,A). Let

Tv =

{
Av + NCv if v ∈ C,

∅ if v /∈ C.

where NCv is the normal cone to C at v ∈ C. We have already mentioned
that in this case the mapping T is maximal monotone, and 0 ∈ Tv if and
only if v ∈ V I(C,A). Let (v, g) ∈ G(T ). Then Tv = Av + NCv and hence
g − Av ∈ NCv. So, we have 〈v − t, g − Av〉 ≥ 0 for all t ∈ C. On the other
hand, from tn = PC(un − λnAun) and v ∈ C we have

〈un − λnAun − tn, tn − v〉 ≥ 0

and hence

〈v − tn,
tn − un

λn
+ Aun〉 ≥ 0.

Therefore, we have

〈v − tni , g〉 ≥ 〈v − tni , Av〉

≥ 〈v − tni , Av〉 − 〈v − tni ,
tni − uni

λni

+ Auni〉

= 〈v − tni , Av −Auni −
tni − uni

λni

〉

= 〈v − tni , Av −Atni + Atni −Auni −
tni − uni

λni

〉

= 〈v − tni , Av −Atni〉+〈v − tni , Atni −Auni〉−〈v − tni ,
tni − uni

λni

〉
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≥ 〈v − tni , Atni −Auni〉 − 〈v − tni ,
tni − uni

λni

〉

Hence we obtain 〈v − w, g〉 ≥ 0 as i → ∞. Since T is maximal monotone,
we have w ∈ T−10 and hence w ∈ V I(C,A). This implies w ∈ Ω.

From l0 = PΩx, w ∈ Ω and (3.4), we have

‖l0 − x‖ ≤ ‖w − x‖ ≤ lim inf
i→∞

‖xni − x‖ ≤ lim sup
i→∞

‖xni − x‖ ≤ ‖l0 − x‖.

So, we obtain

lim
i→∞

‖xni − x‖ = ‖w − x‖.

From xni − x ⇀ w − x we have xni − x → w − x and hence xni → w. Since
xn = PQnx and l0 ∈ Ω ⊂ Cn ∩Qn ⊂ Qn, we have

−‖l0 − xni‖2 = 〈l0 − xni , xni − x〉+ 〈l0 − xni , x− l0〉 ≥ 〈l0 − xni , x− l0〉.

As i → ∞, we obtain −‖l0 − xni‖2 ≥ 〈l0 − w, x − l0〉 ≥ 0 by l0 = PΩx and
w ∈ Ω. Hence we have w = l0. This implies that xn → l0. It is easy to see
un → l0 and zn → l0.

By Theorem 3.1, we can obtain the following new and interesting strong
convergence theorems in a real Hilbert space.

Corollary 4.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C to R satisfying (A1)-(A4) and
let A be an α-inverse strongly monotone mapping of C into H such that
V I(C,A)∩EP (F ) 6= ∅. Let {xn}, {un}, {yn} and {zn} be sequences generated
by 

x1 = x ∈ H,

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = αnxn + (1− αn)PC(un − λnAun),
Cn = {z ∈ H : ‖zn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn

T
Qn

x

for every n = 1, 2, .... If {λn} ⊂ [a, b] ⊂ (0, 2α), {αn} ⊂ [0, c] for some c ∈ [0, 1]
and {rn} ⊂ (0,∞) satisfies lim inf

n→∞
rn > 0. Then, {xn}, {un} and {zn} converge

strongly to w = PV I(C,A)∩EP (F )(x).
Proof. Putting Sn = I and αn = 0 for every n = 1, 2, ..., by Theorem 3.1

we obtain the desired result.
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Corollary 4.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C ×C to R satisfying (A1)-(A4) and let
S1, S2, ... be an infinite family of nonexpansive mappings of C into itself such
that ∩∞i=1Fix(Si) ∩ EP (F ) 6= ∅ and let ξ1, ξ2, ... be real numbers such that
0 < ξi ≤ d < 1 for every i ∈ N . For any n ∈ N , let Wn be the W -mapping of
C into itself generated by Sn, Sn−1, ..., S1 and ξn, ξn−1, ..., ξ1. Let {xn}, {un},
{yn} and {zn} be sequences generated by

x1 = x ∈ H,

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = αnxn + (1− αn)Wnun,

Cn = {z ∈ H : ‖zn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn

T
Qn

x

for every n = 1, 2, .... If {αn} ⊂ [0, c] for some c ∈ [0, 1] and {rn} ⊂ (0,∞)
satisfies lim inf

n→∞
rn > 0. Then, {xn}, {un} and {zn} converge strongly to w =

P∩∞i=1Fix(Si)∩EP (F )(x).
Proof. Putting A = 0, by Theorem 3.1 we obtain the desired result.

Corollary 4.3 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an α-inverse strongly monotone mapping of C into H. Let
S1, S2, ... be an infinite family of nonexpansive mappings of C into itself such
that ∩∞i=1Fix(Si) ∩ V I(C,A) 6= ∅ and let ξ1, ξ2, ... be real numbers such that
0 < ξi ≤ d < 1 for every i ∈ N . For any n ∈ N , let Wn be the W -mapping of
C into itself generated by Sn, Sn−1, ..., S1 and ξn, ξn−1, ..., ξ1. Let {xn}, {un},
{yn} and {zn} be sequences generated by

x1 = x ∈ H,

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = αnxn + (1− αn)WnPC(un − λnAun),
Cn = {z ∈ H : ‖zn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn

T
Qn

x

for every n = 1, 2, .... If {λn} ⊂ [a, b] ⊂ (0, 2α) and {αn} ⊂ [0, c] for
some c ∈ [0, 1]. Then, {xn}, {un} and {zn} converge strongly to w =
P∩∞i=1Fix(Si)∩V I(C,A)(x).
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Proof. Putting F (x, y) = 0 for all x, y ∈ C and rn = 1 for all n ∈ N , by
Theorem 3.1 we obtain the desired result.

Corollary 4.4 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let S1, S2, ... be an infinite family of nonexpansive mappings of C

into itself such that ∩∞i=1Fix(Si) 6= ∅ and let ξ1, ξ2, ... be real numbers such
that 0 < ξi ≤ d < 1 for every i ∈ N . For any n ∈ N , let Wn be the W -
mapping of C into itself generated by Sn, Sn−1, ..., S1 and ξn, ξn−1, ..., ξ1. Let
{xn}, {un}, {yn} and {zn} be sequences generated by

x1 = x ∈ H,

zn = αnxn + (1− αn)Wnun,

Cn = {z ∈ H : ‖zn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn

T
Qn

x

for every n = 1, 2, .... If {αn} ⊂ [0, c] for some c ∈ [0, 1], then, {xn}, {un} and
{zn} converge strongly to w = P∩∞i=1Fix(Si)∩V I(C,A)(x).

Proof. We know that PH = I. Putting A = 0 and un = xn for all
n = 1, 2, ..., by Theorem 4.4 we obtain the desired result.

Remark 4.1. Corollary 4.2 generalizes and extends Theorem 3.1 in [6].
Corollary 4.4 generalizes and extends Theorem 3.4 in [7]. If αn = 1 for every
n = 1, 2, ..., by Corollary 4.4, we recover Theorem 3.1 in [8].
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