Fixzed Point Theory, Volume 9, No. 2, 2008, 497-513
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

LERAY-SCHAUDER, LEFSCHETZ AND
KRASNOSELSKII FIXED POINT THEORY IN FRECHET
SPACES FOR GENERAL CLASSES OF VOLTERRA
OPERATORS

DONAL O’REGAN* AND ADRIAN PETRUSEL*"

*Department of Mathematics,
National University of Ireland,
Galway, Ireland

E-mail: donal.oregan@nuigalway.ie

Department of Applied Mathematics
Babeg-Bolyai University
400084 Cluj-Napoca, Romania
E-mail: petrusel@math.ubbcluj.ro

Abstract. New fixed point theorems for maps (single-valued and multi-valued) between
Fréchet spaces are presented. The proof relies on fixed point theory in Banach spaces and
viewing a Fréchet space as the projective limit of a sequence of Banach spaces. In particular
we obtain an applicable Leray-Schauder alternative, a Lefschetz fixed point theorem and a
Krasnoselskii fixed point theorem in Fréchet spaces for general classes of maps.

Key Words and Phrases: fixed point theory, Fréchet space, single-valued and multivalued
maps, projective limits.

2000 Mathematics Subject Classification: 47H10, 54H25.

1. INTRODUCTION

This paper presents new fixed point theorems for maps (single-valued and
multi-valued) between Fréchet spaces. In the literature [1, 3, 4] one usually
assumes the map F' is defined on a subset X of a Fréchet space E and its
restriction (again called F) is well defined on X, (see Section 2). In general,
of course, for Volterra operators the restriction is always defined on X,, and
in most applications it is in fact defined on X, and usually even on FE,
(see Section 2). In this paper we make use of the fact that the restriction is
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well defined on X,, and we only assume it admits an extension (satisfying
certain properties) on X,. We also show how easily one can extend fixed
point theory in Banach spaces to fixed point theory in Fréchet spaces. In
particular we obtain an applicable Leray-Schauder alternative, a Lefschetz
fixed point theorem and a Krasnoselskii fixed point theorem in Fréchet spaces
for Volterra type operators.

Suppose X and Y are Hausdorff topological spaces. Given a class X of
maps, X(X,Y) denotes the set of multi-valued maps F : X — 2¥ (where 2V
denotes the family of all nonempty subsets of Y') belonging to X, and X, the
set of finite compositions of maps in X. A class U of maps is defined by the
following properties:

(i). U contains the class C of single-valued continuous functions;

(ii). each F' € U, is upper semicontinuous and compact-valued;

and

(iii). for any polytope P, F' € U.(P, P) has a fixed point, where the interme-
diate spaces of composites are suitably chosen for each U.

Definition 1.1. F € U¥(X,Y) if for any compact subset K of X, there is
a GelU.(K,Y) with G(z) C F(z) for each z € K.

Examples of Uf maps are the Kakutani maps, the acyclic maps, the ap-
proximable maps, and the maps admissible in the sense of Gérniewicz.

Existence in Section 2 is based on a Leray-Schauder alternative [2] which

we state here for the convenience of the reader.
Theorem 1.1. Let E be a Banach space, U an open convex subset of E
and 0 € U. Suppose F € US(U,E) is a upper semicontinuous countably
condensing map with © ¢ A\ Fz for © € OU and X € (0,1). Then F has a
fized point in U.

Also, existence in Section 2 will be based on some Lefschetz type fixed point
theory. Let X, Y and I' be Hausdorff topological spaces. A continuous single
valued map p: I' — X is called a Vietoris map (written p : I' = X) if the
following two conditions are satisfied:

(i). for each x € X, the set p~1(z) is acyclic;
(ii). p is a proper map i.e. for every compact A C X we have that p~1(A4)
is compact.

Let D(X,Y) be the set of all pairs X L 1% Y where p is a Vietoris map
and ¢ is continuous. We will denote every such diagram by (p, q). Given two
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diagrams (p,q) and (p/,¢'), where X Zpe Y, we write (p,q) ~ (p/,¢) if
there are maps f:T' —I" and ¢g:I” — T such that ¢'o f =¢q, p' o f = p,
gog=¢ and pog = p'. The equivalence class of a diagram (p,q) € D(X,Y)
with respect to ~ is denoted by

p={XETLV): XY

or ¢ =[(p,q)] and is called a morphism from X to Y. We let M(X,Y) be
the set of all such morphisms. For any ¢ € M(X,Y) aset ¢(z) = qgp ' (z)
where ¢ = [(p,q)] is called an image of x under a morphism ¢.

Consider vector spaces over a field K. Let E be a vector space and f : £ —
E an endomorphism. Now let N(f) = {z € E: fM™(z) =0 for some n}
where f( is the nt" iterate of f, and let E = E\ N(f). Since f(N(f)) C
N(f) we have the induced endomorphism f:E — E. We call f admissible
if dimE < oo; for such f we define the generalized trace Tr(f) of f by
putting Tr(f) = tr(f) where tr stands for the ordinary trace.

Let f = {f;} : E — E be an endomorphism of degree zero of a graded
vector space E = {E;}. We call f a Leray endomorphism if (i). all f,
are admissible and (ii). almost all Eq are trivial. For such f we define the
generalized Lefschetz number A(f) by

A(f) =D (=1)1Tr (fy).

q

Let H be the Cech homology functor with compact carriers and coefficients
in the field of rational numbers K from the category of Hausdorff topological
spaces and continuous maps to the category of graded vector spaces and linear
maps of degree zero. Thus H(X) = {H,(X)} is a graded vector space, H,(X)
being the g¢-dimensional Cech homology group with compact carriers of X.
For a continuous map f: X — X, H(f) is the induced linear map f, = {fxq}
where f,,: Hy(X) — Hy(X).

The Cech homology functor can be extended to a category of morphisms
(see [7], pp. 364) and also note the homology functor H extends over this
category i.e. for a morphism

p={XELETLV}:X>Y
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we define the induced map
H(¢) = v : H(X) — H(Y)

by putting ¢, = g, o p; .

Let ¢ : X — Y be a multi-valued map (note for each = € X we assume
¢(x) is a nonempty subset of Y). A pair (p,q) of single valued continuous
maps of the form X L2 T %4 Y is called a selected pair of ¢ (written
(p,q) C ¢) if the following two conditions hold:

(i). p is a Vietoris map

and

(ii). q(p~Y(x)) C ¢(x) for any = € X.

Definition 1.2. A upper semicontinuous compact map ¢ : X — Y is said
to be admissible (and we write ¢ € Ad(X,Y)) provided there exists a selected
pair (p,q) of ¢.

Definition 1.3. A upper semicontinuous map ¢ : X — Y is said to be
admissible in the sense of Gérniewicz (and we write ¢ € AD(X,Y)) provided
there exists a selected pair (p,q) of ¢.

Definition 1.4. A map ¢ € Ad(X, X) is said to be a Lefschetz map if for each
selected pair (p,q) C ¢ the linear map q.p;!: H(X) — H(X) (the existence
of p;! follows from the Vietoris Theorem) is a Leray endomorphism.

If $: X — X is a Lefschetz map, we define the Lefschetz set A (¢) (or

Ax (¢)) by
A (¢) = {Algpi") s (p.q) C o}

Definition 1.5. A Hausdorff topological space X is said to be a Lefschetz
space provided every ¢ € Ad(X,X) is a Lefschetz map and A(¢) # {0}
implies ¢ has a fixed point.

Also, in Section 2 we present Krasnoselskii compression and expansion
theorems in the Fréchet space setting. Let F = (E,|.|) be a normed lin-
ear space and C C F a closed cone. For each » > 0 let us denote
BC(0,r) = {x € C : |z| < r}. Notice that BC(0,r) = B(0,R) N C where
B(0,r) ={z € E: |z| <r}. Our next result, Theorem 1.2, was established in
[12] and Theorem 1.3 can be found in [8].

Theorem 1.2. Let E = (E,|.|) be a normed linear space, C C E a closed
cone, v, R constants and 0 < r < R. Suppose F € UF(B(0,R)NC,C) is
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compact with

ly| > |x| for all y€ F(x) and x € 0BC(0,r)
and
ly| < |z| forall ye€ F(x) and x € dBC(0,R).

Then F has a fized point in BCy g ={x € C: r < |jz| < R}.
Theorem 1.3. Let E = (E,|.|) be a normed linear space, C C E a closed
cone, r, R constants and 0 < r < R. Suppose F € AD(C,C) is completely

continuous with

ly| < |z| forall y€ F(x) and z € 0BC(0,r)
and

ly| > |x| forall y € F(x) and z € OBC(0,R).

Then F has a fized point in BC; R.

Now let I be a directed set with order < and let {F,}aer be a family of
locally convex spaces. For each a € I, 3 € I for which o < 3 let w3 :
Eg — E, be a continuous map. Then the set

{a: = (zq) € H Ey: 2o =map(xg) forall o, fel, a< ﬁ}
acl

is a closed subset of [],.; Fo and is called the projective limit of {Eqy}acr

and is denoted by lim. E, (or lim_ {E,, 7, g} or the generalized intersec-

tion ([9], pp. 439) Naer Eo.) We also refer to [5] and [6] for the definition of

the projective (or inverse) limit, as well as, for its properties with respect to

fixed point theory.

2. FIXED POINT THEORY IN FRECHET SPACES

Let E = (E,{|-|n}nen) be a Fréchet space with the topology generated by
a family of seminorms {|- |, :n € N}; here N = {1,2,....}. We assume that
the family of seminorms satisfies

lz)1 < |z]o < z|s < .. for every = € F. (2.1)

A subset X of FE is bounded if for every n € N there exists 7, > 0 such that
|z|p, < rp forall z € X. For » >0 and = € E we denote B(x,r) ={y €
E: |z —yl, <rforalln € N}. To E we associate a sequence of Banach
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spaces {(Ey,|-|n)} described as follows. For every m € N we consider the
equivalence relation ~,, defined by

xr~py iff |z —yl, =0. (2.2)

We denote by E™" = (E / ~p,| - |n) the quotient space, and by (E,,|-|,) the
completion of E™ with respect to |- |, (the norm on E" induced by |- |,
and its extension to E,, are still denoted by |-|,). This construction defines a
continuous map ., : E — E,. Now since (2.1) is satisfied the seminorm |- |,
induces a seminorm on E,, for every m > n (again this seminorm is denoted
by |- ]n). Also (2.2) defines an equivalence relation on E,, from which we
obtain a continuous map iy m, : By — E, since E,, / ~, can be regarded as
a subset of E,. Now iy m tim i = pinp if n <m <k and pp = pinm pim it
n < m. We now assume the following condition holds:

{ for each n € N, there exists a Banach space (Fy,| - |n) (2.3)

and an isomorphism (between normed spaces) j, : E, — E,.

Remark 2.1. (i). For convenience the norm on F,, is denoted by |- |,.
(ii). In our applications E, = E™ for each n € N.
(iii). Note if x € E,, (or E") then = € E. However if z € E, then z is
not necessarily in E and in fact E, is easier to use in applications (even
though E,, is isomorphic to E,). For example if £ = C[0,00), then E"
consists of the class of functions in £ which coincide on the interval [0, n] and
E, = C[0,n].

Finally we assume

{ EiDE; D, and for each n € N, (2.4)

‘]n Hn.n+1 ];41_1 $|n < |x‘n+1 for all x € En+1-

Let lim. E, (or N E, where N{° is the generalized intersection [9]) denote
the projective limit of {E,}nen (note Tpm = jn finmim’ @ Em — En for
m > n) and note lim. FE, = E. For convenience we write F = lim. FE,.
For each X C F and each n € N we set X, = j,un(X), and we let
X,, int X, and 0X, denote respectively the closure, the interior and the
boundary of X, with respect to |- |, in FE,. Also the pseudo-interior of X

is defined by

pseudo —int (X) ={x € X : j,un(x) € X, \ 90X, for every n € N}.
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The set X is pseudo-open if X = pseudo — int (X). For r >0 and x € E,
we denote By (z,7) ={y € Ey,: |z —y|, <7}

Let M C E and consider the map F : M — 2F. Assume for each n € N
and z € M that j,pu, F (z) is closed. Let n € N and M, = j, un(M).
Since we only consider Volterra type operators we assume

if z,ye€ E with |z —yl|, =0 then H,(F (z),F (y)) =0; (2.5)

here H,, denotes the appropriate generalized Hausdorff distance (alternatively
we could assume for all n € N and for all x, y € M if j, pn T = jn tiny then
Jntin F () = jppn F (y). Of course here we do not need to assume that
Jn tn F' (x) is closed for each n € N and xz € M). Now (2.5) guarantees that
we can define (a well defined) F,, on M, as follows:

For y € M,, there exists a x € M with y = j, up(x) and we let

F, (y) = Jnpn Fx

(we could of course call it F'(y) since it is clear in the situation we use it);
note F, : M, — C(E,) and note if there exists a z € M with y = j, un(2)
then j, pn F (2) = jp pin F' (2) from (2.5) (here C(E,,) denotes the family of
nonempty closed subsets of E,). In this paper we assume F,, will be defined
on M, i.e. we assume the F,, described above admits an extension (again
we call it F),) F, : M, — 2F» (we will assume certain properties on the
extension).

We now show how easily one can extend fixed point theory in Banach spaces
to applicable fixed point theory in Fréchet spaces.
Theorem 2.1. Let E and E, be as described above and let F : X — 2F
where X is a convex subset of E. Also assume for each n € N and v € X
that jn pn F (x) is closed and also for each n € N that F, : X,, — 2F is as
described above. Suppose the following conditions are satisfied:

0 € pseudo — int (X) (2.6)

for each n € N, F,, € UF(int X,,, Ey,) is a @7)
upper semicontinuous countably condensing map '

for each ne€ N, y¢ \F, (y) in E, for all (2.8)
A€ (0,1] and y € dint X, '
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and

{ for each n € {2,3,....} if ye€intX, solves y € F,(y) (2.9)

in B, then jipknjnt (y) €int Xy for ke{l,..,n—1}

Then F has a fixed point in E.
Proof. Fix n € N. We would like to apply Theorem 1.1. To do so we need
to show

int X, is convex. (2.10)

To see this let &, § € p,(X) and A € [0,1]. Then for every = € u,* (%)
and y € p,(§) we have A\x + (1 — A\)y € X since X is convex and so
AT+ (1= XN)g = Aupn(z) + (1 — XN pn(y). It is easy to check that Ay, () + (1 —
M (y) = pn(Az + (1 — A)y) so as a result

Xé 4 (1= N = (A + (1= A)y) € n(X),

and so p,(X) is convex. Now since j, is linear we have X,, = j,(un(X))
is convex and as a result int X, is convex, so (2.10) holds. From Theorem
1.1 for each n € N there exists y, € int X,, with y, € F, (y,) (we apply
Theorem 1.1 with U = int X,, and note 0 = j, un (0) € X, \ 0X,, = int X,,).
Lets look at {yn}nen. Notice y1 € int X1 and ji p j,:l (yx) € int X for
k € N\{1} from (2.9). Note jip1ni, (yn) € Fi (j1pinin (yn)) in Ei;
to see note for n € N fixed there exists a = € E with y, = jp n (z) so
Jn bin () € Fyy (Yn) = jn i F(x) on E, so on E; we have

J1H1n ]Jl(yn) = JiHin ]771 Jn bn (1:) € J1 10 ]771 Jn bn F(x)
= i pn F(2) = j1pn F(x) = Fi(j1 1 (2))
= Fi(n g dnbn (@) = F1 (1 #10 dn (Un))-

As a result jipn gy (yn) € Fi(j1pindy (yn)) i Er, jipindn' (yn) €
int X7 for n € N, together with (2.7) implies there is a subsequence
(note the countably condensing map Fj is hemicompact) N7 of N and
a 21 € intX; with jlul,njgl (yn) — #z1 in By as n — oo in Ny and
z1 € F1 z; since Fy is upper semicontinuous. Also (2.8) implies z; € int X;.
Let Ny = N\ {1}. Now jopuonj,' (yn) € int Xo for n € N; together
with (2.7) guarantees that there exists a subsequence Nj of N; and a
29 € int Xy with jgugynjgl (yn) — 22 in Ey as n — oo in NJ and
zg € Fy(%2). Also (2.8) implies zp € int Xo. Note from (2.4) and the
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uniqueness of limits that ji p12 jgl zog = z1 in E; since Ny C N; (note
J1bm dnt (yn) = J1in255 " d2 o dnt () for m € N3). Let Ny = N3\ {2}.
Proceed inductively to obtain subsequences of integers

NfDON§D .y, NYC{kk+1,..}

and z € int Xy, with jg pgnjn! (yn) — 2z in Ep as n — oo in Nf and
2 € Fy, 2. Also (2.8) implies z;, € int X;. Note ji fir kt1 jkjl Zki1 = 2k in
Ey for k€ {1,2,..}. Also let N = N\ {k}.
Fix k€ N. Now z € Fi (2x) in Ej. Note as well that
. 1 . 1 . 1
2k = Jk Pkk+1Jp11 Pk+1 = Jk Bk k+1 Jpq1 Jk+1 Hk+1,k4+2 I g0 Zk+2
= Jk Mk k42 j;;ig 242 = e = Jk Hkm Gl 2 = Th.m Zm
for every m > k. We can do this for each £ € N. As a result y = (2) €

lim. FE,, = F and also note y € X since z; € int X} for each k € N. Thus
for each kK € N we have

Jk bk (y) = 21 € Fi (z1) = ji g F (y) in Ej,

soyeF(y)in E. O

Remark 2.2. Usually in our applications we have 90X, = dintX, (so X, =
M) If X is pseudo-open then X,, is open in E, so int X, = X,. To
see this note X,, C Tn\aXn since if y € X,, then there exists x € X with
Yy = Jnpin(z) and this together with X = pseudo — int X yields jpun(x) €
X, \0X, ie. ye€ X, \0X,. In addition notice

X, \ 0X,, = (int X,, U0X,)\ 0X, = int X, \ 0X, = int X,
since int X,, N 0X, = (. Consequently
X, C X, \0X, =int X, so X, =intX,.
Remark 2.3. We can replace (2.9) in Theorem 2.1 with

for each n € {2,3,....} if y€intX, solves y € F, (y)
in E, then jipupnij,!(y) € Xy for ke {l,..,n—1}

provided (2.7) is changed to

{ for each n € N, F, € U¥(X,,, E,) is a (2.7)*

upper semicontinuous countably condensing map
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Remark 2.4. It is possible to replace A € (0,1] in (2.8) with A € (0,1)
provided in this case we take X to be a closed convex subset of E and (2.9)
is changed to

(2.9)*

for each n € {2,3,....} if y€intX, solves y € F,(y)
in E, then jiupnij,!(y) €int Xy for ke {l,..,n—1}.

The proof follows as in Theorem 2.1 except in this case v, € intX, and
2k € intXy. Also from y = (2;) € lime E, = E and 7k (ym) — 2k in
Ej as m — oo we can conclude that y € X = X (note ¢ € X if and only
if for every k € N there exists (Tgpm) € X, Thm = Thn (Tnm) for n >k
with @, — ji e (¢) in Ep as m — o0). Thus z, = ji px (y) € Xj and so
Jr ik (y) € Jr px F (y) in By as before.

Note here also that (2.9)* could be replaced by

for each n €{2,3,...} if ye€intX, solves y € F,(y)
in B, then jiuknj,' (y) € Xy for ke {l,..,n—1}

provided (2.7) is changed to (2.7)* .
Example 2.1. Consider

y(t) € h(t) +/0tk‘(t, s) F(s,y(s))ds for t€[0,T) (2.11)

where 0 < T' < oo is fixed and F: [0,7) x R™ — CK(R™) where CK(R™)
denotes the family of nonempty convex compact subsets of R". In addition
we assume h : [0,7) — R™ and the matrix valued function & : {(s,t) : 0 <
s <t <tp} — Lmxml0,t,] for each n € N ={1,2,...}; here ¢, € [0,T) with
tn 1 T.

We will now show that (2.11) has a solution if F is bounded by a L] -

Carathéodory function g and if for each n € N, the ordinary differential

equation

V'(t) = supyepoy,) k(t) g(t,v(t)) ae. te[0,ty]
v(0) = |hln

has a maximal solution. Recall a function ¢ : [0,t,] x R = R (n € N fixed)
is a L'-Carathéodory function if

(a). the map t — g(t,y) is measurable for all y € R,

(b). the map y +— g(t,y) is continuous for a.e. ¢ € [0,1,],
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and
(c). for any r >0, Ju, € L1[0,t,] such that |y| <r implies |g(¢,y)| < pr(t)
for a.e. t €[0,t,).

A function ¢ :[0,7) x R — R is a L -Carathéodory function if (a), (b)
and (c) above hold when ¢ is restricted to [0,¢,] x R for any n € N. For
notational purposes if u € C[0,T) then for every n € {1,2,...} = N we define
the seminorms py,(u) by

pn(u) = sup |u(t)|
te[0,tn]
where t, T T. Note C[0,T) is a locally convex linear topological space. The
topology on C[0,T'), induced by the seminorms {py}necn, is the topology of
uniform convergence on every compact interval of [0,T).
In particular if

{ for each n € N, x+ F(t,z) is upper (2.12)

semicontinuous for a.e. t € [0, ]

for each n € N, for each measurable w:[0,t,] — R™
the map ¢+ F(t,u(t)) has measurable single (2.13)
valued selections

there exists a L} [0,7) — Carathéodory function

g:10,T) x [0,00) — [0,00) such that

2.14

|F'(t,x)| < g(t,|z|) fora.e. t€]0,T) (2:14)
and all x € R™

heC(0,T),R™) (2.15)

g(t,x) is nondecreasing in x for a.e. t€[0,7T) (2.16)

for each n € N, for each ¢ € [0,t,] we have
that k(t¢,s) is measurable on [0,¢] and k(t) (2.17)
= esssup |k(t,s)], 0 < s <t, is bounded on [0,1,]

for each n € N, the map t— k; is continuous
from [0,t,] to L°°([0,tn], Limxml0,tn]); (2.18)
here ki(s) = k(t,s)
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and
for each n € N, the problem
{ V' (t) = (Supte[wn] k(t)) g(t, (1)) ae. te0,t]
0(0) = [Aln
has a maximal solution r,(t) on [0,t,] (here r, € C[0,1,]).

(2.19)

hold, then (2.11) has at least one solution y € C[0,T).

To see this note here that E = C[0,T), EF consists of the class of functions
in E which coincide on the interval [0,tx], Ex = C][0,t;] with of course
Tnm = Jn n,m 1. B, — E, for m >n defined by Tnm(T) = 04, We
will apply Theorem 2.1 with

X={ueC0,T): |ulp, <w, foreach ne€ N};

here |ul, = supye;, |u(t)|, where I, =[0,t,], and wy, = sup;c; 7n(t) + 1.
On any interval I, = [0,t,] (n € N) we let F, on C(I,) be defined by

Foly) ={uec LY(I,): u(t) € F(t,y(t)) forae tecl,}
and we let A, on L!(I,) be defined by

Aw@—Mﬂféﬂww@@,

and finally we let F,, = A, o F,.
Now fix n € N and note

X (=Xn) ={y € O(In) : [yln < wan}.
Firstly a standard argument from the literature [11] guarantees that
F,: X, — CK(E,) is upper semicontinuous and compact,

so (2.7) is true.
To see (2.8) fix n € N and let y € C[0,t,] be such that y € AF,,y for
A € (0,1]. Then

ly(@)] < |hln + < sup k@)) /0 9(s,|y(s)]) ds = v(t)

te[0,tn]

for ¢t € [0,t,]. Now (2.16) implies

te[0,tn] t€[0,tn)

V(t) = ( sup k@)) g9(t, [y(®)]) < ( sup k(ﬂ) g(t,v(t))
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almost everywhere, so

{ V() < <SuPte[0,tn] k(t)) g(t,v(t)) for ae. te€|0,t,]
v(0) = [Aln.

Now [10] (see Theorem 1.10.2) guarantees that v(t) < r,(t) for ¢t € [0,t,], so
|yln < wy, and (2.8) is satisfied.

To show (2.9) fix n € {2,3,....} and suppose y € int X,, is a solution of
y(t) € h(t) + fg k(t,s) F(s,y(s))ds for t € [0,t,]. Next fix k€ {1,...,n—1}.
We must show y € int Xj,. Now since t, T T notice [0,%;] C [0,,] so as a
result

y(t) € h(t) + /0 Ukt s) F(s,y(s)) ds for € [0.4],

so essentially the same reasoning as above yields |y|p < wg, so y € int Xj
and (2.9) holds.

The result now follows immediately from Theorem 1.1.

Now we present some Lefschetz type theorems in Fréchet spaces. Let E
and FE, be as described above.
Definition 2.1. A set A C FE is said to be PRLS if for each n € N,
Ay, = jn in (A) is a Lefschetz space.
Definition 2.2. A set A C F is said to be CPRLS if for each n € N, A4,, is
a Lefschetz space.
Theorem 2.2. Let E and FE, be as described above, C C E is an PRLS
and F : C — 2F. Also assume for each n € N and x € C that jp pin F ()
is closed and also for each n € N that F, : C,, — 2En s as described above.

Suppose the following conditions are satisfied:
for each n € N, F, € Ad(Cy,,C,,) (2.20)
for each n € N, Ac, (F,) # {0} (2.21)

and

for each n € {2,3,...} if yeC, solves y e F,(y) in E, (2.92)
then i pkn jn* (y) € Cx for k€ {1,...,n—1}. '

Then F has a fixed point in E.
Proof. For each n € N there exists y, € C, with y, € F, (y,) in E,.
Now (2.20) guarantees (see Theorem 2.1) that there exists is a subsequence

Nf of N and a 1 € Cy (note F,, : Cp, — 2% is a compact map) with
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Jimnint(yn) — 21 in By as n — oo in Ny and 21 € F1 2. Let Ny =
N7\ {1}. Proceed inductively to obtain subsequences of integers

NfDNS Dy NEC{kk+1,..}

and z, € C} with jk,ukmjgl (Yn) — 2z in Ej as n — oo in N} and
zr, € Fyzi. Note jk/ﬁk,kﬂjkjl zk+1 = 2z, in By for k € {1,2,..}. Also
let N = N;\{k}. Now essentially the same reasoning as in Theorem 2.1
guarantees the result. [J

Essentially the same reasoning as in Theorem 2.2 (with Remark 2.4) yields
the following result.
Theorem 2.3. Let E and FE, be as described above, C C E is an CPRLS
and F : C — 2. Also assume C is a closed subset of E, for each n € N and
x € C that j, pn F () is closed and also for each n € N that F, : C,, — 2F»

is as described above. Suppose the following conditions are satisfied:

for each n € N, F, € Ad(C,,C,) (2.23)

for each n € N, Ag-(F,) # {0} (2.24)

and

{ for each n€{2,3,...} if yeC, soles y€ F,(y) in E, (2.25)

then j pikndn (9) € Cr for k€ {1,.on — 1},

Then F has a fized point in E.

Remark 2.5. Note we can remove the assumption in Theorem 2.3 that C' is
a closed subset of F if we assume F :Y — 2F with C CY and C, CY,,
for each n € N.

Remark 2.6. Of course there are analogue results for compact morphisms
(see the ideas here and in [3]).

Next we present some Krasnoselskii results in the Fréchet space setting.
Theorem 2.4. Let E and E, be as described in the beginning of Section
2, C a closed cone in E, r and R are constants with 0 < r < R, and
F:Y —2F with Y C E, and W,, = B,(0,R)NC,, C Y, for each n € N;
here W,, = C,, NV, where V,, = {x € E, : |z|, < R}. Also assume for each
neN and x €Y that j,un F (x) is closed and also for each n € N that
F, : W,, — 28 is as described above. Suppose the following conditions are



LERAY-SCHAUDER, LEFSCHETZ AND KRASNOSELSKII FIXED POINT 511

satisfied (here Q, = U, NC,, with U, = {x € B, : |z|, <r}):

. ) . (2.26)
18 @ upper semicontinuous compact map

{ for each n € N, F, € U(B,(0, R) N Cp,Cy)

lyln > |x|n for all y € F,(x) and x € 08,

and (2.27)
[yln < |x|n for all y € F,(x) and x € W,

for every k€ N and any subsequence A C{k,k+1,....}
if ¥ € Cy, is such that x € W, \Q, for some n € A (2.28)
then there exists a v > 0 with |ji pen ot Tk >

and

for each n € {2,3,...} if y€ B,(0,R)NC,
solves y € F,, (y) in En then jiurnin!(y) € Be(0,R)NCr  (2.29)
for ke{l,..,n—1}.

Then F has a fized point in E.

Remark 2.7. Note (2.28) is only needed to guarantee that the fixed point
y satisfies |jr ux ()| > v for k € N. If we assume all the conditions in
Theorem 2.4 except (2.28) then again F' has a fixed point in F but the above
property is not guaranteed.

Remark 2.8. Note in Theorem 2.4 if x € W,, then x € Y,, so there exists a
y €Y with = = j, pu, (y) and so F, () = jp un F(y).

Proof. Fix n € N. Now (), is a cone (the argument in Theorem 2.1 guar-
antees that C), is convex and as a result C,, is convex and similarly it is easy
to see show t2 € pu,(C) for every t > 0, so C, is a cone). Theorem 1.2 guar-
antees that there exists y, € W, \ Q, with y, € F, (y,) in E,. Lets look at
{yn}tnen- Notice y, € Wj for each n € N from (2.29). Now (2.26) guarantees
(see Theorem 2.1) that there exists is a subsequence N7 of N and a 2 € Wy
with 41 10 jnt (yn) — 21 in By as m — oo in Ni and z; € Fy(z1). Also
Yn € Wi\ Q, together with (2.28) yields |41 1.0yt (yn)lt > v for n € N
and so |z1]1 > 7. Let N; = Ny \{1}. Proceed inductively to obtain subse-
quences of integers

NfDNS Dy NEC{kk+1,..}
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and z, € W, with jk,ukmjgl (Yn) — 2zr in Ep as n — oo in N} and
2z € Fy(zx). Note jkluzk’k_l'_ljk:il zk+1 = 2z in Ey for k € {1,2,...} and
|26k > . Also let N = N\ {k}. Now essentially the same reasoning as in
Theorem 2.1 guarantees the result. [

Remark 2.11. In Theorem 2.4 it is possible (see Remark 2.4) to replace
W, C Y, with W, a subset of the closure of Y,, in E, provided Y is a
closed subset of E so in this case we could have Y = B(0, R)NC if W, is a
subset of the closure of j, p, (B(0,R) N C) in E,.

If we apply Theorem 1.3 instead of Theorem 1.2 we have the following result.
Theorem 2.5. Let E and E, be as described in the beginning of Section
2, C a closed cone in E, r and R are constants with 0 < r < R, and
F:Y —2F with Y CE, and C,, C Y, for each n € N. Also assume for
each n € N and v €'Y that j, p, F (x) is closed and also for each n € N
that F, : C, — 2Fn is as described above. Suppose the following conditions
are satisfied (here W,, = C, NV, where V, = {x € E, : |z|, < R} and
O =U,NC, with U, ={x € By, : |2|p, <7}):

(2.30)

for each n € N, F, € AD(C,,C,)
is a completely continuous map

and
[Yln < |z|n forall ye€ F,(x) and x € 0Qy,

and (2.31)
|Yln > |x|n for all y € F,(x) and x € OW,.

In addition assume (2.28) and (2.29) hold. Then F has a fized point in E.
Remark 2.9. In Theorem 2.5 it is possible (see Remark 2.4) to replace
C, C Y, with C,, a subset of the closure of Y;,, in E,, provided Y is a
closed subset of F and so in this case we could have Y = C.
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