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Abstract. Recently, Y. Liu et. al. [Common fixed points of single and multivalued maps,
Int. J. Math. Math. Sci., 19(2005), 3045-3055] defined common property (E.A) for two
pairs of hybrid maps and obtained some coincidence and fixed point results for such pairs.
We define a new property for pairs of hybrid maps that contains common property (E.A)
and show that there is no need to use common property (E.A) with full force and only our
tangential condition works to prove Theorems 1.1 & 1.2.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a metric space with metric d. Then, for z € X and A C X,
d(xz,A) = inf{d(z,y) : y € A}. We denote by CB(X) the class of all nonempty
bounded closed subsets of X, by CL(X) the class of all nonempty closed subsets
of X. Let H be the generalized Hausdorff metric on C'L(X) generated by the
metric d, that is,

H(A, B) = max{supd(z, B), supd(y, A)}
T€EA yeB
for every A,B € CL(X). A point p € X is said to be a fixed point of
T:X — CL(X) if p € Tp. The point p is called a coincidence point of
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f:X - Xand T : X — CL(X) if fp € Tp. The set of coincidence
points of f and T is denoted by C(f,T). Let Y be a nonempty subset of
a normed space E. Then the set Y is called p-starshaped with p € Y if
A+ (1 —XNp €Y for all z € Y and all real A with 0 < X\ < 1. We define
The =Nz + (1 —XN)pand [Tz,p] ={Thz: A€ [0,1]} for T: Y — CB(Y).
Maps f: X — X and T : X — CL(X) are said to be compatible [10]
if fTx € CL(X) for all x € X and H(fTxy, T fx,) — 0 whenever {z,} is a
sequence in X such that Tz, — A € CL(X) and fx,, — t € A. Therefore, the
maps f: X — X and T': X — CL(X) are non-compatible if fTx € CL(X)
for all x € X and there exists at least one sequence {z,} in X such that
Tz, — A € CL(X) and fz, — t € A but limy, oo H(fTxy,Tfx,) # 0 or
nonexistent. Maps f: X — X and T : X — CL(X) are weakly compatible
[8] if they commute at their coincidence points, i.e., if fTx = T fz whenever
fr € Te. Maps f: X — X and T : X — CL(X) are said to be (IT)-
commuting [6, 18] at x € X if fTa C Tfx. Let T : X — CL(X), then
f X — X is said to be T-weakly [9] commuting at z € X if ffz € T fx.
Maps f: X — X and T : X — CL(X) are said to satisfy the property
(E.A) [9] if there exists a sequence {x,} in X, some t € X and A € CL(X)
such that lim, .o fx, =t € A = lim, oo Tx,. Let f,g : X — X and
S, T : X — CL(X), the hybrid pairs (f,7) and (g,S) are said to satisfy
common property (E.A) [11] if there exist two sequences {z,}, {y»} in X,
some t € X, and A, B € CB(X) such that

lim Tz, = A, lim Sy, =B, lim fz, = lim gy, =t€ ANB. (1)

n—oo n—oo n—od n—oo
Banach contraction principle is the most celebrated fixed point theorem.
Nadler extended the Banach contraction principle to the case of multival-
ued maps. Afterward many authors obtained important fixed point theorems,
see for example, Berinde [2, 3] ,Ciric [4, 5], Petrusel [12, 14], Rus [13, 14] and
Shahzad [16, 17]. Sastry and Murthy [15] defined the notion of tangential
single-valued maps. Aamri and Moutawakil [1] rediscovered the notion of tan-
gential maps and named it as property (E.A). The class of maps satisfying
property (E.A) has remarkable property that it contain the class of compatible
maps [7] as well as the class of non-compatible maps. Kamran [9] extended
the notion of property (E.A) to a hybrid pair (f,T"), introduced the notion of
T-weak commutativity, and showed that (IT)-commutativity at a coincidence
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point of a hybrid pair (f,T") implies T-weak commutativity at the same point
but the converse is not true in general [9, Example 3.8]. Recently, Y. Liu et
al. [11] defined common property (E.A) for two pairs of hybrid maps and
obtained the following results.

Theorem 1.1. [11] Let f,g be two self-maps of the metric space (X,d) and
let F,G be two maps from X into CB(X) such that

(1) (f,F) and (g,G) satisfy common property (E.A);
(2) forallz £y e X,

d(fz, Fz) + d(gy, Gy)
2 )
d(fz,Gy) + d(gy, Fx)
; Je)

H(Fz,Gy) < maX{d(fx,gy),

If fX and gX are closed subsets of X, then

(a) f and F have a coincidence point;

(b) g and G have a coincidence point;

(¢) f and F have a common fized point provided that f is F-weakly com-
muting at v and ffv = fv forve C(f, F);

(d) g and G have a common fized point provided that g is G-weakly com-
muting at v and ggv = gv for v € C(g,G);

(e) f,9,F, and G have a common fized point provided that both (c) and
(d) are true.

Let ¢ : RT — R* be continuous and satisfy the following conditions:

(i) ¢ is non-decreasing on R*

(ii) 0 < ¢(t) < t, for each t € (0, 00).
Theorem 1.2. [11] Let f,g be two self-maps of the metric space (X,d) and
let F,G be two maps from X into CB(X) such that

(1) (f,F) and (g9,G) satisfy common property (E.A);
(2) forallz £y e X,

H(Fz,Gy) < ¢(max{d(fz,gy),d(fz, Fr),d(gy, Gy),d(fz,Gy),d(gy, Fx)}).

(3)
If fX and gX are closed subsets of X, then
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(a) f and F have a coincidence point;

(b) g and G have a coincidence point;

(¢) f and F have a common fized point provided that f is F-weakly com-
muting at v and ffv = fv forve C(f, F);

(d) g and G have a common fixed point provided that g is G-weakly com-
muting at v and ggv = gv for v € C(g,G);

(e) f,9,F, and G have a common fixed point provided that both (c) and
(d) are true.

The purpose of this note is to show that full force of common property

(E.A) is not needed to prove the above results.

2. MAIN RESULTS

We have the following definition.

Definition 2.1. Let f,g: X — X and S,T : X — CL(X). The hybrid pair
(f,T) is said to be g-tangential at t € X if there exist two sequences {y},
{yn} in X, A € CL(X) such that lim,_,oc Sy, € CL(X) and

lim fz, = lim gy, =t€ A= lim Tx,. (4)

n—00 n—00
Remark 2.2. Clearly, if the hybrid pairs (f,T) and (g,S) satisfy common
property (E.A) then (f,T) is g-tangential whereas (g, S) is f-tangential. How-
ever, the following example shows that if (f,T) is g-tangential then it is no
necessary that (f,T) and (g,S) satisfy common property (E.A).

Example 2.3. Let X = [1,00) with the usual metric. Define f,g: X — X
and S,T: X — CL(X) by

1 1
fx:2+§:n, ga::2+§z, Sz =11,2] and Tz = [2,2 + ]

for all x € X. Consider the sequences {x,} = {1+ 2},en and {yn} =
{3+ L}aen in X. Then,

lim fz, = lim gy, = > €1[2,3] = lim Tx,.
n—00 N—00 2 N—00
Therefore, the hybrid pair (f,T) is g-tangential. Suppose that there ex-
ist {xn} and {yn} in X such that lim, oo Tz, = A, lim,_ 00Ty, = B
and limy, o0 fx, = limy o9y, = t € AN B = {2}. This implies that

limy, oo T, = limy, oo Yy = 0. Clearly, there exist no such sequences in X.
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Now, we improve Theorems 1.1 & 1.2 by using above definition.

Theorem 2.4. Let X be metric space with metric d, f,g : X — X and
S, T : X — CL(X) be mappings such that
H(Tz,Sy) < max{d(fz,gy),ald(fz,Tz)+ d(gy, Sy)],
ald(fz,Sy) +d(gy, Tz)]}, 0<a <1, (5)
for all x,y € X with x # y. If either (f,T) is g-tangential or (g,S) is f-

tangential, and fX and gX are closed subsets of X, then C(f,T) # 0 and
C(g,S) # 0. Further,

(I) f and T have a common fixed point if f is T-weakly commuting at a
and ffa = fa where a € C(f,T);
(IT) g and S have a common fixed point if g is S-weakly commuting at b
and ggb = gb where b € C(g, S);
(III) f,9,S and T have a common fized point if (1) and (II) hold.

Proof. Suppose that the hybrid pair (f,T') is g-tangential, then there exist
sequences {x,} and {y,} in X such that
lim fx, = lim gy, =t € A= lim Tx,. (6)
n—oo n—oo n—oo

Let limy, oo Sy, = B. We claim that A = B. Suppose not, i.e., H(A, B) > 0.
Then, from (5), we have

H(A, Sya) < H(A, Tay) + H(Tzy, Sys)
< H(A, Tay) + max {d( {2, gyn). old(fn, Twa) + d(gy: Sya),
ald(fn, Syn) + d(gyn, Twn)]}
< H(A, Tey) + max {d(fn, gyn). ald(fr,, Twn) + d{gyn, A)
+ H(A, Syn)], ald(fan, A) + H(A, Sya) + d(gyn, Tan)]}.
Letting n — oo, we get
H(A,B) < aH(A,B) < H(A, B), (7)

which is a contradiction. Thus lim, . Sy, = A. Since fX and gX are closed
subsets of X, there exist @ and b in X such that lim, .o, fx, = fa=t=gb=
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lim,, o0 gyn. We claim that a € C(f,T). If not, from (5), we have
H(Ta,Sy,) < max{d(fa,gyn), ald(fa,Ta)+ d(gyn, Syn)],
ald(fa, Syn) + d(gyn, Ta)]}.
Letting n — oo, we get
H(Ta,A) < ad(fa,Ta) < d(fa,Ta).
Using the definition of Hausdorff metric, the above inequality gives

d(fa,Ta) < d(fa,Ta), a contradiction. Thus C(f,T) # 0. Now we show
that C'(g,S) # 0. From (5), we get

d(gh, Sb) = d(fa,Sh)

H(Ta, Sb)

max{d(fa, gb),a[d(fa,Ta) + d(gb, Sb)],
ald(fa,Sb) + d(gb, Ta)]}

IN

IN

ad(gb, Sb)
d(gb, Sb),
which proves that b € C(g,5), since Sb is closed. The proof is similar if g-
tangentiality of (f,T) is replaced by f-tangentiality of (g, S). Further, by (1),

we have ffa = fa and ffa € Tfa. Thus t = ft € Tt. This proves (I). A
silmilar argument proves (/7). Then (/1) is immediate.

Theorem 2.5. Let X be metric space with metric d, f,g : X — X and
S,T: X — CL(X) be mappings such that

H(Tzx,Sy) < (8)

< max{d(fz, gy), p(d(fz, Tx)) + ¢(d(gy, Sy)), p(d(fz, Sy)) + ¢(d(gy, Tx))},
for all x,y € X with x # y. If either (f,T) is g-tangential or (g,S) is f-
tangential and fX and gX are closed subsets of X, then C(f,T) # () and
C(g,8) # 0. Further,
(I) f and T have a common fixed point if f is T-weakly commuting at a
and ffa = fa where a € C(f,T);

(IT) g and S have a common fixed point if g is S-weakly commuting at b
and ggb = gb where b € C(g,5);
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(III) f,9,S and T have a common fized point if (1) and (I1I) hold.

Proof. Suppose that the hybrid pair (f,T) is g-tangential, then there exist
sequences {x,} and {y,} in X such that

lim fx, = lim gy, =t € A= lim Tx,. (9)
n—oo n—oo

n—oo

Let limy, oo Sy, = B. We claim that A = B. Suppose not, i.e., H(A, B) > 0.
Then, from (8), we have

H(A,Sy,) < H(A,Txy,) + H(Txpn, Syn)
<H(A,Txy) + max{d(fzn, gyn), ¢(d(fn, Tzn)) + $(d(gYn, Syn)),
P(d(fzn, Syn)) + &(d(gyn, Txn))}
< H(A,Txy) + max{d(fn, gyn), d(d(fzn, Tzn)) + ¢(d(gyn, A)
+ H(A, Syn)), ¢(d(frn, A) + H(A, Syn)) + ¢(d(gyn, Txn))}-

Letting n — oo, we get
H(A,B) < ¢(H(A,B)) < H(A, B), (10)
which is a contradiction. Thus lim,_,~ Sy, = A. Since fX and gX are closed

subsets of X, there exist a and b in X such that lim,, . fz, = fa=t=gb=
lim,, o0 gyn. We claim that a € C(f,T). If not, from (8), we have

H(Ta,Sy,) < max{d(fa,gyn),#(d(fa,Ta))+ ¢(d(gyn, Syn),
o(d(fa, Syn)) + ¢(d(gyn, Ta)}.

Letting n — oo, we get
H(Ta,A) < ¢(d(fa,Ta)) < d(fa,Ta).

Using the definition of Hausdorff metric, the above inequality gives
d(fa,Ta) < d(fa,Ta), a contradiction. Thus C(f,T) # (. Now we show
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that C(g,S) # 0. From (8), we get
d(gh,Sb) = d(fa,Sh)
H(Ta, Sb)
max{d(fa, gb), d{d(fa, Ta)) + o(d(gb, b)),
¢(d(fa, Sb)) + ¢(d(gb, Ta))}
¢(d(gb, Sb))
d(gb, Sb).

IN

IN

which proves that b € C(g,S), since Sb is closed. The proof is similar if g-
tangentiality of (f,T) is replaced by f-tangentiality of (g, S). Further, by (I),
we have ffa = fa and ffa € Tfa. Thus t = ft € Tt. This proves (I). A
silmilar argument proves (II). Then (I11) is immediate.

Remark 2.6. The conclusions of Theorems 2.4 & 2.5 are still valid if the
closedness of fX and gX are replaced by either of the following two conditions;
(i) fX is closed subset of X and TX C gX,
(ii) gX is closed subset of X and SX C fX.

As an application of our result, following Shahzad [17], we have the follow-
ing.

Theorem 2.7. Let Y be a closed and p-starshaped subset of normed space E
withpeY, f,g:Y =Y, and S,T:Y — CB(Y). Suppose that

H(Txz,Sy) < ¢(max{| fz,gyll,d(fxz,[Tz,p]),d(gy, [Sy,p]),
d(fzx,[Sy,p]),d(gy, [Tz,p])}), (11)

for all x,y € Y. If either (f,Ty) is g-tangential or (g, Sy) is f-tangential for
each 0 < A < 1; here The = ATz + (1 — A)p and Sxx = ASz + (1 — \)p.
If (f =T)(Y) and (g — S)(Y) are closed, T(Y) and S(Y) are bounded, and
fY =Y =gY then C(f,T) # 0 and C(g,S) # 0. Further,

(I) f and T have a common fixed point if f is T-weakly commuting at a
and ffa = fa where a € C(f,T);
(IT1) g and S have a common fixed point if g is S-weakly commuting at b
and ggb = gb where b € C(g,5);
(I11) f,g9,S and T have a common fixed point if (I) and (II) hold.
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Proof. For each n and x € Y, define S,,T, : Y — CB(Y) by T,z =
ATz~ (1= XAp)p, Spz = A\pSx+ (1 — \p)p, where {\,} is a sequence in (0,1)
such that A\, — 1 as n — oo. Observe that for each n, S,,(Y) and T, (Y) are
subsets of Y, since Y is p-starshaped. From inequality (11), we get

H(T,x,Syy) = MH(Tx,Sy)

< Apo(max{| fx, gyl d(fx, [Tz, p]),d(gy, [Sy,p]),
d(fz,[Sy,pl),d(gy, [Tz, p])})
< ¢(max{| fz, gyl d(fz, Thx),d(gy, Sny),d(fz, Sny),

d(gy, Tnx}),

for all z,y € Y. Now it follow from Theorem 2.5 that there are z,,z, € Y
such that fx, € T,x, and gz, € S,z,. Therefore, there exist y, € Tz, and
t, € Sz, such that fax, —y, = (1—=\,)(p—yn) and gz, —t, = (1= A)(p—1tp).
Since T'(Y') and S(Y') are bounded, it follows that fx,,—y, — 0 and gz, —t,, —
0 as n — oo. The closedness of (f —T)(Y) and (¢ — S)(Y) further implies
that 0 € (f —T)(Y) and 0 € (g — S)(Y). Hence C(f,T) # 0 and C(g, S) # 0.
So, fa € Ta and gb € Sb for some a,b e Y.
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