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Abstract. In this paper, we introduce a modified CQ iterative scheme for finding a common
element of the set of solutions of an equilibrium problem, the set of fixed points of an infinite
family of nonexpansive mappings and the set of the variational inequality for an a-inverse
strongly monotone mapping in a Hilbert space. We obtain a strong convergence theorem
for three sequences generated by this process. Based on this result, we also get several new
and interesting results which generalize and extend some well-known strong convergence
theorems in the literature.
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1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty closed convex
subset of H. Let F' be a bifunction from C' x C to R, where R is the set of
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real numbers. The equilibrium problem for F': C x C' — R is to find z € C
such that
F(z,y)>0foralyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F). Numerous problems
in physics, optimization and economics reduce to find a solution of (1.1), for
more details, please see [1] and [2].

Recall that a mapping S of a closed convex subset C' of H is nonexpansive
[3] if there holds that ||Sz — Sy|| < ||l — y|| for all z,y € C.

We denote the set of fixed points of S by Fiz(S). It is known (see [3]) that
Fiz(S) is closed convex, but possibly empty. A mapping A of C into H is
called monotone if

(Az — Ay,x —y) >0

for all z,y € C. A mapping A of C into H is called a-inverse-strongly mono-
tone if there exists a positive real number « such that

(x —y, Az — Ay) > af|Az — Ay|]?

for all z,y € C.
Let the mapping A : C — H be a-inverse-strongly monotone. The varia-
tional inequality problem is to find a point x € C' such that

for all y € C. The set of solutions of the variational inequality problem is
denoted by VI(C, A).

Some methods have been proposed to solve the equilibrium problem; see,
for instance, [1, 2, 4-6, 8-10] and the references therein]. Recently, Combettes
and Hirstoaga [4] introduced an iterative scheme of finding the best approx-
imation to the initial data when EP(F') is nonempty and proved a strong
convergence theorem. Takahashi and Takahashi [5] introduced the following
iterative scheme by the viscosity approximation method for finding a common
element of the set of solution (1.1) and the set of fixed points of a nonexpan-
sive mapping in a Hilbert space. Starting with an arbitrary x; € H, define
sequences {z,} and {u,} by

{ F(umy)"‘i@_umun_wmzoa Vy € C,

Tn

1.2
Tnt1 = A f(xn) + (1 — ap)Suy,, ¥n € N. (1.2)
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They proved that under certain appropriate conditions imposed on {a,}
and {r,}, the sequences {z,} and {u, } generated by (1.2) converge strongly to
z € Fixz(S) N EP(F), where 2 = Priy(s)nppr)f(2), where f is a contraction
on H.

Tada and Takahashi [6] introduced the following iterative scheme by the CQ
method for finding a common element of the set of solution (1.1) and the set
of fixed points of a nonexpansive mapping in a Hilbert space. Starting with
an arbitrary x; € H, define sequences {z,} and {u,} by

tp € C, F(tn, y) + 7=(Y — tn, un — 25) >0, Vy € C,
wy, = (1 — an)xn + anSuy,

Cp = {2 € H i lwn — 2| < llzn — 2|1},
Qn=1{2€H:(xn— 2,0 —xn) 20}, 2041 = Po,nQ.T

(1.3)

They proved that under certain appropriate conditions imposed on {a,,}
and {r,}, the sequences {z,} and {u,} generated by (1.3) converge strongly
to Priy(s)nep(r)®- Nakajo and Takahashi [7] introduced an iterative schemes
by the CQ method for finding an element of the set of fixed points of a non-
expansive mapping in a Hilbert space. Kikkawa and Takahashi [8] introduced
an iterative schemes by the CQ method for finding a common element of the
set of fixed points of a family of infinite of nonexpansive mapping in a Hilbert
space. Su, Shang and Qin [9] introduced the following iterative scheme by the
viscosity approximation method for finding a common element of the set of
solution (1.1) and the set of fixed points of a nonexpansive mapping and the
set of solutions of the variational inequality problem for an a-inverse strongly
monotone mapping in a Hilbert space. Starting with an arbitrary x; € H,
define sequences {z,} and {u,} by

Tn

Tnt1 = anf(xn) + (1 — an)SPo(uy — ApAuy,),Vn € N. ’

They proved that under certain appropriate conditions imposed on {«,},
{rn} and {A\,} , the sequences {z,} and {u,} generated by (1.4) converge
strongly to z € Fiz(S)NEP(F) NVI(C, A), where

2 = Ppiys)nepr)nvic,a)f(2)-
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Yao, Liou and Yao [10], Ceng and Yao [11] introduced some iterative viscosity
approximation schemes for a common element of the set of solution (1.1) and
the set of fixed points of infinitely nonexpansive mappings in a Hilbert space.

Inspired by the above results, in the present paper, we introduce a modified
CQ iterative process for finding the common element of the set of fixed points
of a nonexpansive mapping, the set of an equilibrium problem and the set
of solutions of the variational inequality problem for an a-inverse strongly
monotone mapping in a Hilbert space. Then, we obtain a strong convergence
theorem for three sequences generated by this process. Based on this result,
we also get several new and interesting results which generalize and extend

some well-known results in [6-8].

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let
C be a nonempty closed convex subset of H. Let symbols — and — denote
strong and weak convergence, respectively. In a real Hilbert space H, it is well
known that

Az + (1= Nyl? = Nz ]|* + (1 = Nllyl® = A1 = Nz -yl

for all z,y € H and X € [0, 1].

For any x € H, there exists a unique nearest point in C', denoted by Po(z),
such that ||z — Po(x)|| < ||l —y|| for all y € C. The mapping P¢ is called the
metric projection of H onto C. We know that Pg is a nonexpansive mapping
from H onto C' and satisfies

(x —y, Pox — Pey) > |Pox — Pyl (2.1)

It is also known that Pox € C and

(x — Po(x), Po(x) —y) >0 (2.2)

forall x € H and y € C.
It is easy to see that (2.2) is equivalent to

lz =yl 2 llz — Pe(@)l* + |y — Po(x)|? (2.3)

for all x € H and y € C.
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Let A be a-inverse-strongly monotone mapping of C' into H. In the context
of the variational inequality problem the characterization of projection (2.1)
implies the following:

ueVI(C,A) = u= Po(u— Nu),\ >0,

and
u = Po(u — NAu) for some A > 0= ue VI(C,A).

It is known that if 7" is a nonexpansive mapping of C' into itself and I is the
identity mapping of H, then A = I — T is %—inverse—strongly monotone and
VI(C,A) = Fix(T). If A is a-inverse-strongly monotone of C' into H, then it
is obvious that A is é—Lipschitz continuous. We also have that for all z,y € C

and A > 0,
I(I = XA)z — (I = AA)y|? = ||z — y — A(Az — Ay)|*
= |l =yl — 2\(z — y, Az — Ay) + \*|| Az — Ay|®
<l —yl* + A\ = 2a) [ Az — Ay]|*. (2.4)
So, if A < 2a, then I — AA is a nonexpansive mapping of C into H.

It is also known that H satisfies the Opial’s condition [12], i.e., for any
sequence {x,} C H with x,, = z, the inequality

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with = # y.

A set-valued mapping T : H — 2 is called monotone if for all z,y € H,
f €Txand g € Ty imply (x—y, f—g) > 0. A monotone mapping T : H — 21
is maximal if its graph G(T") of T is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping 7' is maximal
if and only if for (z, f) € H x H,(z —y, f — g) > 0 for every (y,9) € G(T)
implies f € Tx. Let A is an a-inverse strongly monotone mapping of C into H
and let Nov be normal cone to C at v € C, i.e, Nov ={w € H : (v —u,w) >
0,Vu € C'}. Define

0 ifvé¢C,
then 7" is maximal monotone and 0 € T'v if and only if v € VI(C, A) (see [13]).
For solving the equilibrium problem, let us assume that the bifunction F'

{ Av+ Neov ifv e C,
Tv =

satisfies the following conditions:
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(Al) F(xz,z) =0 for all z € C;
(A2) F is monotone, i.e. F(z,y)+ F(y,z) <0 for any z,y € C,
(A3) for each z,y,z € C,

ltil%lF(tZ + (1 —-t)z,y) < F(z,y);

(A4) for each z € C,y — F(x,y) is convex and lower semicontinuous.
We recall some lemmas needed later.

Lemma 2.1. [2] Let C be a nonempty closed convex subset of H, let F
be a bifunction from C x C' to R satisfying (A1)-(A4). Let r > 0 and x € H.
Then, there exists z € C such that F(z,y)+ 1(y—2,2—x) >0, forall y € C.

Lemma 2.2. [4] Let C' be a nonempty closed convex subset of H, let F
be a bifunction from C x C to R satisfying (A1)-(A4). For r > 0 and = € H,
define a mapping T;. : H — C as follows.

1
L(x)={z€C: Flz,y) + ({y—z2-2) 20,Vy € C}

for all x € H. Then, the following statements hold:
(1) T) is single-valued,;
(2) T, is firmly nonexpansive, i.e, for any x,y € H,
1T (2) — Tr(y)H2 < (T;(z) = Tr(y),z — y);

(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Let 51,52, ... be an infinite family of nonexpansive mappings of C' into itself
and let &1,&o, ... be real numbers such that 0 < & < 1 for every ¢ € N. For
any n € N, define a mapping W,, of C into C as follows:

Un,n+1 = I,

Un,n = gnTnUn,nJrl + (1 - fn)la
Un,nfl = ‘fnflTnflUn,n + (1 - gnfl)lv

Unji = &TkUn 41 + (1 = &)1,
Uni—1 = &—1Tr—1Unp + (1 = E—1)1,
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Una = &ToUp3+ (1 — &)1,

Wy =Upg =&T1Unp + (1 - &)1

Such a mapping W, is called the W-mapping generated by Sy, Sn—1, .-, S1
and &,,&,—1, ..., &1; see [14, 15].

Lemma 2.3. [15] Let C' be a nonempty closed convex subset of a Banach
space . Let Si,S59,... be an infinite family of nonexpansive mappings of C
into itself such that N2, Fiz(S;) is nonempty, and let &;, &2, ... be real numbers
such that 0 < & < d < 1 for every ¢ € N. For any n € N, let W, be the
W-mapping of C into itself generated by S,,Sn—1,...,51 and &,,&.—1, ..., &1-
Then W, is asymptotically regular and nonexpansive. Further, if E is strict
convex, then F(W,,) = NI, Fiz(S;).

Lemma 2.4. [14] Let C be a nonempty closed convex subset of a strictly
convex Banach space E. Let S1,S52,... be an infinite family of nonexpansive
mappings of C into itself such that N2, F'iz(.S;) is nonempty, and let &, &o, ...
be real numbers such that 0 < & < d < 1 for every ¢ € N. Then for every
x € C and k € N, the limit limy, ..Uy o exists.

Remark 2.1. Using Lemma 2.4, one can define a mapping Uy, and W of
C into itself as follows:

Uso o = limy—.ooUp g

and Wz = lim,—.ocWya = limy—.ocUy 12 for every o € C. Such a mapping
W is called the W-mapping generated by S1, 59, ... and &1, &, .... Since W, is
nonexpansive, W : C' — (' is also nonexpansive. Indeed, observe that for each
z,y € C

Wz =Wyl = limn oo [Wna — Wayll < [z —y].
If {z,} is a bounded sequence in C, then we have
limp—oo||[Wa — Wyz| = 0.

Lemma 2.5. [15] Let C be a nonempty closed convex subset of a strictly
convex Banach space E. Let S1,S52,... be an infinite family of nonexpansive
mappings of C into itself such that N°, Fiz(.S;) is nonempty, and let &, &a, ...
be real numbers such that 0 < & < d < 1 for every ¢ € N. Then F(W) =
N>, Fiz(Sy).
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3. STRONG CONVERGENCE THEOREM

In this section, we show a strong convergence theorem which solves the
problem of finding a common element of the set of solutions of an equilibrium
problem, the set of fixed points of a nonexpansive mapping and the set of the
variational inequality for an a-inverse strongly monotone mapping in a Hilbert

space.

Theorem 3.1 Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (Al)-(A4) and
let A be an a-inverse strongly monotone mapping of C into H. Let S1, S, ...
be an infinite family of nonexpansive mappings of C' into itself such that
Q=X Fix(S;)) NVI(C,A) N EP(F) # () and let 1, &, ... be real numbers
such that 0 < & < d < 1 for every i € N. For any n € N, let W,, be the
W-mapping of C into itself generated by S,,,S,_1,...,51 and &,,&r—1, ..., &1
Let {x,}, {un}, {yn} and {z,} be sequences generated by

(

r1 =z € H,

F(tn, y) + 7y — tn, ttn — 25) > 0, Vy e C,
Zn = apy + (1 — o)Wy Po(un, — A\pAuy,),
Cn={2€H: |z — 2| < |lzn — 2|},
Qn={z€ H: (xy,— 22—z, >0},

Tn+1 = Po,n@n®

for every n = 1,2,.... If {\,} C [a,b] C (0,2q), {an} C [0, ¢] for some ¢ € [0, 1]
and {r,} C (0, 00) satisfies liminf r,, > 0. Then, {z,}, {u,} and {z,} converge
strongly to w = Pq(z). e

Proof. It is obvious that C), is closed and (), is closed and convex for
every n = 1,2,.... As C,, = {2z € H : ||z — za||® + 2(2n — T, Ty, — 2) < 0},
we also have that C), is convex for every n = 1,2,.... As Q, = {z € H :
(xn, — z,@ — xy) > 0}, we have (z, — z,2 — z,) > 0 for all z € @, and, by
(2.2), zp, = Py, x. Put t,, = Po(u, — Ay Auy,) for every n =1,2,.... Let u € Q
and let {7T,,} be a sequence of mappings defined as in Lemma 2.2. Then
u= Po(u— A\yAu) = T, u. And from u,, =T, x, € C, we have

un —ull = | T, 20 — Tr, ul|

< |ln — ull. (3.1)
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Since A is an a-inverse strongly monotone mapping, from (2.4), we have
[tn = ull = [[Pe(un — AnAun) — Po(u — AnAu) ||
<l = ApAuy, — (uw — Ay Au)||
< Ny, — ul|. (3.2)

Therefore from (3.1), (3.2), 2, = anxn + (1 — ap)Wit, and u = W,u, we
have

l|lzn — U||2 = [Janzn + (1 — an) Wity — uH2
< aplln — UHQ + (1= an)[Watn — uH2
< apllzn — U||2 + (1 —an)ltn — U”2
< agllan = ull® + (1 — ap) Jun — ul|?
< lzn —ul®, (3.3)

for every n = 1,2, ... and hence v € C,. So, Q2 C C), for every n = 1,2, ....
Next, let us show by mathematical induction that {x,} is well defined and
QcC CpNQy,foreveryn =1,2,.... Forn=1wehavex; =z € Cand Q1 = H.
Hence we obtain 2 C Cy N Q1. Suppose that x is given and 2 C Cp N Qp
for some k € N. Since §2 is nonempty, Cy N Q is a nonempty closed convex
subset of H. So, there exists a unique element zr,; € Ci N @y such that
Zrp+1 = Po,ng, - It is also obvious that there holds (zy1 — 2,2 — z41) > 0
for every z € Ci N Q. Since Q C Ck N Qg, we have (11 — 2,0 — xpy1) >0
for every z € 2 and hence 2 C Qy11. Therefore, we obtain Q C Ciy1 N Q1.
Let Iy = Pox. From x,+1 = Pc,ng,* and lp € Q C C}, N Qy,, we have

[€n1 = || < [llo — =] (3-4)

for every n = 1,2, .... Therefore, {z,} is bounded. From (3.1)-(3.3), we also
obtain that {t,}, {2} and {u,} are bounded. Since z,+1 € C,, N Q, C Cy,
and z,, = Py, x, we have

[z — 2| < l|lznt1 — ]

for every n = 1,2, .... Therefore, lim,,_.« ||z, — z|| exists.
Since z, = Py, x and z,,4+1 € @y, using (2.3), we have

lzns1 = 2al® < flonsr — 2] = [lon — 2
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for every n = 1,2, .... This implies that
lim ||zp4+1 — 2n|| = 0.
n—oo
Since x,41 € Cy, we have ||z, — Zp41]| < ||xn — n+1]| and hence
|Zn = znll < |l2n — Tngall + |Tnt1 — 20ll < 2|20 — Tota ||
for every n = 1,2, .... From lim, o ||Zn+1 — zp|| = 0, we have ||z, — 2z,,|| — 0.
For u € ), we have, from Lemma 2.2,

l|n — u||2 = Ty, zn — TmUHQ <(Ty,xn — T, u,xn — u)

= (un — u,2n —u) = %{Ilun —ull? + llen = ull® = llzn — ual*}.
Hence,
ot — wll? < llzn — wl = 2 — wall®.
Then, by (3.3) and (3.2),
20 = ull® < apllzn = ull? + (1 = an)|[tn — ul]?
< apllzn — UH2 + (1 — an)llun — UH2
< agllzn = ul® + (1 = an)lllzn — ul® = |z — unl)?]
= Jlzn —ul® = (1 = an) |2 — ua*.
Hence,
(I =c)llzn — UnH2 < (1 —an)llan — un||2
< lzn = ull? = llz — ul?
= ([len —ull + 120 = wl) (20 = ull = [lzn — ul])
< ([[en = ull + [lzn = ul)llzn = znll
Since ||zy, — 2z, || — 0 and the sequences {z,} and {z,} are bounded, we obtain
|xn, — upl| — 0.
For u € Q, from (3.3), (3.1) and (2.4), we have
l2n = ull* < anllzn — ul® + (1 = o)t — ul]®
< apllzn — ul* + (1 — ap) || Po(tn — AnAuy) — Po(u — Ay Au) ||
< apllzn — ul* + (1 — an)||un — AAuy, — (v — Ay Au)]|?
< anllan — ull® + (1 = an)[llun — ull2 + An(An — 20)[| Aun — Aul’]
<l = ull? + (1 = an)An(An = 20| Aun — Aul)?
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and hence
(1—c)a(2a — b)||Au, — Aul?
< (1 = an)An(2a — N || Auy, — Aul?
< ln = ull® = [l2n —ull?
< (llen = ull + llzn — ulllzn — 2|

Since ||z, — 2z,|| — 0 and the sequences {x,} and {z,} are bounded, we
obtain ||Au, — Aul|| — 0.
From (2.1) and (2.4), we have

[t = ull® = | Po(un — AnAun) — Pe(u — A Au)|?
< (un — ApAuy) — (u— A\yAu), t, — u)
= %{Il(un = MAun) = (u = X Au)|* + [tn — ull?
~[[(un = AnAun) = (w = AnAu)] = (tn — u)[|*}

1
< glllun = ull? + (It — wl® = [[(un — tn) = An(Aun — Au)|*}

1
= i{Hun—uHQ—l—th—uW—Hun—tnH2—|—2)\n(un—tn,Aun—Au>—/\%HAun—AuH2}.
Hence,
[tn — ull® < [Jun — ul|® = [[tg — tn]|* + 220 (g — tn, Aun — Au) — A2 || Auy — Aul)?
From (3.3) and (3.1), we have
[[2n — u”2 < apllan — UH2 + (1 —an)tn — UH2
< apllen —ul? + (1 = an)[l[un = ul® = lup — t|?
42X (U — tn, Aty — Au) — N2 || Auy, — Aul)?]
< lzn — U||2 — (1 = an)llun — tn||2
+2X (1 = ) (g — ty Aty — Au) — (1 — ) N2 || Auy, — Au|?
and hence
(1 —o)flun — tn||2 < (1= on)fun — tn||2
< an—ul* = || 2n—ul| 242X (1 =) (ty —ty, Aty — A) — (11—, ) N2 || Ay — A
< ([Jen = ull + Iz — ul) 20 — znll

422 (1 — )ty — tn, Aty — Au) — (1 — o) A2 || Ay, — Aul)?.
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Since ||zy, — 2zp|| — 0 and ||Au, — Au|| — 0, we obtain ||u, — t,|| — 0. It
follows from the Lipschitz-continuity of A that ||Au, — At,|| — 0.

From ||z, — tn|| < [|2n — Zn|| + |20 — un|| + ||un — tn|| we have ||z, —t,] — 0.
From ||t, — x| < ||t — unl|| + ||@n — un|| we also have ||t, — z,| — 0.

Since z, = anxn + (1 — an)Wit,, we have (1 — ay,) Wity — t) = ap(t, —
Zn) + (2n — tn). Then

(1= )[Whtn — tnl < (1 — an)[Watn — tall < amlltn — @nll + |20 — tnl
and hence ||[Wyt,, — t,|| — 0. At the same time, observe that
[Witn = tol| < [[Wtn — Watn|l + [[Watn — ta. (3.5)

It follows from (3.5) and Remark 2.2, we have lim,,_. ||Wt, — t,| = 0.

As {x,} is bounded, there exists a subsequence {z,. } of {z,} such that
ZTn; — w. From ||x, —u,|| — 0, we obtain that u,; — w. From ||u, —t,| — 0,
we obtain also that ¢,,; — w. Since {u,;} C C and C' is closed and convex, we
obtain w € C.

First, we show w € EP(F'). By u, = T;,x,, we know that

1
F(Umy) + 7<y — Up, Up *xn> > O)Vy eC.

Tn
It follows from (A2) that

1
T—(y — Uy, Up, — Tp) > Fy,up),Vy € C.
n
Hence,

Up,; — Tn,

<y_unia > ZF(y,unl),VyGC

Tn,;

7

It follows from u"’ri;m"l — 0, up, — w and (A4) that
fly,w) <0,Vy € C.
For t with 0 <t <1 and y € C, let yy = ty + (1 — t)w. Since y € C and
w € C, we obtain y; € C' and hence F(y;, w) < 0. So

0=F(y,y:) <tF(ye,y) + (1 —t)F(ys, w) < tF(ys,y)
Dividing by ¢, we get
F(ys,y) > 0.
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Letting t — 0, it follows from (A3) that
F(w,y) 20

for all y € C' and hence w € EP(F'). We next show that w € Fix(W). Assume
w ¢ Fix(W). Since t,, — w and w # Ww, from the Opial theorem [12] we
have

liminf ||¢,, — w|| liminf ||¢,, — Wuw||
1—00 71— 00

<
< Tminf{|ltn, — W || + [Wto, — Weoll}
71— 00
< liminf ||¢,, — w||

71— 00

This is a contradiction. So, we get w € Fiz(W) = N2, Fiz(S;).
We shall show w € VI(C, A). Let

Av+ Neov ifv e C,
Ty =
0 ifvégC.

where N¢ov is the normal cone to C' at v € C. We have already mentioned
that in this case the mapping T is maximal monotone, and 0 € Tw if and
only if v € VI(C,A). Let (v,g) € G(T'). Then Twv = Av + N¢v and hence
g — Av € New. So, we have (v —t,g — Av) > 0 for all ¢ € C. On the other
hand, from ¢, = Po(u, — A\pAuy,) and v € C' we have

(Up — ApAuy —ty,ty —v) >0
and hence

th — Up

An

<q) —tn, + Aun> > 0.
Therefore, we have

(V—"1tn;,9) > (v —ty,, Av)

tn, — Unp,
> (v —ty,;, Av) — (v — tp,, Ini — Uni Auy,)
An;
tn, — Un,
= (v —ty,;, Av — Aup, — —)
An;
tn, — Un,
= (v —tp,, Av — Aty, + Aty, — Aup, — 1)\ L)
n;

tn,

7 _uni

An;

(3

= (v —ty,, Av — Aty,,)+ (v — tp,, Aty, — Auy,)— (v — ty,, )
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tp, — Un,

An;

7

> (v —tp,, Atp, — Auy,) — (v — ty,,

)

Hence we obtain (v —w,g) > 0 as i — oo. Since T' is maximal monotone,
we have w € T710 and hence w € VI(C, A). This implies w € Q.
From ly = Pox, w €  and (3.4), we have
llo =2l < [lw — 2| <liminf ||z, — || <Timsup ||z, — || < [llo — =[].
i—00 i—00
So, we obtain

lim [z, — 2] = [jw = z[|.
1—00

From z,, — x — w — x we have x,, — x — w — = and hence z,, — w. Since
xTn = Pg,r and lp € 2 C C,, N Qp C @y, we have

_”lU - mnz‘HQ = <lo — Tng Tny — l’) + <l0 — Tn;H L — l0> 2 <l0 — Tng T — l0>'

As i — 00, we obtain —|/lg — z,||? > (lo — w,z — lo) > 0 by lp = Pox and
w € ). Hence we have w = [yp. This implies that z,, — ly. It is easy to see
U, — lg and z, — lp.

By Theorem 3.1, we can obtain the following new and interesting strong
convergence theorems in a real Hilbert space.

Corollary 4.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (Al)-(A4) and
let A be an a-inverse strongly monotone mapping of C into H such that
VI(C,A)NEP(F) # 0. Let {z,}, {un}, {yn} and {z,} be sequences generated
by
r1=x € H,

F(un,y)—i-%(y—un,un—xm >0, Vy € C,

Zn = apy + (1 — o) Po(un — A\pAuy),
Cn={2€H:|zn—z| <2, — 2]},
Qn={2€H:(xy,—z,x—1x,) >0},

[ Znt1 = Fe,nQ.®

forevery n =1,2,.... If {\,} C [a,b] C (0,2aq), {a} C [0, ¢] for some ¢ € [0, 1]
and {r,} C (0, 00) satisfies 1innli£f rn, > 0. Then, {z,}, {u,} and {z,} converge

strongly to w = Py ¢ anepr)(T)-
Proof. Putting S,, = I and o, = 0 for every n = 1,2, ..., by Theorem 3.1
we obtain the desired result.
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Corollary 4.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (A1)-(A4) and let
S1,S52, ... be an infinite family of nonexpansive mappings of C into itself such
that N2, Fix(S;) N EP(F) # 0 and let &;,&, ... be real numbers such that
0< & <d<1forevery: e N. For any n € N, let W, be the W-mapping of
C' into itself generated by S, Sp—1,...,51 and &, &n—1, ..., &1 Let {zn}, {un},
{yn} and {z,} be sequences generated by

r1 =z € H,

F(tn, y) + 7y = tn, ttn — 25) > 0, Yy € C,
Zn = apty + (1 — an) Whuy,
Cn={2€H:|zn— 2| < |lzn — 2|},
Qn={2z€H: (xy,—zx—1x,) >0},

Tn+1 = Po,n@nt

for every n = 1,2,.... If {ay,} C [0, ¢] for some ¢ € [0,1] and {r,} C (0,00)

satisfies lim inf r, > 0. Then, {x,}, {u,} and {z,} converge strongly to w =
n—oo

Pree piz(s)nEP(F)(T).
Proof. Putting A = 0, by Theorem 3.1 we obtain the desired result.

Corollary 4.3 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an a-inverse strongly monotone mapping of C into H. Let
S1,52, ... be an infinite family of nonexpansive mappings of C into itself such
that N2, Fix(S;) NVI(C, A) # 0 and let &, &2, ... be real numbers such that
0< & <d<1forevery: e N. For any n € N, let W, be the W-mapping of
C' into itself generated by S, Sp—1,...,51 and &, &n—1, ..., &1 Let {zn}, {un},
{yn} and {z,} be sequences generated by

/

Ty =x € H,

(Y — Un,up — ) >0, Yy e C,

Zn = Ty + (1 — )W, Po(un — A\ Auy,),

Cn=A{z€ H:|lzn — 2| < llan — 2|},
Qn={2€H:(xyp—2z,z—1x,) >0},

Tnt+1 = Po,nQ.T

for every n = 1,2,.... If {\,} C [a,b] C (0,2a) and {a,} C [0,¢] for
some ¢ € [0,1]. Then, {x,}, {u,} and {z,} converge strongly to w =

Pree piz(s)nvi(c,a) ().
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Proof. Putting F(x,y) =0 for all z,y € C and r, = 1 for all n € N, by

Theorem 3.1 we obtain the desired result.

Corollary 4.4 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let 51,55, ... be an infinite family of nonexpansive mappings of C
into itself such that N2, Fix(S;) # 0 and let &, &2, ... be real numbers such
that 0 < & < d < 1 for every i € N. For any n € N, let W,, be the W-
mapping of C into itself generated by Sy, Sp—1,...,51 and &,,&,—1,...,&1. Let

{zn}, {un}, {yn} and {z,} be sequences generated by

.
r1=x € H,

Zn :Oénl‘n—F(l —an)Wnuny

Cn={2z€H: |z — 2| < |lzn — 2},

Qn={2€H:{(xy— 2,2 —1,) >0},
[ Znt1 = Po,n@.®

for every n =1,2,.... If {a,,} C [0, ] for some ¢ € [0, 1], then, {x,}, {u,} and
{zn} converge strongly to w = Pree Piz(s)nvVI(C,A) ().

Proof. We know that Py = I. Putting A = 0 and w, = x, for all
n=1,2,..., by Theorem 4.4 we obtain the desired result.

Remark 4.1. Corollary 4.2 generalizes and extends Theorem 3.1 in [6].
Corollary 4.4 generalizes and extends Theorem 3.4 in [7]. If o, = 1 for every
n=1,2,..., by Corollary 4.4, we recover Theorem 3.1 in [8].
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