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Abstract. In a Banach space with uniformly Gâteaux differentiable norm and uniform

normal structure, by constructing an iterative sequence {zn} for a family of asymptotically

nonexpansive mappings {Tm}∞m=1, the necessary and sufficient conditions for the strong

convergence of {zn} to a common fixed point of {Tm}∞m=1 are analyzed.
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1. Introduction

Let X be a Banach space, C a nonempty subset of X and T : C → C a
mapping. Then T is said to be a contraction on C with contractive constant
α ∈ (0, 1) if ‖T (x) − T (y)‖ ≤ α‖x − y‖, for all x, y ∈ C; T is said to be
nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖, for all x, y ∈ C and T is said to be
uniformly L-Lipschitzian (L > 0) if ‖Tnx− Tny‖ ≤ L‖x− y‖, for all x, y ∈ C

and for all n ∈ N. If there exists a sequence {kn} of positive numbers with
limn→∞ kn = 1 such that ‖Tnx − Tny‖ ≤ kn‖x − y‖, for all x, y ∈ C and for
all n ∈ N, then T is said to be asymptotically nonexpansive. It is clear that
an asymptotically nonexpansive mapping is uniformly L-Lipschitzian for some
constant L > 0.
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The asymptotically nonexpansive mappings introduced by Goebel and Kirk
are important generalizations of nonexpansive mappings. Goebel and Kirk [10]
proved that if X is a uniformly convex Banach space and C is a nonempty
bounded and closed convex subset of X, then any asymptotically nonexpansive
mapping T : C → C has a fixed point in C. This result has been extended
(see, e.g., [11, 20, 30]).

Let C be a nonempty closed convex subset of X, u ∈ C and T a nonex-
pansive self-mapping of C. The following iteration scheme for u = 0 was first
introduced by Halpern [16] in 1967:

x0 ∈ C, xn+1 = αnu + (1− αn)Txn, n ∈ N. (1)

He pointed out that the conditions limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ are
necessary for the strong convergence of the iterative sequence {xn} to a fixed
point of T . In 1980, Reich gave the iteration scheme (1) in the case when X is
uniformly smooth and αn = n−λ with 0 < λ < 1. Henceforward, the iteration
scheme (1) has been comprehensively studied (see, e.g., [27] and the references
therein).

On the other hand, many nice results of the iterative methods for approxi-
mating fixed points of asymptotically nonexpansive mappings have been also
established (see, e.g., [3, 6, 7, 8, 17, 18, 19, 23, 24, 25, 26, 28, 29, 32, 33, 34, 35]).
In particular, Lim and Xu [18] proved the strong convergence of an approxi-
mating fixed point of an asymptotically nonexpansive mappings in uniformly
smooth Banach spaces including the Lp spaces (1 < p < ∞) which partially
extended a celebrated convergence theorem due to Reich [22] for nonexpan-
sive mappings. Their result was extended to Banach spaces with uniformly
Gâteaux differentiable norm and uniform normal structure by Chidume, Li
and Udomene [8].

Theorem(Chidume, Li and Udomene [8]) 1.1. Let X be a Banach space
with uniformly Gâteaux differentiable norm and uniform normal structure, C

a nonempty bounded closed convex subset of X, T : C → C an asymptotically
nonexpansive mapping with sequence {kn} ⊂ [1,∞). Let u ∈ C and let {tn} be
a sequence in (0, 1) such that limn→∞ tn = 1 and limn→∞(kn−1)/(kn−tn) = 0.
Then for each n ∈ N there is a unique point xn ∈ C such that

xn =
(

1− tn
kn

)
u + Tnxn.
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Define the sequence {zn} iteratively by z1 ∈ C,

zn+1 =
(

1− tn
kn

)
u +

tn
kn

Tnzn, n ∈ N.

Suppose, in addition, that limn→∞ ‖xn−Txn‖ = 0 and limn→∞ ‖zn−Tzn‖ = 0.
Then the sequences {xn} and {zn} both converge strongly to a fixed point of
T .

By using viscosity approximation methods for a finite family of nonexpan-
sive mappings in uniformly smooth Banach spaces, the necessary and sufficient
conditions for the iterative sequence to converge to a common fixed point of
those mappings are recently obtained by Chang [7]. In [17], we not only
extended Theorem 1.1 to a finite family of asymptotically nonexpansive map-
pings, but proved that the sufficient condition for the strong convergence of
{xn} and {zn} is also necessary as well in a uniformly convex Banach space
with uniformly Gâteaux differentiable norm satisfying Opial’s condition. Be-
sides, the strong limit of {xn} and {zn} is, in fact, the unique solution of a
variational inequality.

Theorem(Huang [17]) 1.2. Let X be a uniformly convex Banach space
with uniformly Gâteaux differentiable norm satisfying Opial’s condition, C

a nonempty closed convex subset of X, f : C → C a contraction with contrac-
tive constant β ∈ (0, 1), {Ti}m

i=1 a finite family of asymptotically nonexpansive
self-mappings of C with sequences {ki+m(j−1)}∞j=1 ⊂ [1,∞) (1 ≤ i ≤ m)
such that

⋂m
i=1 Fix(Ti) 6= ∅. Let {tn} be a sequence in (0, 1) such that

limn→∞(kn − 1)/(kn − tn) = 0. Then for each n ∈ N there is a unique
point xn ∈ C such that

xn =
(

1− tn
kn

)
f(xn) +

tn
kn

T jn
n̄ xn,

where n̄ ≡ n modm and jn = (n − n̄)/m + 1. Define the sequence {zn}
iteratively by z1 ∈ C,

zn+1 =
(

1− tn
kn

)
f(zn) +

tn
kn

T jn
n̄ zn, n ∈ N.

For any C, f and {Ti}m
i=1 as above, the sequences {xn} and {zn} both con-

verge strongly to a point x̂ ∈
⋂m

i=1 Fix(Ti) which is the unique solution of the
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variational inequality in
⋂m

i=1 Fix(Ti):

〈f(x̂)− x̂, J(y − x̂)〉 ≤ 0, for all y ∈
m⋂

i=1

Fix(Ti)

if and only if the following conditions are satisfied:

(i) lim
n→∞

tn = 1;

(ii)
∞∑

n=1
[ 1− (tn/kn) ] = ∞;

(iii) lim
n→∞

‖xn − Tixn‖ = 0 and lim
n→∞

‖zn − Tizn‖ = 0, for i = 1, . . . ,m.

This work is mainly devoted to construct iteration schemes for an infi-
nite sequence of asymptotically nonexpansive mappings in a uniformly convex
Banach space with uniformly Gâteaux differentiable norm satisfying Opial’s
condition and establish the necessary and sufficient conditions for the strong
convergence of the iterative sequences to a common fixed point of those map-
pings. To this end, in Section 3, regarded as the generalization of Theorem 1.1,
we consider iterative sequences {xn} and {zn} as in Theorem 1.2 for finitely
many asymptotically nonexpansive mappings {Ti}m

i=1 in Banach spaces with
uniformly Gâteaux differentiable norm and uniform normal structure. The
conditions (i)-(iii) in Theorem 1.2 are verified to be still necessary and suffi-
cient for the strong convergence of {xn} and {zn} to a common fixed point
of {Ti}m

i=1. The approach, also cf. [8] and [13, pp. 46-47], is different from
that of [17]. In Section 4, we provide the iterations for an infinite sequence
of asymptotically nonexpansive mappings in uniformly convex Banach spaces
with uniformly Gâteaux differentiable norm satisfying Opial’s condition. Fur-
thermore, the corresponding work in Section 3 is investigated for this infinite
sequence of mappings. It is noteworthy that the results in [17] can be gener-
alized to an infinite sequence of asymptotically nonexpansive mappings with
the same iteration schemes and arguments as developed in Section 4. Conse-
quently, we remark that Theorems 4.1 and 4.2 are improved by relaxing the
boundedness on the set C.

The author is very grateful to Professor S. S. Chang and Professor J. C.
Yao for many precious suggestions, and deeply appreciates the referee for the
important comments.
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2. Preliminaries

Let X be a Banach space, X∗ the dual space of X, and S = {x ∈ X : ‖x‖ =
1} the unit sphere of X. Let J : X → 2X∗ be the normalized duality mapping
defined by

J(x) = {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖ · ‖x∗‖, ‖x‖ = ‖x∗‖}, x ∈ X,

where 〈·, ·〉 denotes the duality pairing. If J is single-valued, J is odd, that
is, J(−x) = −J(x), x ∈ X. A Banach space X is said to admit a weakly
sequentially continuous normalized duality mapping J : X → 2X∗ if J is
single-valued and weak-to-weak∗ continuous.

We say that X is smooth (or X has a Gâteaux differentiable norm) if the
limit

lim
t→0

‖x + ty‖ − ‖x‖
t

(2)

exists for all x, y ∈ S; X is said to have a uniformly Gâteaux differentiable norm
if for each y ∈ X the limit (2) is attained uniformly in x ∈ S. If the limit (2)
exists and is attained uniformly in x, y ∈ S, X is said to be uniformly smooth.
It is well known that X is smooth if and only if the duality mapping J is single-
valued [9]. The norm of X is uniformly Gâteaux differentiable is equivalent to
the condition that J is single-valued and norm-to-weak∗ continuous, uniformly
on bounded subsets of X [9].

Let C be a nonempty bounded subset of X and let diam C = sup{‖x− y‖ :
x, y ∈ C} be the diameter of C. For each x ∈ C, let r(x,C) = sup{‖x − y‖ :
y ∈ C} so that the Chebyshev radius of C relative to itself is defined by
r(C) = inf{r(x, C) : x ∈ C}. The normal structure coefficient N(X) of X, cf.
[1, 4], is defined by

N(X) = inf
{

diam C

r(C)
: C is a bounded and closed convex subset of X

with diam C > 0
}

.

A space X is said to have uniform normal structure if N(X) > 1.
A Banach space X is said to be uniformly convex [1] if for each ε > 0 there

exists δ(ε) > 0 such that for x, y ∈ X with ‖x‖ ≤ 1 and ‖y‖ ≤ 1,∥∥∥∥x + y

2

∥∥∥∥ ≤ 1− δ(ε), whenever ‖x− y‖ ≥ ε.
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It is well known that every space with uniform normal structure is reflexive,
cf. [12, 21], and that all uniformly convex or uniformly smooth Banach spaces
have uniform normal structure [1].

A mapping f : E → X, where E ⊂ X, is said to be demiclosed at y ∈ X

if, for any sequence {xn} in E, the conditions xn → x ∈ E weakly and
f(xn) → y strongly together imply f(x) = y. Recall also that a Banach
space X is said to satisfy Opial’s condition [12] if whenever a sequence {xn}
in X converges weakly to x, then lim supn→∞ ‖xn − x‖ < lim supn→∞ ‖xn −
y‖, for y 6= x. Gossez and Lami Dozo have shown that a Banach space
with weakly sequentially continuous normalized duality mapping must satisfy
Opial’s condition [14, Theorem 1]. If X is a reflexive Banach space which
satisfies Opial’s condition, C is a closed convex subset of X and T : C → C is a
nonexpansive mapping, then I−T is demiclosed, where I denotes the identity
mapping of X [12, Theorem 10.3]. Significantly, Gornicki’s demiclosedness
principle asserts that if X is a uniformly convex Banach space satisfying Opial’s
condition, C is a nonempty closed convex subset of X and T : C → C is an
asymptotically nonexpansive mapping, then I − T is demiclosed at zero [15].

We denote a Banach limit by LIM. Recall that LIM ∈ (`∞)∗ such
that ‖LIM‖ = 1 and for all {an} ∈ (`∞)∗, lim infn→∞ an ≤ LIMnan ≤
lim supn→∞ an and LIMnan = LIMnan+1.

The following lemmas will be needed to prove our results.

Lemma 2.1. ([5]) Let X be a real Banach space. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉,

for all x, y ∈ X and j(x + y) ∈ J(x + y).

Lemma 2.2. ([18]) Let X be a real Banach space with uniform normal
structure, C a nonempty bounded subset of X, T : C → C a uniformly k-
Lipschitzian mapping with k < N(X)1/2. Suppose that there exists a nonempty
bounded and closed convex subset E of C with the following property (P):

x ∈ E implies ωw(x) ⊂ E, (P)

where
ωw(x) = {y ∈ X : y = weak- lim

j
Tnjx for some nj →∞}

is the weak ω-limit set of T at x. Then T has a fixed point in E.
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Lemma 2.3. ([31]) Let {an} ba a sequence of nonnegative real numbers sat-
isfying the following condition:

an+1 ≤ (1− αn)an + σn, n ∈ N,

where each 0 < αn < 1 and
∑∞

n=1 αn = ∞. If either σn = o(αn), or
lim supn→∞ σn ≤ 0, then limn→∞ an = 0.

3. The main results

This section is devoted to constructing an iterated sequence for a finite
family of asymptotically nonexpansive mappings {Ti}m

i=1 and establishing the
necessary and sufficient conditions for this iterative sequence to converge to
a common fixed point x̂ of {Ti}m

i=1. In fact, the fixed point x̂ is the unique
solution of the variational inequality:

〈f(x̂)− x̂, J(y − x̂)〉 ≤ 0, (3)

for all y ∈
⋂m

i=1 Fix(Ti), where Fix(Ti) denotes the fixed point set of Ti. Let
X be a real Banach space, C a nonempty closed convex subset of X, {Ti}m

i=1 a
finite family of asymptotically nonexpansive self-mappings of C with sequences
{ki+m(j−1)}j (1 ≤ i ≤ m), f : C → C a contraction with contractive constant
β ∈ (0, 1). We may always assume that kn ≥ 1, for all n ∈ N. Let {tn} be a
sequence in (0, 1) such that limn→∞ tn = 1. Throughout the rest of this paper,
for each n ∈ N, we denote n̄ ≡ n modm and write n = n̄+m(n̂− 1), for some
n̂ ∈ N. Thus n̂ = 1 if 1 ≤ n ≤ m, n̂ = 2 if m+1 ≤ n ≤ 2m, and so on. Define
a mapping Sn : C → C by

Sn(x) =
(

1− tn
kn

)
f(x) +

tn
kn

T n̂
n̄ x.

Then for x, y ∈ C we have

‖Sn(x)− Sn(y)‖ ≤
(

1− tn
kn

)
‖f(x)− f(y)‖+

tn
kn
‖T n̂

n̄ x− T n̂
n̄ y‖

≤
[
β

(
1− tn

kn

)
+ tn

]
‖x− y‖.

In addition, suppose that limn→∞(kn − 1)/(kn − tn) = 0. Then

lim
n→∞

1− tn
1− tn/kn

= lim
n→∞

kn

(
1− kn − 1

kn − tn

)
= 1 (4)



472 SHUECHIN HUANG

and thus β(1 − tn/kn) + tn < 1, for all sufficiently large n. By Banach Con-
traction Principle, Sn has a unique fixed point xn ∈ C, that is,

xn =
(

1− tn
kn

)
f(xn) +

tn
kn

T n̂
n̄ xn. (5)

If only one asymptotically nonexpansive mapping T : C → C is considered,
i.e., m = 1, then (5) reduces to

xn =
(

1− tn
kn

)
f(xn) +

tn
kn

Tnxn. (6)

In particular, if we set f ≡ u, for some fixed u ∈ C, our iterative process (6)
becomes the one studied by Lim and Xu in [18] and Chidume, Li and Udomene
in [8]. Their results are extended as follows.

Theorem 3.1. Let X be a real Banach space with uniformly Gâteaux differ-
entiable norm and uniform normal structure, C a nonempty bounded closed
convex subset of X, T : C → C an asymptotically nonexpansive mapping with
sequence {kn} ⊂ [1,∞), f : C → C a contraction with contractive constant
β ∈ (0, 1). Let {tn} be a sequence in (0, 1) such that limn→∞ tn = 1 and
limn→∞(kn − 1)/(kn − tn) = 0. The sequence {xn} defined by (6) converges
strongly to a point x̂ ∈ Fix(T ) which is the unique solution of the variational
inequality (3) in Fix(T ) if and only if limn→∞ ‖xn − Txn‖ = 0.

Proof. Discarding a few terms if necessary, we can assume that β(1− tn/kn)+
tn < 1, for all n ∈ N. The set Fix(T ) is nonempty by Lemma 2.2. Notice that
the variational inequality (3) has at most one solution in Fix(T ). For, if u and
v are two solutions of (3) in Fix(T ), we have

〈f(u)− u, J(v − u)〉 ≤ 0, 〈f(v)− v, J(u− v)〉 ≤ 0.

Adding these two inequalities, we obtain

〈[u− f(u)]− [v − f(v)], J(u− v)〉 ≤ 0

which implies

(1− β)‖u− v‖2 ≤ 〈[u− f(u)]− [v − f(v)], J(u− v)〉 ≤ 0.

Therefore u = v.
If the sequence {xn} converges strongly to x̂ ∈ Fix(T ), then

‖xn − Txn‖ ≤ ‖xn − x̂‖+ ‖T x̂− Txn‖ ≤ (1 + k1)‖xn − x̂‖
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and hence limn→∞ ‖xn − Txn‖ = 0.
Conversely, suppose that limn→∞ ‖xn − Txn‖ = 0. For each m ∈ N, since

‖xn − Tmxn‖ ≤ ‖xn − Txn‖+ ‖Txn − T 2xn‖+ · · ·+ ‖Tm−1xn − Tmxn‖

≤ (1 + k1 + · · ·+ km−1)‖xn − Txn‖,

it follows that limn→∞ ‖xn − Tmxn‖ = 0. Let u ∈ Fix(T ) so that for n ∈ N,

〈xn − Tnxn, J(xn − u)〉 = 〈xn − u, J(xn − u)〉+ 〈u− Tnxn, J(xn − u)〉

≥ ‖xn − u‖2 − ‖u− Tnxn‖ · ‖xn − u‖

≥ −(kn − 1)‖xn − u‖2

≥ −(kn − 1)(diam C)2.

By (6) we have

xn − Tnxn =
kn − tn

tn
[f(xn)− xn],

and so
〈xn − f(xn), J(xn − u)〉 ≤ tn(kn − 1)

kn − tn
(diam C)2, (7)

where tn(kn − 1)/(kn − tn) → 0 as n →∞. Define a mapping ϕ : C → [0,∞)
by

ϕ(x) = LIMn‖xn − x‖2, x ∈ C.

Since ϕ is continuous and convex, ϕ(x) → ∞ as ‖x‖ → ∞. Corollary 5.87 in
[2] implies that ϕ is weakly lower semicontinus. Since X is reflexive, ϕ attains
its infimum over C. Hence the set

E = {x ∈ C : ϕ(x) = inf
z∈C

ϕ(z)}

is nonempty, closed and convex. Moreover, E satisfies the property (P). In
fact, if x ∈ E and y = weak- limj Tmjx is in the weak ω-limit set ωw(x) of T at
x, then from the weak lower semicontinuity of ϕ and limn→∞ ‖xn−Tmxn‖ = 0,
for m ∈ N, we have

ϕ(y) ≤ lim inf
j

ϕ(Tmjx) ≤ lim sup
m

ϕ(Tmx)

= lim sup
m

(LIMn‖xn − Tmx‖2) ≤ lim sup
m

(LIMn‖Tmxn − Tmx‖2)

≤ lim sup
m

k2
mLIMn‖xn − x‖2 = LIMn‖xn − x‖2

= inf
z∈C

ϕ(z).
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Therefore y ∈ E and E satisfies the property (P). By Lemma 2.2, T has a
fixed point x̂ ∈ E. On the other hand, if m ∈ N and z ∈ C, then by Lemma
2.1

‖xn − x̂‖2 = ‖xn − (tm/km)x̂− (1− tm/km)z + (1− tm/km)(z − x̂)‖2

≥ ‖xn − (tm/km)x̂− (1− tm/km)z‖2

+ [2(km − tm)/km]
〈
z − x̂, J

(
xn − (tm/km)x̂− (1− tm/km)z

) 〉
.

(8)

Given ε > 0, since J is norm-to-weak∗ uniformly continuous on C, there exists
m0 ∈ N such that for all n ∈ N,∣∣〈 z−x̂, J(xn−x̂)−J

(
xn−(tm/km)x̂−(1−tm/km)z

) 〉∣∣ < ε, whenever m ≥ m0.

By (8) this inequality implies that

〈z − x̂, J(xn − x̂)〉

< ε +
〈
z − x̂, J

(
xn − (tm/km)x̂− (1− tm/km)z

) 〉
≤ ε + [km/2(km − tm)] [ ‖xn − x̂‖2 − ‖xn − (tm/km)x̂− (1− tm/km)z‖2 ],

whenever n ∈ N and m ≥ m0. Since x̂ is a minimizer of ϕ over C, the above
inequality asserts that

LIMn〈z − x̂, J(xn − x̂)〉 ≤ 0, for all z ∈ C.

In particular,
LIMn〈f(xn)− x̂, J(xn − x̂)〉 ≤ 0. (9)

Choosing u = x̂ in (7) and combining (7) with (9), we conclude that

LIMn‖xn − x̂‖2 = LIMn〈xn − x̂, J(xn − x̂)〉 ≤ 0.

Therefore there is a subsequence {xnj} of {xn} converging strongly to x̂. It
follows from (7) that

〈x̂− f(x̂), J(x̂− y)〉 ≤ 0, for all y ∈ Fix(T ),

and so x̂ is a solution of the variational inequality (3). To complete the proof,
suppose that there is another subsequence of {xn} converging strongly to a
point, say x̄. Then x̄ is a fixed point of T because limn→∞ ‖xn − Txn‖ = 0.
Again, from (7) we obtain

〈x̄− f(x̄), J(x̄− y)〉 ≤ 0, for all y ∈ Fix(T ),
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which shows that x̄ is also a solution of the variational inequality (3); hence
x̄ = x̂ by the uniqueness of the solution. This assures the strong convergence
of {xn} to x̂. �

Theorem 3.2. Let X be a real Banach space with uniformly Gâteaux differ-
entiable norm and uniform normal structure, C a nonempty bounded closed
convex subset of X, T : C → C an asymptotically nonexpansive mapping with
sequence {kn} ⊂ [1,∞), f : C → C a contraction with contractive constant β ∈
(0, 1). Let {tn} be a sequence in (0, 1) such that limn→∞(kn−1)/(kn−tn) = 0,
and {xn} a sequence defined by (6). Define the sequence {zn} iteratively by
z1 ∈ C,

zn+1 =
(

1− tn
kn

)
f(zn) +

tn
kn

Tnzn, n ∈ N. (10)

For any C, T and f as above, the sequences {xn} and {zn} both converge
strongly to a point x̂ ∈ Fix(T ) which is the unique solution of the variational
inequality (3) in Fix(T ) if and only if the following conditions are satisfied:

(i) lim
n→∞

tn = 1;

(ii)
∞∑

n=1
[ 1− (tn/kn) ] = ∞, that is,

∞∏
n=1

tn/kn = 0;

(iii) lim
n→∞

‖xn − Txn‖ = 0 and lim
n→∞

‖zn − Tzn‖ = 0.

Proof. Suppose that the sequences {xn} and {zn} both converge strongly to
a point x̂ of Fix(T ) which is the unique solution of the variational inequality
(3) in Fix(T ). Then

‖xn−Txn‖ ≤ ‖xn− x̂‖+‖T x̂−Txn‖ ≤ (1+k1)‖xn− x̂‖ → 0 as n →∞,

and similarly

‖zn − Tzn‖ ≤ ‖zn − x̂‖+ ‖T x̂− Tzn‖ ≤ (1 + k1)‖zn − x̂‖ → 0 as n →∞.

Hence condition (iii) holds.
Since ‖Tnzn − x̂‖ = ‖Tnzn − Tnx̂‖ ≤ kn‖zn − x̂‖, for n ∈ N, it follows that

limn→∞ Tnzn = x̂. Letting f ≡ u ∈ C with u /∈ Fix(T ), by (10) we have

lim inf
n→∞

tn
kn
‖x̂− u‖ = lim inf

n→∞

tn
kn
‖Tnzn − u‖ = lim inf

n→∞
‖zn+1 − u‖ = ‖x̂− u‖

which implies that limn→∞ tn/kn = 1 and condition (i) holds.
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To prove condition (ii) is satisfied, we may take C = {x ∈ E : ‖x‖ ≤ 1} to
be the closed unit ball and z1 6= 0. Set f ≡ 0 and T = −I : C → C so that by
(10) it follows that

zn+1 = (−1)n · tn
kn

· zn

= (−1)n+(n−1) · tn
kn

· tn−1

kn−1
· zn−1 = · · · · · · = (−1)n(n+1)/2

n∏
m=1

tm
km

· z1.

Since 0 is the only fixed point of T , it follows that zn → x̂ = 0 and

0 = lim
n→∞

‖zn+1 − 0‖ = lim
n→∞

n∏
m=1

tm
km

· ‖z1 − 0‖;

hence
∏∞

n=1 tn/kn = 0, that is,
∑∞

n=1[ 1− (tn/kn) ] = ∞.
From the above discussion, conditions (i), (ii) and (iii) are seen to be nec-

essary. So we proceed to show their sufficiency. First, Theorem 3.1 assures
that the sequence {xn} converges strongly to a point x̂ ∈ Fix(T ) which is
the unique solution of the variational inequality (3) in Fix(T ). Next, we shall
prove that

lim sup
n→∞

〈f(x̂)− x̂, J(zn − x̂)〉 ≤ 0. (11)

By (6),

xm − zn =
(

1− tm
km

)
[f(xm)− zn] +

tm
km

(Tmxm − zn).

Apply Lemma 2.1 to obtain

‖xm − zn‖2 ≤ t2m
k2

m

‖Tmxm − zn‖2 + 2
(

1− tm
km

)
〈f(xm)− zn, J(xm − zn)〉

≤ t2m
k2

m

[
‖Tmxm − Tmzn‖+ ‖Tmzn − zn‖

]2
+2
(

1− tm
km

)
[ 〈 f(xm)− xm, J(xm − zn) 〉+ ‖xm − zn‖2 ]

≤ t2m
k2

m

[
km‖xm − zn‖+ ‖Tmzn − zn‖

]2
+2
(

1− tm
km

)
[ 〈f(xm)− xm, J(xm − zn)〉+ ‖xm − zn‖2 ]

=
[
t2m + 2

(
1− tm

km

)]
‖xm − zn‖2 +

2t2m
km

‖xm − zn‖ · ‖Tmzn − zn‖
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+
t2m
k2

m

‖Tmzn − zn‖2 + 2
(

1− tm
km

)
〈f(xm)− xm, J(xm − zn)〉,

hence we have

lim sup
n→∞

〈f(xm)− xm, J(zn − xm)〉

≤
[
1 +

km(t2m − 1)
2(km − tm)

]
lim sup

n→∞
‖xm − zn‖2

+
t2m

km − tm
lim sup

n→∞
‖xm − zn‖ · ‖Tmzn − zn‖

+
t2m

2km(km − tm)
lim sup

n→∞
‖Tmzn − zn‖2. (12)

Observe that

lim
m→∞

[
1 +

km(t2m − 1)
2(km − tm)

]
= lim

m→∞

[
1− km(1 + tm)

2
·
(

1− km − 1
km − tm

)]
= 0.

Moreover, for each m ∈ N,

‖zn − Tmzn‖ ≤ ‖zn − Tzn‖+ ‖Tzn − T 2zn‖+ · · ·+ ‖Tm−1zn − Tmzn‖

≤ (1 + k1 + · · ·+ km−1)‖zn − Tzn‖ → 0 as n →∞.

Since the sequences {xm} and {zn} are bounded, (12) implies that

lim sup
m→∞

lim sup
n→∞

〈f(xm)− xm, J(zn − xm)〉 ≤ 0. (13)

Since {xm} converges strongly to x̂ and J is norm-to-weak∗ uniformly contin-
uous on bounded sets, there exists l ∈ N such that for all m,n ≥ l,

| 〈f(xm)− xm, J(zn − xm)〉 − 〈f(x̂)− x̂, J(zn − xm)〉 | ≤ ε/2,

| 〈f(x̂)− x̂, J(zn − xm)〉 − 〈f(x̂)− x̂, J(zn − x̂)〉 | ≤ ε/2.

Therefore for all m,n ≥ l

| 〈f(xm)− xm, J(zn − xm)〉 − 〈f(x̂)− x̂, J(zn − x̂)〉 |

≤ | 〈f(xm)− xm, J(zn − xm)〉 − 〈f(x̂)− x̂, J(zn − xm)〉 |

+ | 〈f(x̂)− x̂, J(zn − xm)〉 − 〈f(x̂)− x̂, J(zn − x̂)〉 |

≤ ε,

and so by (13)

lim sup
n→∞

〈f(x̂)− x̂, J(zn− x̂)〉 ≤ lim sup
m→∞

lim sup
n→∞

〈f(xm)−xm, J(zn−xm)〉+ε ≤ ε.
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Since ε is arbitrary, this proves (11).
To prove {zn} converges strongly to x̂, let γn = 1− tn/kn, for n ∈ N so that

γn < 1/2 for all sufficiently large n. Thus 1− βγn > 1/2 for sufficiently large
n. It follows from (10) and Lemma 2.1 that

‖zn+1 − x̂‖2 ≤ (1− γn)2 ‖Tnzn − x̂‖2 + 2γn〈f(zn)− x̂, J(zn+1 − x̂)〉

≤ k2
n(1− γn)2 ‖zn − x̂‖2 + 2γn〈 f(zn)− f(x̂) + f(x̂)− x̂, J(zn+1 − x̂) 〉

≤ k2
n(1− γn)2 ‖zn − x̂‖2 + 2βγn ‖zn − x̂‖ · ‖zn+1 − x̂‖

+2γn〈f(x̂)− x̂, J(zn+1 − x̂)〉

≤ k2
n(1− γn)2 ‖zn − x̂‖2 + βγn

[
‖zn − x̂‖2 + ‖zn+1 − x̂‖2

]
+2γn 〈f(x̂)− x̂, J(zn+1 − x̂)〉.

Therefore

‖zn+1 − x̂‖2 ≤ 1− (2− β)γn

1− βγn
‖zn − x̂‖2 +

(k2
n − 1)(1− 2γn) + k2

nγ2
n

1− βγn
‖zn − x̂‖2

+
2γn

1− βγn
〈f(x̂)− x̂, J(zn+1 − x̂)〉. (14)

Since
1− (2− β)γn

1− βγn
= 1− 2(1− β)γn

1− βγn
< 1− 2(1− β)γn,

by (14) we have

‖zn+1 − x̂‖2 ≤ (1− αn)‖zn − x̂‖2 + σn,

where αn = 2(1− β)γn,
∑∞

n=1 αn = ∞, and

σn =
(k2

n − 1)(1− 2γn) + k2
nγ2

n

1− βγn
‖zn − x̂‖2 +

2γn

1− βγn
〈f(x̂)− x̂, J(zn+1 − x̂)〉.

The boundedness of {zn} and the inequality (11) imply that lim supn→∞ σn ≤
0. By Lemma 2.3, we conclude that limn→∞ ‖zn− x̂‖ = 0. This completes the
proof. �

Applying Theorem 3.1 and Theorem 3.2, we can further consider the case
of any finite family of asymptotically nonexpansive mappings with nonempty
common fixed point set. The corresponding results are established as follows.
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Theorem 3.3. Let X be a real Banach space with uniformly Gâteaux differen-
tiable norm and uniform normal structure, C a nonempty bounded closed con-
vex subset of X, f : C → C a contraction, {Ti}m

i=1 a finite family of asymptoti-
cally nonexpansive self-mappings of C with sequences {ki+m(j−1)}∞j=1 ⊂ [1,∞)
(1 ≤ i ≤ m) such that

⋂m
i=1 Fix(Ti) 6= ∅. Let {tn} be a sequence in (0, 1) such

that limn→∞ tn = 1 and limn→∞(kn − 1)/(kn − tn) = 0. The sequence {xn}
defined by (5) converges strongly to a common fixed point x̂ of {Ti}m

i=1 which
is the unique solution of the variational inequality (3) in

⋂m
i=1 Fix(Ti) if and

only if limn→∞ ‖xn − Tixn‖ = 0, for i = 1, . . . ,m.

Proof. The necessity follows directly from the strong convergence of {xn}.
To prove the sufficiency, let k ∈ {1, 2, . . . ,m} so that by Theorem 3.1, the
sequence {xk+m(j−1)}∞j=1 converges strongly to a point x̂k of Fix(Tk) which
is the unique solution of the variational inequality (3) in Fix(Tk). For any
i 6= k, since limn→∞ ‖xn − Tixn‖ = 0 and {xk+m(j−1)}∞j=1 is a subsequence of
{xn}, it follows that x̂k is also a fixed point of Ti. Consequently, the points
x̂1, x̂2, . . . , x̂m are the solutions of the variational inequality (3) in

⋂m
i=1 Fix(Ti);

hence all x̂k’s are reduced to one point, say x̂, of
⋂m

i=1 Fix(Ti). This assures
the strong convergence of {xn} to x̂. �

Theorem 3.4. Let X be a real Banach space with uniformly Gâteaux differen-
tiable norm and uniform normal structure, C a nonempty bounded closed con-
vex subset of X, f : C → C a contraction, {Ti}m

i=1 a finite family of asymptoti-
cally nonexpansive self-mappings of C with sequences {ki+m(j−1)}∞j=1 ⊂ [1,∞)
(1 ≤ i ≤ m) such that

⋂m
i=1 Fix(Ti) 6= ∅. Let {tn} be a sequence in (0, 1) such

that limn→∞(kn − 1)/(kn − tn) = 0 and let {xn} be a sequence defined by (5).
Define the sequence {zn} iteratively by z1 ∈ C,

zn+1 =
(

1− tn
kn

)
f(zn) +

tn
kn

T n̂
n̄ zn, n ∈ N. (15)

For any C, f and {Ti}m
i=1 as above, the sequences {xn} and {zn} both converge

strongly to a point x̂ ∈
⋂m

i=1 Fix(Ti) which is the unique solution of the varia-
tional inequality (3) in

⋂m
i=1 Fix(Ti) if and only if the following conditions are

satisfied for i = 1, . . . ,m:

(i) lim
j→∞

ti+m(j−1) = 1;
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(ii)
∞∑

j=1
[ 1− (ti+m(j−1)/ki+m(j−1)) ] = ∞;

(iii) lim
n→∞

‖xn − Tixn‖ = 0 and lim
n→∞

‖zn − Tizn‖ = 0.

Proof. This is an immediate consequence of Theorem 3.2 and Theorem 3.3. �

4. Applications

This section is to utilize all the previous results to establish the necessary
and sufficient conditions for the strong convergence of an iterative sequence
to a common fixed point of an infinite family of asymptotically nonexpan-
sive mappings in uniformly convex Banach spaces with uniformly Gâteaux
differentiable norm satisfying Opial’s condition.

Given X, f and C as in Section 3, let {Tm}∞m=1 be an infinite family of
asymptotically nonexpansive self-mappings of C with sequences {k(m)

n }∞n=1 ⊂
[1,∞) (m ∈ N) such that F =

⋂∞
m=1 Fix(Tm) 6= ∅. For m ∈ N, let {t(m)

n }∞n=1

be a sequence in (0, 1) such that limn→∞ t
(m)
n = 1 and limn→∞(k(m)

n −
1)/(k(m)

n − t
(m)
n ) = 0. For any fixed m ∈ N, define a mapping S

(m)
n : C → C

by

S(m)
n (x) =

(
1− t

(m)
n

k
(m)
n

)
f(x) +

t
(m)
n

k
(m)
n

Tn
mx.

Then S
(m)
n has a fixed point x

(m)
n ∈ C. Hence

x(m)
n =

(
1− t

(m)
n

k
(m)
n

)
f(x(m)

n ) +
t
(m)
n

k
(m)
n

Tn
mx(m)

n , n ∈ N. (16)

For any fixed m ∈ N, define the sequence {z(m)
n }∞n=1 iteratively by z

(m)
1 ∈ C,

z
(m)
n+1 =

(
1− t

(m)
n

k
(m)
n

)
f(z(m)

n ) +
t
(m)
n

k
(m)
n

Tn
mz(m)

n , n ∈ N. (17)

Note that for each m ∈ N, it is seen from Theorem 3.1 that the sequence
{x(m)

n }∞n=1, converges strongly to a point x̂m ∈ Fix(Tm) which is the unique
solution of (3) in Fix(Tm) if and only if limn→∞ ‖x(m)

n − Tmx
(m)
n ‖ = 0.

Let X be a Banach space with uniformly Gâteaux differentiable norm. If X

satisfies Opial’s condition, then the normalized duality mapping J : X → X∗

is weakly sequentially continuous at zero [14, Theorem 2]. Therefore, we can
apply Theorems 3.1 to obtain the following result.
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Theorem 4.1. Let X be a uniformly convex Banach space with uniformly
Gâteaux differentiable norm satisfying Opial’s condition, C a nonempty
bounded closed convex subset of X, f : C → C a contraction with contrac-
tive constant β ∈ (0, 1), {Tm}∞m=1 a family of asymptotically nonexpansive
self-mappings of C with sequences {k(m)

n }∞n=1 ⊂ [1,∞) (m ∈ N) such that
F =

⋂∞
m=1 Fix(Tm) 6= ∅. For m ∈ N, let {t(m)

n }∞n=1 be a sequence in (0, 1)
such that limn→∞ t

(m)
n = 1 and limn→∞(k(m)

n − 1)/(k(m)
n − t

(m)
n ) = 0. For each

m ∈ N, the sequence {x(m)
n }∞n=1 defined by (16) converges strongly to a point

x̂m of Fix(Tm) such that the sequence {x̂m}∞m=1 converges strongly to a point of
F which is the unique solution of the variational inequality (3) in F if and only
if limn→∞ ‖x(m)

n − Tmx
(m)
n ‖ = 0, for m ∈ N, and limm→∞ ‖x̂m − Tix̂m‖ = 0,

for i ∈ N.

Proof. The uniqueness of the solution of (3) in F can be referred to Theorem
3.1 for the proof. For each m ∈ N, if the sequence {x(m)

n }∞n=1 converges
strongly to a point x̂m of Fix(Tm) such that the sequence {x̂m}∞m=1 converges
strongly to a point of F , then by Theorem 3.1, for m ∈ N, limn→∞ ‖x(m)

n −
Tmx

(m)
n ‖ = 0, and for i ∈ N, since

‖x̂m − Tix̂m‖ ≤ ‖x̂m − x̂‖+ ‖Tix̂− Tix̂m‖ ≤ (1 + k
(i)
1 )‖x̂m − x̂‖,

we have limn→∞ ‖x̂m − Tix̂m‖ = 0.
Conversely, for m ∈ N, since limn→∞ ‖x(m)

n −Tmx
(m)
n ‖ = 0, by Theorem 3.1

the sequence {x(m)
n }∞n=1 converges strongly to a point x̂m of Fix(Tm) which is

the unique solution of the variational inequality (3) in Fix(Tm):

〈f(x̂m)− x̂m, J(y − x̂m)〉 ≤ 0, for all y ∈ Fix(Tm). (18)

Given any subsequence {x̂mj} of {x̂m}, since X is reflexive, there is a subse-
quence of {x̂mj}, still denoted by {x̂mj}, converging weakly to a point x̂ ∈ C.
Since each I − Ti is demiclosed at zero and limmj→∞ ‖x̂mj − Tix̂mj‖ = 0, we
have x̂ − Tix̂ = 0 and so x̂ ∈ F =

⋂∞
i=1 Fix(Ti). For m ∈ N, we obtain from

(16) that

‖x(m)
n −x̂‖2 =

〈(
1− t

(m)
n

k
(m)
n

)
[f(x(m)

n )− x̂] +
t
(m)
n

k
(m)
n

(Tn
mx(m)

n − Tn
mx̂), J(x(m)

n − x̂)

〉

≤

(
1− t

(m)
n

k
(m)
n

)
‖f(x(m)

n )− f(x̂)‖ · ‖x(m)
n − x̂‖+

t
(m)
n

k
(m)
n

· k(m)
n ‖x(m)

n − x̂‖2
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+

(
1− t

(m)
n

k
(m)
n

)〈
f(x̂)− x̂, J(x(m)

n − x̂)
〉

≤

[
β

(
1− t

(m)
n

k
(m)
n

)
+ t(m)

n

]
‖x(m)

n − x̂‖2 +

(
1− t

(m)
n

k
(m)
n

)
〈f(x̂)− x̂, J(x(m)

n − x̂)〉,

and so for sufficiently large n,

‖x(m)
n − x̂‖2 ≤

[
1− t

(m)
n

1− (t(m)
n /k

(m)
n )

− β

]−1

〈f(x̂)− x̂, J(x(m)
n − x̂)〉. (19)

Since {x(m)
n }∞n=1 converges strongly to x̂m, by (4) the inequality (19) implies

that

‖x̂m − x̂‖2 ≤ 1
1− β

〈f(x̂)− x̂, J(x̂m − x̂)〉 for m ∈ N.

Therefore the weak convergence of {x̂mj} to x̂ and the weakly sequential con-
tinuity of J at zero ensure that

lim sup
mj→∞

‖x̂mj − x̂‖2 ≤ lim
mj→∞

1
1− β

〈f(x̂)− x̂, J(x̂mj − x̂)〉 = 0;

hence {x̂mj} converges strongly to x̂.
Indeed, x̂ is a solution of the variational inequality (3) in F . For, if y ∈ F ,

observe that

|〈x̂m − f(x̂m), J(x̂m − y)〉 − 〈x̂− f(x̂), J(x̂− y)〉|

= |〈[x̂m − f(x̂m)]− [x̂− f(x̂)], J(x̂m − y)〉+ 〈x̂− f(x̂), J(x̂m − y)− J(x̂− y〉|

≤‖[x̂m−f(x̂m)]− [x̂− f(x̂)]‖ · ‖x̂m − y‖+ |〈x̂− f(x̂), J(x̂m− y)− J(x̂− y)〉|.
(20)

Since {x̂mj} converges strongly to x̂ and J is norm-to-weak∗ continuous, it
follows from (18) and (20) that

〈f(x̂)− x̂, J(y − x̂)〉 = lim
mj→∞

〈f(x̂mj )− x̂mj , J(y − x̂mj )〉 ≤ 0.

This shows that x̂ is a solution of the variational inequality (3) in F . Conse-
quently, any subsequence of {xn} has a strongly convergent subsequence with
limit x̂, and hence {xn} converges strongly to x̂. �
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By Theorem 3.2, for each m ∈ N, the sequences {x(m)
n }∞n=1 and {z(m)

n }∞n=1

defined by (16) and (17) both converge strongly to a fixed point x̂m of Tm

which is the unique solution of the variational inequality (3) in Fix(Tm) if and
only if for all m ∈ N we have limn→∞ t

(m)
n = 1,

∑∞
n=1[ 1− (t(m)

n /k
(m)
n ) ] = ∞,

limn→∞ ‖x(m)
n − Tmx

(m)
n ‖ = 0 and limn→∞ ‖z(m)

n − Tmz
(m)
n ‖ = 0. Hence, the

following result is a direct consequence of Theorem 3.2 and Theorem 4.1.

Theorem 4.2. Let X be a uniformly convex Banach space with uniformly
Gâteaux differentiable norm satisfying Opial’s condition, C a nonempty
bounded closed convex subset of X, f : C → C a contraction, {Tm}∞m=1 a
sequence of asymptotically nonexpansive self-mappings of C with sequences
{k(m)

n }∞n=1 ⊂ [1,∞) (m ∈ N) such that F =
⋂∞

m=1 Fix(Tm) 6= ∅. For
m ∈ N, let {t(m)

n }∞n=1 be a sequence in (0, 1) such that limn→∞ t
(m)
n = 1 and

limn→∞(k(m)
n −1)/(k(m)

n −t
(m)
n ) = 0. For each m ∈ N, the sequences {x(m)

n }∞n=1

and {z(m)
n }∞n=1 defined by (16) and (17) respectively converge strongly to a point

x̂m of Fix(Tm) such that the sequence {x̂m}∞m=1 converges strongly to a point
of F which is the unique solution of the variational inequality (3) in F if and
only if the following conditions hold:

(i) lim
n→∞

t
(m)
n = 1, for m ∈ N;

(ii)
∞∑

n=1
[ 1− (t(m)

n /k
(m)
n ) ] = ∞, for m ∈ N;

(iii) lim
n→∞

‖x(m)
n − Tmx

(m)
n ‖ = 0 and lim

n→∞
‖z(m)

n − Tmz
(m)
n ‖ = 0, for m ∈ N.

(iv) lim
m→∞

‖x̂m − Tix̂m‖ = 0, for i ∈ N.

Proof. The result follows directly from Theorem 3.2 and Theorem 4.1. �

Remark. Using the same iterations and arguments as Theorems 4.1 and 4.2
in the case when C is a closed, not necessarily bounded, convex set, since the
sequence {x̂m}∞m=1 is bounded, cf. [17, proof of Theorem 3.1], it is seen that
the results in [17] can be extended to an infinite sequence of asymptotically
nonexpansive mappings. Accordingly, the boundedness on C in Theorems 4.1
and 4.2 can be dropped.
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