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Abstract. Recently, Y. Liu et. al. [Common fixed points of single and multivalued maps,

Int. J. Math. Math. Sci., 19(2005), 3045-3055] defined common property (E.A) for two

pairs of hybrid maps and obtained some coincidence and fixed point results for such pairs.

We define a new property for pairs of hybrid maps that contains common property (E.A)

and show that there is no need to use common property (E.A) with full force and only our

tangential condition works to prove Theorems 1.1 & 1.2.
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1. Introduction and preliminaries

Let X be a metric space with metric d. Then, for x ∈ X and A ⊆ X,
d(x,A) = inf{d(x, y) : y ∈ A}. We denote by CB(X) the class of all nonempty
bounded closed subsets of X, by CL(X) the class of all nonempty closed subsets
of X. Let H be the generalized Hausdorff metric on CL(X) generated by the
metric d, that is,

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y, A)}

for every A,B ∈ CL(X). A point p ∈ X is said to be a fixed point of
T : X → CL(X) if p ∈ Tp. The point p is called a coincidence point of
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f : X → X and T : X → CL(X) if fp ∈ Tp. The set of coincidence
points of f and T is denoted by C(f, T ). Let Y be a nonempty subset of
a normed space E. Then the set Y is called p-starshaped with p ∈ Y if
λx + (1 − λ)p ∈ Y for all x ∈ Y and all real λ with 0 ≤ λ ≤ 1. We define
Tλx = λTx + (1 − λ)p and [Tx, p] = {Tλx : λ ∈ [0, 1]} for T : Y → CB(Y ).
Maps f : X → X and T : X → CL(X) are said to be compatible [10]
if fTx ∈ CL(X) for all x ∈ X and H(fTxn, T fxn) → 0 whenever {xn} is a
sequence in X such that Txn → A ∈ CL(X) and fxn → t ∈ A. Therefore, the
maps f : X → X and T : X → CL(X) are non-compatible if fTx ∈ CL(X)
for all x ∈ X and there exists at least one sequence {xn} in X such that
Txn → A ∈ CL(X) and fxn → t ∈ A but limn→∞H(fTxn, T fxn) 6= 0 or
nonexistent. Maps f : X → X and T : X → CL(X) are weakly compatible
[8] if they commute at their coincidence points, i.e., if fTx = Tfx whenever
fx ∈ Tx. Maps f : X → X and T : X → CL(X) are said to be (IT )-
commuting [6, 18] at x ∈ X if fTx ⊆ Tfx. Let T : X → CL(X), then
f : X → X is said to be T -weakly [9] commuting at x ∈ X if ffx ∈ Tfx.
Maps f : X → X and T : X → CL(X) are said to satisfy the property
(E.A) [9] if there exists a sequence {xn} in X, some t ∈ X and A ∈ CL(X)
such that limn→∞ fxn = t ∈ A = limn→∞ Txn. Let f, g : X → X and
S, T : X → CL(X), the hybrid pairs (f, T ) and (g, S) are said to satisfy
common property (E.A) [11] if there exist two sequences {xn}, {yn} in X,
some t ∈ X, and A,B ∈ CB(X) such that

lim
n→∞

Txn = A, lim
n→∞

Syn = B, lim
n→∞

fxn = lim
n→∞

gyn = t ∈ A ∩B. (1)

Banach contraction principle is the most celebrated fixed point theorem.
Nadler extended the Banach contraction principle to the case of multival-
ued maps. Afterward many authors obtained important fixed point theorems,
see for example, Berinde [2, 3] ,Ciric [4, 5], Petrusel [12, 14], Rus [13, 14] and
Shahzad [16, 17]. Sastry and Murthy [15] defined the notion of tangential
single-valued maps. Aamri and Moutawakil [1] rediscovered the notion of tan-
gential maps and named it as property (E.A). The class of maps satisfying
property (E.A) has remarkable property that it contain the class of compatible
maps [7] as well as the class of non-compatible maps. Kamran [9] extended
the notion of property (E.A) to a hybrid pair (f, T ), introduced the notion of
T -weak commutativity, and showed that (IT )-commutativity at a coincidence
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point of a hybrid pair (f, T ) implies T -weak commutativity at the same point
but the converse is not true in general [9, Example 3.8]. Recently, Y. Liu et
al. [11] defined common property (E.A) for two pairs of hybrid maps and
obtained the following results.

Theorem 1.1. [11] Let f, g be two self-maps of the metric space (X, d) and
let F,G be two maps from X into CB(X) such that

(1) (f, F ) and (g,G) satisfy common property (E.A);
(2) for all x 6= y ∈ X,

H(Fx, Gy) < max
{

d(fx, gy),
d(fx, Fx) + d(gy,Gy)

2
,

d(fx,Gy) + d(gy, Fx)
2

}
. (2)

If fX and gX are closed subsets of X, then

(a) f and F have a coincidence point;
(b) g and G have a coincidence point;
(c) f and F have a common fixed point provided that f is F -weakly com-

muting at v and ffv = fv for v ∈ C(f, F );
(d) g and G have a common fixed point provided that g is G-weakly com-

muting at v and ggv = gv for v ∈ C(g,G);
(e) f, g, F , and G have a common fixed point provided that both (c) and

(d) are true.

Let φ : R+ → R+ be continuous and satisfy the following conditions:

(i) φ is non-decreasing on R+

(ii) 0 < φ(t) < t, for each t ∈ (0,∞).

Theorem 1.2. [11] Let f, g be two self-maps of the metric space (X, d) and
let F,G be two maps from X into CB(X) such that

(1) (f, F ) and (g,G) satisfy common property (E.A);
(2) for all x 6= y ∈ X,

H(Fx,Gy) ≤ φ(max{d(fx, gy), d(fx, Fx), d(gy,Gy), d(fx,Gy), d(gy, Fx)}).
(3)

If fX and gX are closed subsets of X, then
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(a) f and F have a coincidence point;
(b) g and G have a coincidence point;
(c) f and F have a common fixed point provided that f is F -weakly com-

muting at v and ffv = fv for v ∈ C(f, F );
(d) g and G have a common fixed point provided that g is G-weakly com-

muting at v and ggv = gv for v ∈ C(g,G);
(e) f, g, F , and G have a common fixed point provided that both (c) and

(d) are true.

The purpose of this note is to show that full force of common property
(E.A) is not needed to prove the above results.

2. Main results

We have the following definition.

Definition 2.1. Let f, g : X → X and S, T : X → CL(X). The hybrid pair
(f, T ) is said to be g-tangential at t ∈ X if there exist two sequences {xn},
{yn} in X, A ∈ CL(X) such that limn→∞ Syn ∈ CL(X) and

lim
n→∞

fxn = lim
n→∞

gyn = t ∈ A = lim
n→∞

Txn. (4)

Remark 2.2. Clearly, if the hybrid pairs (f, T ) and (g, S) satisfy common
property (E.A) then (f, T ) is g-tangential whereas (g, S) is f-tangential. How-
ever, the following example shows that if (f, T ) is g-tangential then it is no
necessary that (f, T ) and (g, S) satisfy common property (E.A).

Example 2.3. Let X = [1,∞) with the usual metric. Define f, g : X → X

and S, T : X → CL(X) by

fx = 2 +
1
2
x, gx = 2 +

1
3
x, Sx = [1, 2] and Tx = [2, 2 + x]

for all x ∈ X. Consider the sequences {xn} = {1 + 1
n}n∈N and {yn} =

{3
2 + 1

n}n∈N in X. Then,

lim
n→∞

fxn = lim
n→∞

gyn =
5
2
∈ [2, 3] = lim

n→∞
Txn.

Therefore, the hybrid pair (f, T ) is g-tangential. Suppose that there ex-
ist {xn} and {yn} in X such that limn→∞ Txn = A, limn→∞ Tyn = B

and limn→∞ fxn = limn→∞ gyn = t ∈ A ∩ B = {2}. This implies that
limn→∞ xn = limn→∞ yn = 0. Clearly, there exist no such sequences in X.
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Now, we improve Theorems 1.1 & 1.2 by using above definition.

Theorem 2.4. Let X be metric space with metric d, f, g : X → X and
S, T : X → CL(X) be mappings such that

H(Tx, Sy) ≤ max{d(fx, gy), α[d(fx, Tx) + d(gy, Sy)],

α[d(fx, Sy) + d(gy, Tx)]}, 0 ≤ α < 1, (5)

for all x, y ∈ X with x 6= y. If either (f, T ) is g-tangential or (g, S) is f-
tangential, and fX and gX are closed subsets of X, then C(f, T ) 6= ∅ and
C(g, S) 6= ∅. Further,

(I) f and T have a common fixed point if f is T -weakly commuting at a

and ffa = fa where a ∈ C(f, T );
(II) g and S have a common fixed point if g is S-weakly commuting at b

and ggb = gb where b ∈ C(g, S);
(III) f, g, S and T have a common fixed point if (I) and (II) hold.

Proof. Suppose that the hybrid pair (f, T ) is g-tangential, then there exist
sequences {xn} and {yn} in X such that

lim
n→∞

fxn = lim
n→∞

gyn = t ∈ A = lim
n→∞

Txn. (6)

Let limn→∞ Syn = B. We claim that A = B. Suppose not, i.e., H(A,B) > 0.
Then, from (5), we have

H(A,Syn) ≤ H(A, Txn) + H(Txn, Syn)

≤ H(A, Txn) + max
{

d(fxn, gyn), α[d(fxn, Txn) + d(gyn, Syn)],

α[d(fxn, Syn) + d(gyn, Txn)]
}

≤ H(A, Txn) + max
{

d(fxn, gyn), α[d(fxn, Txn) + d(gyn, A)

+ H(A,Syn)], α[d(fxn, A) + H(A,Syn) + d(gyn, Txn)]
}

.

Letting n →∞, we get

H(A,B) ≤ αH(A,B) < H(A,B), (7)

which is a contradiction. Thus limn→∞ Syn = A. Since fX and gX are closed
subsets of X, there exist a and b in X such that limn→∞ fxn = fa = t = gb =
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limn→∞ gyn. We claim that a ∈ C(f, T ). If not, from (5), we have

H(Ta, Syn) ≤ max{d(fa, gyn), α[d(fa, Ta) + d(gyn, Syn)],

α[d(fa, Syn) + d(gyn, Ta)]}.

Letting n →∞, we get

H(Ta,A) ≤ αd(fa, Ta) < d(fa, Ta).

Using the definition of Hausdorff metric, the above inequality gives
d(fa, Ta) < d(fa, Ta), a contradiction. Thus C(f, T ) 6= ∅. Now we show
that C(g, S) 6= ∅. From (5), we get

d(gb, Sb) = d(fa, Sb)

≤ H(Ta, Sb)

≤ max{d(fa, gb), α[d(fa, Ta) + d(gb, Sb)],

α[d(fa, Sb) + d(gb, Ta)]}

= αd(gb, Sb)

< d(gb, Sb),

which proves that b ∈ C(g, S), since Sb is closed. The proof is similar if g-
tangentiality of (f, T ) is replaced by f -tangentiality of (g, S). Further, by (I),
we have ffa = fa and ffa ∈ Tfa. Thus t = ft ∈ Tt. This proves (I). A
silmilar argument proves (II). Then (III) is immediate.

Theorem 2.5. Let X be metric space with metric d, f, g : X → X and
S, T : X → CL(X) be mappings such that

H(Tx, Sy) ≤ (8)

≤ max{d(fx, gy), φ(d(fx, Tx)) + φ(d(gy, Sy)), φ(d(fx, Sy)) + φ(d(gy, Tx))},

for all x, y ∈ X with x 6= y. If either (f, T ) is g-tangential or (g, S) is f-
tangential and fX and gX are closed subsets of X, then C(f, T ) 6= ∅ and
C(g, S) 6= ∅. Further,

(I) f and T have a common fixed point if f is T -weakly commuting at a

and ffa = fa where a ∈ C(f, T );
(II) g and S have a common fixed point if g is S-weakly commuting at b

and ggb = gb where b ∈ C(g, S);
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(III) f, g, S and T have a common fixed point if (I) and (II) hold.

Proof. Suppose that the hybrid pair (f, T ) is g-tangential, then there exist
sequences {xn} and {yn} in X such that

lim
n→∞

fxn = lim
n→∞

gyn = t ∈ A = lim
n→∞

Txn. (9)

Let limn→∞ Syn = B. We claim that A = B. Suppose not, i.e., H(A,B) > 0.
Then, from (8), we have

H(A,Syn) ≤ H(A, Txn) + H(Txn, Syn)

≤H(A, Txn) + max{d(fxn, gyn), φ(d(fxn, Txn)) + φ(d(gyn, Syn)),

φ(d(fxn, Syn)) + φ(d(gyn, Txn))}

≤ H(A, Txn) + max{d(fxn, gyn), φ(d(fxn, Txn)) + φ(d(gyn, A)

+ H(A,Syn)), φ(d(fxn, A) + H(A,Syn)) + φ(d(gyn, Txn))}.

Letting n →∞, we get

H(A,B) ≤ φ(H(A,B)) < H(A,B), (10)

which is a contradiction. Thus limn→∞ Syn = A. Since fX and gX are closed
subsets of X, there exist a and b in X such that limn→∞ fxn = fa = t = gb =
limn→∞ gyn. We claim that a ∈ C(f, T ). If not, from (8), we have

H(Ta, Syn) ≤ max{d(fa, gyn), φ(d(fa, Ta)) + φ(d(gyn, Syn),

φ(d(fa, Syn)) + φ(d(gyn, Ta)}.

Letting n →∞, we get

H(Ta,A) ≤ φ(d(fa, Ta)) < d(fa, Ta).

Using the definition of Hausdorff metric, the above inequality gives
d(fa, Ta) < d(fa, Ta), a contradiction. Thus C(f, T ) 6= ∅. Now we show
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that C(g, S) 6= ∅. From (8), we get

d(gb, Sb) = d(fa, Sb)

≤ H(Ta, Sb)

≤ max{d(fa, gb), φ(d(fa, Ta)) + φ(d(gb, Sb)),

φ(d(fa, Sb)) + φ(d(gb, Ta))}

= φ(d(gb, Sb))

< d(gb, Sb).

which proves that b ∈ C(g, S), since Sb is closed. The proof is similar if g-
tangentiality of (f, T ) is replaced by f -tangentiality of (g, S). Further, by (I),
we have ffa = fa and ffa ∈ Tfa. Thus t = ft ∈ Tt. This proves (I). A
silmilar argument proves (II). Then (III) is immediate.

Remark 2.6. The conclusions of Theorems 2.4 & 2.5 are still valid if the
closedness of fX and gX are replaced by either of the following two conditions;

(i) fX is closed subset of X and TX ⊆ gX,
(ii) gX is closed subset of X and SX ⊆ fX.

As an application of our result, following Shahzad [17], we have the follow-
ing.

Theorem 2.7. Let Y be a closed and p-starshaped subset of normed space E

with p ∈ Y , f, g : Y → Y , and S, T : Y → CB(Y ). Suppose that

H(Tx, Sy) ≤ φ(max{‖fx, gy‖, d(fx, [Tx, p]), d(gy, [Sy, p]),

d(fx, [Sy, p]), d(gy, [Tx, p])}), (11)

for all x, y ∈ Y . If either (f, Tλ) is g-tangential or (g, Sλ) is f-tangential for
each 0 ≤ λ ≤ 1; here Tλx = λTx + (1 − λ)p and Sλx = λSx + (1 − λ)p.
If (f − T )(Y ) and (g − S)(Y ) are closed, T (Y ) and S(Y ) are bounded, and
fY = Y = gY then C(f, T ) 6= ∅ and C(g, S) 6= ∅. Further,

(I) f and T have a common fixed point if f is T -weakly commuting at a

and ffa = fa where a ∈ C(f, T );
(II) g and S have a common fixed point if g is S-weakly commuting at b

and ggb = gb where b ∈ C(g, S);
(III) f, g, S and T have a common fixed point if (I) and (II) hold.
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Proof. For each n and x ∈ Y , define Sn, Tn : Y → CB(Y ) by Tnx =
λnTx + (1−λn)p, Snx = λnSx + (1−λn)p, where {λn} is a sequence in (0, 1)
such that λn → 1 as n → ∞. Observe that for each n, Sn(Y ) and Tn(Y ) are
subsets of Y , since Y is p-starshaped. From inequality (11), we get

H(Tnx, Sny) = λnH(Tx, Sy)

≤ λnφ(max{‖fx, gy‖, d(fx, [Tx, p]), d(gy, [Sy, p]),

d(fx, [Sy, p]), d(gy, [Tx, p])})

≤ φ(max{‖fx, gy‖, d(fx, Tnx), d(gy, Sny), d(fx, Sny),

d(gy, Tnx}),

for all x, y ∈ Y . Now it follow from Theorem 2.5 that there are xn, zn ∈ Y

such that fxn ∈ Tnxn and gzn ∈ Snzn. Therefore, there exist yn ∈ Txn and
tn ∈ Szn such that fxn−yn = (1−λn)(p−yn) and gzn− tn = (1−λn)(p− tn).
Since T (Y ) and S(Y ) are bounded, it follows that fxn−yn → 0 and gzn−tn →
0 as n → ∞. The closedness of (f − T )(Y ) and (g − S)(Y ) further implies
that 0 ∈ (f − T )(Y ) and 0 ∈ (g − S)(Y ). Hence C(f, T ) 6= ∅ and C(g, S) 6= ∅.
So, fa ∈ Ta and gb ∈ Sb for some a, b ∈ Y .

Acknowledgement The authors thank the referee whose comments im-
proved the quality of the paper.

References

[1] M. Aamri and D. El Moutawakil, Some new common fixed point theorems under strict

contractive conditions, J. Math. Anal. Appl., 270(2002), 181-188.

[2] V. Berinde, Approximating fixed points of weak contractions using the Picard iteration,

Nonlinear Analysis Forum, 9(2004), No. 1, 43-53.

[3] M. Berinde and V. Berinde, On general class of multi-valued weakly Picard mappings,

J. Math. Anal. Appl., 326(2007), 772-782.

[4] Lj. B. Ciric, Generalized contractions and fixed-point theorems, Pub. Inst. Math.,

12(1971), 19-26.

[5] Lj. B. Ciric, Fixed point theory, Contraction mapping principle, FME Press, Beograd,

2003.

[6] S. Itoh, and W. Takahashi, Single valued mappings, multivalued mappings and fixed

point theorems, J. Math. Anal. Appl., 59(1977), 514-521.

[7] G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. Math.

Sci., 9(1986), 771-779.



496 TAYYAB KAMRAN AND NENAD CAKIĆ
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