Fized Point Theory, Volume 9, No. 2, 2008, 465-485
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

FIXED POINTS OF A SEQUENCE OF
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

SHUECHIN HUANG

Department of Applied Mathematics
Dong Hwa University
Hualien 97401, Taiwan

E-mail: shuang@mail.ndhu.edu.tw

Abstract. In a Banach space with uniformly Gateaux differentiable norm and uniform
normal structure, by constructing an iterative sequence {z,} for a family of asymptotically
nonexpansive mappings {Tm }ov—1, the necessary and sufficient conditions for the strong
convergence of {z,} to a common fixed point of {Ti, };r—1 are analyzed.
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1. INTRODUCTION

Let X be a Banach space, C a nonempty subset of X and T : C — C a
mapping. Then T is said to be a contraction on C with contractive constant
a € (0,1)if [T(z) = T < allz —yl, for all z,y € C; T is said to be
nonexpansive if [Tz — Ty|| < |lz — yl|, for all z,y € C and T is said to be
uniformly L-Lipschitzian (L > 0) if ||T"z — T™y|| < L||z — y||, for all z,y € C
and for all n € N. If there exists a sequence {k,} of positive numbers with
lim,, o0 bk, = 1 such that [|T"z — T"y|| < kp||z — y||, for all x,y € C and for
all n € N, then T is said to be asymptotically nonexpansive. It is clear that
an asymptotically nonexpansive mapping is uniformly L-Lipschitzian for some
constant L > 0.
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The asymptotically nonexpansive mappings introduced by Goebel and Kirk
are important generalizations of nonexpansive mappings. Goebel and Kirk [10]
proved that if X is a uniformly convex Banach space and C is a nonempty
bounded and closed convex subset of X, then any asymptotically nonexpansive
mapping T : C — C has a fixed point in C. This result has been extended
(see, e.g., [11, 20, 30]).

Let C' be a nonempty closed convex subset of X, u € C and T a nonex-
pansive self-mapping of C. The following iteration scheme for © = 0 was first
introduced by Halpern [16] in 1967:

20 €C, Zpy1 =apu+ (1 —ap)Tr,, neN. (1)

He pointed out that the conditions lim,, . o, = 0 and fo:l o, = 00 are
necessary for the strong convergence of the iterative sequence {x,} to a fixed
point of T'. In 1980, Reich gave the iteration scheme (1) in the case when X is
uniformly smooth and «,, = n=* with 0 < A < 1. Henceforward, the iteration
scheme (1) has been comprehensively studied (see, e.g., [27] and the references
therein).

On the other hand, many nice results of the iterative methods for approxi-
mating fixed points of asymptotically nonexpansive mappings have been also
established (see, e.g., [3, 6,7, 8,17, 18, 19, 23, 24, 25, 26, 28, 29, 32, 33, 34, 35]).
In particular, Lim and Xu [18] proved the strong convergence of an approxi-
mating fixed point of an asymptotically nonexpansive mappings in uniformly
smooth Banach spaces including the L, spaces (1 < p < co) which partially
extended a celebrated convergence theorem due to Reich [22] for nonexpan-
sive mappings. Their result was extended to Banach spaces with uniformly
Gateaux differentiable norm and uniform normal structure by Chidume, Li
and Udomene [8].

Theorem(Chidume, Li and Udomene [8]) 1.1. Let X be a Banach space
with uniformly Gateauz differentiable norm and uniform normal structure, C
a nonempty bounded closed convex subset of X, T : C — C an asymptotically
nonexpansive mapping with sequence {ky,} C [1,00). Let u € C' and let {t,} be
a sequence in (0,1) such thatlim, o t, = 1 and lim, . (k,—1)/(kn—t,) = 0.
Then for each n € N there is a unique point x, € C such that

Ty = (1 - Zn) u+ T x,,.

n
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Define the sequence {z,} iteratively by z; € C,

t t
Zntl = 1— 2 )u+-2T",, neN.
kn, kn,

Suppose, in addition, that lim, e ||xn—T2y| = 0 and lim, e ||2n—T2,|| = 0.
Then the sequences {x,} and {z,} both converge strongly to a fized point of
T.

By using viscosity approximation methods for a finite family of nonexpan-
sive mappings in uniformly smooth Banach spaces, the necessary and sufficient
conditions for the iterative sequence to converge to a common fixed point of
those mappings are recently obtained by Chang [7]. In [17], we not only
extended Theorem 1.1 to a finite family of asymptotically nonexpansive map-
pings, but proved that the sufficient condition for the strong convergence of
{z,} and {z,} is also necessary as well in a uniformly convex Banach space
with uniformly Gateaux differentiable norm satisfying Opial’s condition. Be-
sides, the strong limit of {z,} and {z,} is, in fact, the unique solution of a
variational inequality.

Theorem(Huang [17]) 1.2. Let X be a uniformly convex Banach space
with uniformly Gateaux differentiable norm satisfying Opial’s condition, C
a nonempty closed convex subset of X, f: C — C a contraction with contrac-
tive constant 3 € (0,1), {T;}" a finite family of asymptotically nonexpansive
self-mappings of C with sequences {kiymj—1)tj21 C [l,00) (1 < i < m)
such that (2 Fix(T;) # 0. Let {t,} be a sequence in (0,1) such that
limy, oo (kp — 1)/(kn — tn) = 0. Then for each n € N there is a unique
point x, € C such that

where i = nmodm and j, = (n —n)/m + 1. Define the sequence {z,}
iteratively by z1 € C,

t, by
Zntl = (1 - l<;> fzn) + k—T%”zn, n € N.

For any C, f and {T;}]", as above, the sequences {xn} and {z,} both con-
verge strongly to a point & € (-, Fix(T;) which is the unique solution of the
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variational inequality in (), Fix(T;):

(F(2) — . 0(y— ) <0, for ally € [|Fix(T)

i=1
if and only if the following conditions are satisfied:

(i) Lm t, =1;
n—oo
o

(i) D2 (1= (tn/kn)] = 00;
n=1

(iii) lim ||z, — Tizn|| =0 and lim ||z, — Tiz,|| =0, fori=1,...,m.
n—oo n—oo

This work is mainly devoted to construct iteration schemes for an infi-
nite sequence of asymptotically nonexpansive mappings in a uniformly convex
Banach space with uniformly Géateaux differentiable norm satisfying Opial’s
condition and establish the necessary and sufficient conditions for the strong
convergence of the iterative sequences to a common fixed point of those map-
pings. To this end, in Section 3, regarded as the generalization of Theorem 1.1,
we consider iterative sequences {z,} and {z,} as in Theorem 1.2 for finitely
many asymptotically nonexpansive mappings {7;}7, in Banach spaces with
uniformly Gateaux differentiable norm and uniform normal structure. The
conditions (i)-(iii) in Theorem 1.2 are verified to be still necessary and suffi-
cient for the strong convergence of {x,} and {z,} to a common fixed point
of {T;}",. The approach, also cf. [8] and [13, pp. 46-47], is different from
that of [17]. In Section 4, we provide the iterations for an infinite sequence
of asymptotically nonexpansive mappings in uniformly convex Banach spaces
with uniformly Gateaux differentiable norm satisfying Opial’s condition. Fur-
thermore, the corresponding work in Section 3 is investigated for this infinite
sequence of mappings. It is noteworthy that the results in [17] can be gener-
alized to an infinite sequence of asymptotically nonexpansive mappings with
the same iteration schemes and arguments as developed in Section 4. Conse-
quently, we remark that Theorems 4.1 and 4.2 are improved by relaxing the
boundedness on the set C.

The author is very grateful to Professor S. S. Chang and Professor J. C.
Yao for many precious suggestions, and deeply appreciates the referee for the
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2. PRELIMINARIES

Let X be a Banach space, X* the dual space of X, and S = {z € X : ||z| =
1} the unit sphere of X. Let J : X — 2% be the normalized duality mapping
defined by

J() ={a" € X" : (z,27) = || - [|"]], l=]| = ["][}, 2 <€ X,

where (-, ) denotes the duality pairing. If J is single-valued, J is odd, that
is, J(—x) = —J(x), x € X. A Banach space X is said to admit a weakly
sequentially continuous normalized duality mapping J : X — 2X° if J is
single-valued and weak-to-weak™® continuous.

We say that X is smooth (or X has a Gateauz differentiable norm) if the
limit

et ) o] o)

t—0 t
exists for all z,y € S; X is said to have a uniformly Gateaux differentiable norm
if for each y € X the limit (2) is attained uniformly in x € S. If the limit (2)
exists and is attained uniformly in x,y € S, X is said to be uniformly smooth.
It is well known that X is smooth if and only if the duality mapping J is single-
valued [9]. The norm of X is uniformly Gateaux differentiable is equivalent to
the condition that J is single-valued and norm-to-weak* continuous, uniformly
on bounded subsets of X [9].

Let C be a nonempty bounded subset of X and let diam C' = sup{||z —y|| :
x,y € C} be the diameter of C. For each z € C, let r(z,C) = sup{|lz — y| :
y € C} so that the Chebyshev radius of C relative to itself is defined by
r(C) = inf{r(z,C) : x € C'}. The normal structure coefficient N(X) of X, cf.
[1, 4], is defined by

diam C'
N(X) = inf {;8212) : C'is a bounded and closed convex subset of X

with diam C > 0}.

A space X is said to have uniform normal structure if N(X) > 1.
A Banach space X is said to be uniformly convex [1] if for each € > 0 there
exists d(€) > 0 such that for z,y € X with ||z]| <1 and |ly]| <1,

Tty

H <1-46(e), whenever ||z —y| >e.
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It is well known that every space with uniform normal structure is reflexive,
cf. [12, 21], and that all uniformly convex or uniformly smooth Banach spaces
have uniform normal structure [1].

A mapping f: F — X, where E C X, is said to be demiclosed at y € X
if, for any sequence {z,} in E, the conditions x, — x € E weakly and
f(xn) — y strongly together imply f(x) = y. Recall also that a Banach
space X is said to satisfy Opial’s condition [12] if whenever a sequence {x,}
in X converges weakly to x, then limsup,, . ||z, — || < limsup,,_, ||zn —
yl|, for y # x. Gossez and Lami Dozo have shown that a Banach space
with weakly sequentially continuous normalized duality mapping must satisfy
Opial’s condition [14, Theorem 1]. If X is a reflexive Banach space which
satisfies Opial’s condition, C' is a closed convex subset of X and T : C — C'is a
nonexpansive mapping, then I — T is demiclosed, where I denotes the identity
mapping of X [12, Theorem 10.3]. Significantly, Gornicki’s demiclosedness
principle asserts that if X is a uniformly convex Banach space satisfying Opial’s
condition, C' is a nonempty closed convex subset of X and T : C' — C'is an
asymptotically nonexpansive mapping, then I — T is demiclosed at zero [15].

We denote a Banach limit by LIM. Recall that LIM € (£°°)* such
that ||[LIM|| = 1 and for all {a,} € (¢*°)*, liminf, o a, < LIMpa, <
limsup,,_,, an and LIMa, = LIM, an+41.

The following lemmas will be needed to prove our results.

Lemma 2.1. ([5]) Let X be a real Banach space. Then
lz +ylI? < llz)1* + 2{y. j(z + y)),
forallz,y € X and j(x +y) € J(x +y).

Lemma 2.2. ([18]) Let X be a real Banach space with uniform normal
structure, C' a nonempty bounded subset of X, T : C — C a uniformly k-

1/2

Lipschitzian mapping with k < N(X)"<. Suppose that there exists a nonempty

bounded and closed convex subset E of C with the following property (P):
r € E implies wy(x)CE, (P)

where

wy(z) ={y € X : y = weak-limT™ z for some n; — oo}
J

is the weak w-limit set of T at x. Then T has a fized point in E.
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Lemma 2.3. ([31]) Let {an} ba a sequence of nonnegative real numbers sat-

1sfying the following condition:
an+1 < (1 —an)an +0on, n €N,

where each 0 < o, < 1 and > 07, a, = oco. If either o, = o(aw), or

limsup,, o on < 0, then lim,_, ay = 0.

3. THE MAIN RESULTS

This section is devoted to constructing an iterated sequence for a finite
family of asymptotically nonexpansive mappings {7;}7; and establishing the
necessary and sufficient conditions for this iterative sequence to converge to
a common fixed point & of {7;};",. In fact, the fixed point & is the unique
solution of the variational inequality:

(f(&) =2, J(y —)) <0, (3)

for all y € N2, Fix(T;), where Fix(T;) denotes the fixed point set of T;. Let
X be a real Banach space, C' a nonempty closed convex subset of X, {T;}", a
finite family of asymptotically nonexpansive self-mappings of C' with sequences
{kigm(i—1}; (1 <i<m), f:C — C a contraction with contractive constant
B € (0,1). We may always assume that k, > 1, for all n € N. Let {¢,} be a
sequence in (0, 1) such that lim,_,~ t, = 1. Throughout the rest of this paper,
for each n € N, we denote 7 = nmod m and write n = i +m(n — 1), for some
neN. Thusn=1if1<n<m,n=2if m+1<n <2m, and so on. Define
a mapping S, : C — C by

() = <1 - Z;) @)+ Z::rgx.
Then for z,y € C we have
tn tn i A
1.(0) = Sul < (1= 2 ) 1) = S + 2T~ T

< |p (1) +ta] he -l

In addition, suppose that lim, o (kn — 1)/(kn — tn) = 0. Then

nml_t”:nmkn<1:"_l)=1 (4)

naool—tn/k;n n—00 n — In
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and thus G(1 — t,,/ky) + t, < 1, for all sufficiently large n. By Banach Con-
traction Principle, S, has a unique fixed point z,, € C, that is,
t tn
Ty = <1 - k”) f(zn) + lef?xn (5)
n n
If only one asymptotically nonexpansive mapping 7' : C' — C' is considered,
i.e., m =1, then (5) reduces to
_ ln ln m,
Ty = 1—k— f(mn)—i—k—T T (6)
n n
In particular, if we set f = u, for some fixed u € C, our iterative process (6)
becomes the one studied by Lim and Xu in [18] and Chidume, Li and Udomene
in [8]. Their results are extended as follows.

Theorem 3.1. Let X be a real Banach space with uniformly Gateauz differ-
entiable norm and uniform normal structure, C' a nonempty bounded closed
convex subset of X, T : C — C an asymptotically nonerpansive mapping with
sequence {kn} C [1,00), f: C — C a contraction with contractive constant
B € (0,1). Let {t,} be a sequence in (0,1) such that lim, o t, = 1 and
limy, oo (kp — 1)/(kn, — tn) = 0. The sequence {x,} defined by (6) converges
strongly to a point & € Fix(T') which is the unique solution of the variational
inequality (3) in Fix(T') if and only if limy—.oc || zn, — Txy|| = 0.

Proof. Discarding a few terms if necessary, we can assume that 3(1 —t,/k,)+
tn, < 1, for all n € N. The set Fix(T') is nonempty by Lemma 2.2. Notice that
the variational inequality (3) has at most one solution in Fix(7"). For, if v and
v are two solutions of (3) in Fix(T"), we have

(f(u) —u, J(v—u)) <0, (f(v)—v,J(u—10)) <0.
Adding these two inequalities, we obtain
(u—=f(W)] == f),J(u—-v)) <0
which implies
(1= A)lu—v]* < ([u— f(w)] = [v— F©)],J(u—wv) <0.

Therefore u = v.
If the sequence {x,} converges strongly to & € Fix(T'), then

[2n = Tan| <llzn — &+ |TE = Taa| < (14 k)|lan — 2]
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and hence lim,_, ||z, — T'zy| = 0.
Conversely, suppose that lim,, . ||z, — T2y, || = 0. For each m € N, since
|z = Tz < l|l2n — Tan|| + [ Tzn — T2$n|| +ot ||Tm_1xn — Ty
S (4K 4 A k1) l2n — Tan,
it follows that lim, .« ||zn, — T™xy| = 0. Let u € Fix(T') so that for n € N,

(X, — T"xp, J(xn, —w)) = (T — u, J(xn —w)) + (U —T"xp, J (T, —u))

Y

|2 = wll? = [Ju = T"@n|| - |20 — ull
> —(kn = V)]|an — ull?
> —(k, — 1)(diam C)?.

By (6) we have

and so
(@ — F(an), J(@n — u)) < W (diam C)?, (7)

where t,(kn, — 1)/(kn — tn) — 0 as n — oo. Define a mapping ¢ : C' — [0, 00)
by

o(r) = LM, ||z, — z||>, x€C.
Since ¢ is continuous and convex, ¢(x) — oo as ||z| — oo. Corollary 5.87 in
[2] implies that ¢ is weakly lower semicontinus. Since X is reflexive, ¢ attains
its infimum over C. Hence the set

E={z€C:px)= inf p(2)}

is nonempty, closed and convex. Moreover, E satisfies the property (P). In
fact, if z € E and y = weak- lim; Tz is in the weak w-limit set w,(x) of T' at
x, then from the weak lower semicontinuity of ¢ and lim,,_,o ||z, —T"z,| = 0,
for m € N, we have
o(y) < liminf o(T™ z) < limsup p(T™z)
J m
= limsup(LIM,, ||z, — T™z||?) < lim sup(LIM,, | T™z, — T™z||?)
m m

< limsup k2, LIM, ||z, — z||* = LIM,, ||z, — z|?
m

ad
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Therefore y € E and F satisfies the property (P). By Lemma 2.2, T has a
fixed point & € E. On the other hand, if m € N and z € C, then by Lemma
2.1

lzn = &1 = 20 — (tm/Ekm)E — (1= tim/km)z + (1 = tm/km) (2 — &)1
> Nan = (tm/km)& — (1 = tm ki) 2]|*

+ 2k — t) /K] { 2 — &, T (20 — (tan k)& — (1 =t [im)2) ).
(8)

Given € > 0, since J is norm-to-weak™ uniformly continuous on C, there exists
mgo € N such that for all n € N,

|<z—:%, J(@n—2)—J (2n— (tm/km)Z— (1—tn/km)2) )| < €, whenever m > my.
By (8) this inequality implies that
(z — 2, J(xp — 7))
<e+ (2= J(xn — (tm/km)E — (1 — tm/km)z) )
< e+ [k /2(km = tm)] [lon = 21 = llen = (tm/km)@ — (1 = to/km)2]|*],

whenever n € N and m > myp. Since % is a minimizer of ¢ over C, the above

inequality asserts that
LIM,(z — &, J(z, — %)) <0, forall z € C.
In particular,
LIM,(f (zn) — &, J (zn — 2)) < 0. (9)
Choosing u = Z in (7) and combining (7) with (9), we conclude that
LIM,, ||z, — 2||* = LIM, (z,, — &, J (2, — 2)) < 0.
Therefore there is a subsequence {z,,} of {z,} converging strongly to . It
follows from (7) that
(T —f(2),J(#—y)) <0, forallye Fix(T),
and so & is a solution of the variational inequality (3). To complete the proof,
suppose that there is another subsequence of {x,} converging strongly to a

point, say . Then 7 is a fixed point of T" because lim,, ., ||zn — Tzy| = 0.
Again, from (7) we obtain

(x — f(z),J(z —y)) <0, forallye Fix(T),
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which shows that Z is also a solution of the variational inequality (3); hence
T = & by the uniqueness of the solution. This assures the strong convergence
of {z,} to . O

Theorem 3.2. Let X be a real Banach space with uniformly Gateaur differ-
entiable norm and uniform normal structure, C' a nonempty bounded closed
convex subset of X, T : C'— C an asymptotically nonexpansive mapping with
sequence {k,} C [1,00), f : C — C a contraction with contractive constant 3 €
(0,1). Let {t,} be a sequence in (0,1) such that limy,_oc(kn—1)/(kn—1t,) =0,
and {x,} a sequence defined by (6). Define the sequence {z,} iteratively by
z € C,
tn tn
Znal = (1 — ) f(zn) + —T"2,, mneN. (10)
kny, kny,
For any C, T and f as above, the sequences {x,} and {z,} both converge
strongly to a point & € Fix(T') which is the unique solution of the variational

inequality (3) in Fix(T') if and only if the following conditions are satisfied:

(i) Lm t, =1;
n—oo

00 00

(11) Z [1 - (tn/kn)] = 00, that iS, H tn/kn = 0;
n=1 n=1

(i) lim [jzy, — T2yl =0 and lim ||z, —Tz,| = 0.
n—00 n—00

Proof. Suppose that the sequences {z,} and {z,} both converge strongly to
a point & of Fix(T") which is the unique solution of the variational inequality
(3) in Fix(T"). Then

|t —Txy|| < |xn—2|| + |72 —Txn|| < (1+k1)||zn— 2| — 0 as n — 0o,
and similarly
|l2n — T2nll < |l2n — 2| + || T2 — Tzl < (14 k1)|2n — 2] — 0 as n — 0o.

Hence condition (iii) holds.
Since | Tz, — || = ||[T" 2z, — T"Z|| < knllzn — 2|, for n € N, it follows that
limy, oo T" 2, = 2. Letting f = u € C with u ¢ Fix(T), by (10) we have

t t
liminf || — u|| = liminf || 7"z, — u|| = liminf ||z,11 — u|| = |2 — u]|
n—o0 kn n—oo k’n n—oo

which implies that lim,, . t,/ky, = 1 and condition (i) holds.
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To prove condition (ii) is satisfied, we may take C' = {z € E : ||z|| < 1} to
be the closed unit ball and z; #0. Set f=0and T'= —1 : C — C so that by
(10) it follows that

ln
Zng1 = (—=1)" - kn n
n+(n— tn  tna n(n+1)/2 - tm
(et et a2 T
kn kn—l m—1 km

Since 0 is the only fixed point of T, it follows that z,, — £ = 0 and
= tm
0= im |zn+1 — 0] = Jim ml |1 o l|z1 — 0]

hence [[°7, ty/kn = 0, that is, Y07 | [1 — (tn/kn)] = o0.

From the above discussion, conditions (i), (ii) and (iii) are seen to be nec-
essary. So we proceed to show their sufficiency. First, Theorem 3.1 assures
that the sequence {z,} converges strongly to a point & € Fix(7T) which is
the unique solution of the variational inequality (3) in Fix(T"). Next, we shall

prove that

lim sup(f(&) — &, J(z, — %)) < 0. (11)
By (6),
= (1= 22 ) () = 20l + 22 (T — 20)
T — 2Zp = . Tm) — Zn . T — Zn)-
Apply Lemma 2.1 to obtain
t2 tm
me - Zn”2 < k%l HTml'm - Zn”2 +2 <1 - k‘) <f(xm) — Zn, J(‘Tm - Zn)>
< %[HT T — T 2| + | T Zn—ZnH]

<f(xm) - xmwj(xm - Zn) > + Hmm - Zn”Z]

+
[\
7N
—_
|
~
33
N———

t2, " 2
< E [km”wm — zn|| + (|1 T™ 2 — Zn”]
tm
#2 (1= 1) [ ) = 2ms m = 2)) + i = 2]

=2 +2(1= tm 2 % _ T —
= lbm + L lZm — znl” + k |Zm — 2all - |l Zn — Znl|
m
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t%n m 2 tm
"’kT 1T 2n — 2" +2(1— . (f(@m) — T, J(Tm — 2n)),
m m

hence we have

lim sup(f(zm) — Tm, J(zn — Tm))

n—oo
Ko (2 —1)] , 9
<1+ —" 2| limsup||z;y, — 2
1 = B tisup |
2
+ —"— limsup me - ZnH : ”Tmzn - ZRH
km —tm n—oo
2
+ ——"  _limsup |[T™2, — za|>. (12)

ka(km - tm) n—0o0
Observe that

, ko (12, — 1) , K (14 tm) kpm — 1
e [ e — tm)] e [ 2 Fm — tm

Moreover, for each m € N,
lzn = T™zll < l2n = Tzall + 1Tz = Tzal + - + [|T™ 20 = T™ 20|
<A+Ek1+-Fkmno1)llzn — Tz — 0 as n — o0o.
Since the sequences {z,,} and {z,} are bounded, (12) implies that

lim sup lim sup(f () — Tm, J (z2n — Tm)) < 0. (13)

m—0o0 n—oo
Since {z,,} converges strongly to Z and J is norm-to-weak* uniformly contin-

uous on bounded sets, there exists [ € N such that for all m,n > 1,

| (f(@m) — Tm, (20 — Tm)) — (f(2) = 2, J(2n — zm)) | < €/2,
[{(f(@) =2, (2 — 2m)) — (f(2) = &, J(2n — 2)) | < €/2.

Therefore for all m,n > [

and so by (13)

lim sup(f(&) — 2, J (2, —&)) < limsup limsup(f(Zm) — Tm, J (zn —Tm)) +€ < €.

n—oo m—00 n—oo
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Since € is arbitrary, this proves (11).

To prove {z,} converges strongly to z, let v, = 1—1t,/ky, for n € N so that
Yn < 1/2 for all sufficiently large n. Thus 1 — 3v,, > 1/2 for sufficiently large
n. It follows from (10) and Lemma 2.1 that

Izt — 212 < (1= ) 1720 — &I + 290 (f (z0) — &, T (201 — &)
< R2(L = 30)? 2 — #17 + 290 F(20) = F(&) + F(@) = &, T (2001 — )
< K21 = 90)? 2n — 8112 + 2890 120 — 3 - 2n11 — 3]

29 (f(&) = &, I (2001 — )
< K21 = 3)? 2m — &l + B9 [Nz — 22 + 2001 — 212

+27n <f(j7) - i'? J(Zn—i-l - j))

Therefore
) 1—(2-8)m A (k2 —1)(1 — 29y,) 4 k272 )

o 2 < o 2 n n /n _ 2

241 — 2|7 < 1y, |2n — 2[1° + 1= |20 — 2|
+ 2 F(@) = 8, T (st — ) (14)
1= B, T T, J(2n+1 — T)).
Since
1—(2—-8)7m 2(1 - B)vn
L =1 2 <1 = 2(1 = B)Ya,
1 — By, 1— By, ( )7

by (14) we have
lzn41 = &[> < (1 = an)llzn — [ + on,
where o, = 2(1 — )y, Y oney @y = 00, and

(kp = 1)1 = 29) + k2972 P 2
1- ﬁ'}’n " 1- ﬁ’)/n

The boundedness of {z,} and the inequality (11) imply that limsup,,_,., o, <

— 2>+

(f(&) = 2, J(zn1 — 2))-

Op =

0. By Lemma 2.3, we conclude that lim,,_.« ||z, — || = 0. This completes the
proof. O

Applying Theorem 3.1 and Theorem 3.2, we can further consider the case
of any finite family of asymptotically nonexpansive mappings with nonempty
common fixed point set. The corresponding results are established as follows.



FIXED POINTS OF A SEQUENCE 479

Theorem 3.3. Let X be a real Banach space with uniformly Gateaux differen-
tiable norm and uniform normal structure, C a nonempty bounded closed con-
vez subset of X, f: C'— C a contraction, {T;}I", a finite family of asymptoti-
cally nonexpansive self-mappings of C with sequences {ki—l—m(j—l)};o:l C [1,00)
(1 <i<m) such that (-, Fix(T;) # 0. Let {t,} be a sequence in (0,1) such
that limy, o0 t, = 1 and limy,—o0(ky, — 1)/(kn — t,) = 0. The sequence {x,}
defined by (5) converges strongly to a common fized point & of {T;}™, which
is the unique solution of the variational inequality (3) in (-, Fix(T;) if and

only if lim, oo ||xn — Tixn|| =0, fori=1,...,m.

Proof. The necessity follows directly from the strong convergence of {x,}.
To prove the sufficiency, let £ € {1,2,...,m} so that by Theorem 3.1, the
sequence {Tp m(j—1)}j2; converges strongly to a point &y of Fix(T)) which
is the unique solution of the variational inequality (3) in Fix(7}). For any
i # k, since limy oo |27, — Tizn|| = 0 and {@p 1 m(;—1)}52; is a subsequence of
{zy}, it follows that Zj is also a fixed point of T;. Consequently, the points
&1,Z9, ..., &y are the solutions of the variational inequality (3) in (2, Fix(T;);
hence all ’s are reduced to one point, say &, of (-, Fix(7;). This assures
the strong convergence of {z,} to Z. O

Theorem 3.4. Let X be a real Banach space with uniformly Gateaux differen-
tiable norm and uniform normal structure, C a nonempty bounded closed con-
vez subset of X, f: C'— C a contraction, {T;}I", a finite family of asymptoti-
cally nonexpansive self-mappings of C with sequences {ki mj—1)}32; C [1,00)
(1 <i<m) such that (-, Fix(T;) # 0. Let {t,} be a sequence in (0,1) such
that limy, oo (kn — 1)/ (kp, — tn) = 0 and let {z,,} be a sequence defined by (5).
Define the sequence {z,} iteratively by z; € C,

n

p Tz, neN. (15)
n

tnt1 = (1 - Z) Fon) +
For any C, f and {T;}", as above, the sequences {xy} and {z,} both converge
strongly to a point & € (-, Fix(T;) which is the unique solution of the varia-
tional inequality (3) in (i, Fix(T;) if and only if the following conditions are
satisfied fori=1,...,m:

() Hm tim-1) =17
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o0

(ii) ;1[ 1 - (ti-i-m(j—l)/ki—i-m(j—l))] = 005

(iii) lim ||z, — Tizn|| =0 and lim ||z, — Tiz,|| = 0.
n—oo n—oo
Proof. This is an immediate consequence of Theorem 3.2 and Theorem 3.3. O

4. APPLICATIONS

This section is to utilize all the previous results to establish the necessary
and sufficient conditions for the strong convergence of an iterative sequence
to a common fixed point of an infinite family of asymptotically nonexpan-
sive mappings in uniformly convex Banach spaces with uniformly Gateaux
differentiable norm satisfying Opial’s condition.

Given X, f and C as in Section 3, let {7},,}>°_; be an infinite family of
asymptotically nonexpansive self-mappings of C with sequences {k,(lm)}zozl C
[1,00) (m € N) such that F = °_, Fix(T},) # 0. For m € N, let {t%m)}ff’:l
be a sequence in (0,1) such that lim, . t;m) = 1 and limnﬁoo(k:gm) -
1)/(k7(1m) — t£{”>) = 0. For any fixed m € N, define a mapping st c—c
by

(m) 1 )
Sy (x) = (1 — k:(m)) flx)+ WTma:.

n

Then S’,(@m) has a fixed point a:,(qm) € C. Hence

t(m) t(m)
" = (1= o | f@) + s Tha, neN. o (16)
n n
For any fixed m € N, define the sequence {Zq(zm) neq iteratively by Z§m) e,
(m) _ [4_ tn (m)y 4 " pm ()
%H_<1 y»ﬂ%)+5@ﬂ%’ el (1)

Note that for each m € N, it is seen from Theorem 3.1 that the sequence
{:U%m) o 1, converges strongly to a point &, € Fix(T},) which is the unique
solution of (3) in Fix(7},) if and only if lim, Hx%m) - me%m)H =0.

Let X be a Banach space with uniformly Gateaux differentiable norm. If X
satisfies Opial’s condition, then the normalized duality mapping J : X — X*
is weakly sequentially continuous at zero [14, Theorem 2]. Therefore, we can

apply Theorems 3.1 to obtain the following result.
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Theorem 4.1. Let X be a uniformly convex Banach space with uniformly
Gateaur differentiable norm satisfying Opial’s condition, C a nonempty
bounded closed convex subset of X, f : C — C a contraction with contrac-
tive constant B € (0,1), {Tn}oo_; a family of asymptotically nonexpansive
self-mappings of C' with sequences {kﬁlm) >, C[l,00) (m € N) such that
F = N>_Fix(T,) # 0. For m € N, let {t;m) o0 1 be a sequence in (0,1)
such that lim,_e0 4™ = 1 and limnﬂoo(kzﬁlm) - 1)/(k:§Lm) - t&m)) = 0. For each
m € N, the sequence {x,(lm)}zozl defined by (16) converges strongly to a point
Zm of Fix(T}y,) such that the sequence {Z,, }5°_, converges strongly to a point of
F which is the unique solution of the variational inequality (3) in F if and only
if limp oo |20 — Tpuzi™|

fori e N.

| =0, for m € N, and limy,—o0 [|Zm — TiZm]|| = 0,

Proof. The uniqueness of the solution of (3) in F' can be referred to Theorem
3.1 for the proof. For each m € N, if the sequence {l’%m) o, converges
strongly to a point &, of Fix(7},) such that the sequence {Z,, }>°_; converges
strongly to a point of F', then by Theorem 3.1, for m € N, lim,, . ||$£Lm) -

Tmm%m)H = 0, and for ¢ € N, since
|2m — Tidm|l < [|2m — &]| + | Ti% — Tidenl| < (14 &) &0 — 21,

we have lim, o || Zm — TiZm|| = 0.
Conversely, for m € N, since lim,, H:n%m) — me%m) || = 0, by Theorem 3.1
the sequence {:cﬁlm) oo, converges strongly to a point &, of Fix(T},) which is

the unique solution of the variational inequality (3) in Fix(T},):
(f(Zm) — Tm, J(y — Tm)) <0, for all y € Fix(T),). (18)

Given any subsequence {Z,,} of {Z,,}, since X is reflexive, there is a subse-
quence of {Z,, }, still denoted by {#,,}, converging weakly to a point & € C.
Since each I — T; is demiclosed at zero and limy,; —.co || Zm; — TiZm,|| = 0, we
have & — T;2 = 0 and so & € F = (;2; Fix(T;). For m € N, we obtain from
(16) that

(m) +m)
[ERE <(1 - m) [F ™) = 2] + s (Thal™ = Tid), J (2 — £>>

n

(m) (m)
n m P m S tn m m S
<<1 )Hﬂﬂﬂ)—ﬂ@”ﬂ%@—ww+ﬁm-%’W#)—MF

R 0
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+ (1 - lﬁi) <f(:%) — &, J(a™ — :z)>

<|Bl1- ")+t
k™

and so for sufficiently large n,

n

(m)
m A 128 A A m N
2™ — ]° + (1 - M) (£(&) = 3, (" — 2),

_(m) -1
2™ — &[|* < L _1( (mijkm)) - 6] (f(&) — &, J (=™ — 1)). (19)

Since {xﬁ”)};ozl converges strongly to &,, by (4) the inequality (19) implies
that

1
& — 2| < ﬂ<f(az) — &, J(&m — &))  form e N.
Therefore the weak convergence of {#,,} to & and the weakly sequential con-
tinuity of J at zero ensure that

1
msup [, — 2|7 < lm ———(f(&) — &, J (i, — #)) = 0;
m;—00 mj—oo 1 — f3
hence {Z,;} converges strongly to .
Indeed, Z is a solution of the variational inequality (3) in F'. For, if y € F,

observe that

( ) = (&= f(2), J(& —y))|

([m = f(@m)] = [2 = f(2)], J(@m —y)) + (2 = [(2), ] (@m —y) — J(Z — y)]
S#m—=f(@m)] = [& = @I - Zm = yll+ (& = f(2), J(@m—y) = J(E—y))]-
(20)

Since {Zm;} converges strongly to # and J is norm-to-weak™ continuous, it
follows from (18) and (20) that

<f(§3) _ivj(y_‘%» = lim <f(5&m]) _‘,i‘mj7j(y - :%mj» < 0.

This shows that Z is a solution of the variational inequality (3) in F. Conse-
quently, any subsequence of {x,} has a strongly convergent subsequence with
limit &, and hence {x,} converges strongly to Z. O
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By Theorem 3.2, for each m € N, the sequences {xﬁlm oo, and {zn )}
defined by (16) and (17) both converge strongly to a ﬁxed point Z,, of Tm
which is the unique solution of the Variational inequality (3) in Fix(Tm) if and
only if for all m €N We have limy,_o 0" = 1, Yooyl (tnm /k m))] 00,
limy, o0 Hxn — Tzl H = 0 and lim,, .o ||zT(L ™ T " || = 0. Hence, the

following result is a direct consequence of Theorem 3.2 and Theorem 4.1.

Theorem 4.2. Let X be a uniformly conver Banach space with uniformly
Gateauzx differentiable norm satisfying Opial’s condition, C a nonempty
bounded closed convex subset of X, f : C — C a contraction, {T,}5°_; a
sequence of asymptotically nonexpansive self-mappings of C with sequences
{k >, C [1,00) (m € N) such that F = (\,._, Fix(T,,) # 0. For
m € N, let {tn ™) >, be a sequence in (0,1) such that limy,_o ) — 1 and
limnﬂo(o(gfflm) 71)/(/{:,(1m) - 2’")) = 0. For eachm € N, the sequences {x,(lm)}%ozl
m

and {zy '}, defined by (16) and (17) respectively converge strongly to a point
ZTm of Fix(Ty,) such that the sequence {Zm}oo_, converges strongly to a point
of F' which is the unique solution of the variational inequality (3) in F if and

only if the following conditions hold:
(1) hm £im )—1 for m € N;

(i z[ — (™ K™ ] = oo, for m € N;

i)
(iii) hm ||xn — Tl H =0 and hm ||z — T H =0, form € N.
)

(iv hm |Zm — TiZm| = 0, forzGN

Proof. The result follows directly from Theorem 3.2 and Theorem 4.1. O

Remark. Using the same iterations and arguments as Theorems 4.1 and 4.2
in the case when C' is a closed, not necessarily bounded, convex set, since the
sequence {Z,,}>°_; is bounded, cf. [17, proof of Theorem 3.1], it is seen that
the results in [17] can be extended to an infinite sequence of asymptotically
nonexpansive mappings. Accordingly, the boundedness on C' in Theorems 4.1
and 4.2 can be dropped.
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