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1. INTRODUCTION

This note is concerned with the following integral inclusion

1
x(t) = A(t) —|—/0 f(t,s,u(s))ds, (1.1)

u(t) € F(t,z(t)), a.e. (I), (1.2)

where I = [0,1], A(.) : I — X, F(.,.) : IxX - P(X), f(.,.,.) : IXIxX — X,
are given mappings and X is a separable Banach space.

The aim of this note is to obtain a version of Filippov’s theorem concerning
the existence of solutions for problem (1.1)-(1.2). Recall that for a differential
inclusion defined by a lipschitzian set-valued map with nonconvex values, Fil-
ippov’s theorem consists in proving the existence of a solution starting from a
given almost solution.

Existence results and the stability of the solution set with respect to small
perturbations of the free term for problem (1.1)-(1.2) are obtained via fixed
point techniques in Theorem 2.8.9 in [9] (see also the references therein). Our
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approach is different from the one in [9] and consists in applying the contrac-
tion principle in the space of selections of the multifunctions instead of the
space of solutions. The idea of applying the set-valued contraction principle
due to Covitz and Nadler ([6]) in the space of ”derivatives” of the solutions
belongs to Kannai and Tallos ([7]) and it was already used for similar results
concerning differential and integral inclusions ([2,3,4,5,7] etc.). We note that
a similar result for Volterra type integral inclusions is obtained in [4], but it is
well known that, in general, the results for Fredholm integral equations cannot
be obtained from the corresponding results for Volterra integral equations.
The paper is organized as follows: in Section 2 we recall some preliminary
facts that we need in the sequel and in Section 3 we prove our main result.

2. PRELIMINARIES

Let I := [0, 1] and denote by L£(I) the o-algebra of all Lebesgue measurable
subsets of I. Consider X a real separable Banach space with the norm ||.||
and denote by P(X) the family of all nonempty subsets of X, by B(X) the
family of all Borel subsets of X. The unit ball in X will be denoted by B.

In what follows, as usual, we denote by C(I,X) the Banach space of
all continuous functions z(.) : I — X endowed with the norm ||z(.)||c =
supse; ||z(t)|] and by L'(I,X) the Banach space of all (Bochner) integrable
functions u(.) : I — X endowed with the norm ||u(.)||; = fol [|u(t)]|dt.

In order to study problem (1.1)-(1.2) we introduce the following assumption.

Hypothesis 2.1. Let F(.,.) : I x X — P(X) be a set-valued map with
nonempty closed values that verify:

i) The set-valued map F(.,.) is £(I) ® B(X) measurable.

ii) There exists L(.) € L'(I,Ry) such that, for almost all t € I, F(t,.) is
L(t)-Lipschitz in the sense that

dg(F(t,z), F(t,y)) < L(t)||x —yl| Va,yeX,
where dp is the Pompeiu-Hausdorff generalized metric on P(X) defined by
dm(A, B) = max{d*(A, B),d"(B,A)}, d*(A,B)=sup{d(a,B);a € A}.

iii) d(0, F(,0)) < L(t) ¥t € 1.
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iv) The mapping f : I x I x X — X is continuous, and there exists M > 0
such that

1F @, s,u1) = f(t, s, u2)|| < Mljur —woll, Vit s € 1, ur,uz € X,

|| f(t,s,0)|| < L(s) Vt,sel.

To simplify the notations, we set

B(u)(t) = /O (e, tel. (2.1)
Then the integral inclusion system (1.1)-(1.2) becames
z(t) = At) + @(u)(t), wu(t) € F(t,z(t)) a.e. (I), (2.2)
which may be written in the more ”compact” form
u(t) € F(t,\+ ®(u)(t)) a.e. (1),

but the integral operator ®(.) in (2.1) plays a certain role in the proof of our
main result.
* 1 .
Denote L* := [; L(s)ds and denote by S(X) the solution set of (1.1)-(1.2).

Finally we recall some basic results concerning set valued contractions that
we shall use in the sequel.

Let (Z,d) be a metric space and consider a set valued map 7" on Z with
nonempty closed values in Z. T is said to be a [-contraction if there exists
0 <l < 1 such that:

dy(T(z), T(y)) < ld(x,y) Vzx,y€ Z.

If Z is complete, then every set valued contraction has a fixed point, i.e. a
point z € Z such that z € T'(2) ([6]).

We denote by Fiz(T) the set of all fixed point of the multifunction 7.
Obviously, Fiz(T) is closed.

Proposition 2.2. ([8]) Let Z be a complete metric space and suppose that
Ty, T are l-contractions with closed values in Z. Then

dy(Fiz(Ty), Fix(T3)) <

1
supdp (T1(2), T2(2)).
1—1 z2€Z
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3. THE MAIN RESULT

We are able now to prove our main result.

Theorem 3.1. Let Hypothesis 2.1 be satisfied and assume that

M/ s)ds < 1.

Consider \(.), u(.) € C(I,X) and let v(.) € L'(I,X) be such that

d(v(t), F(t,y(t)) < p(t) a.e. (1),

where p(.) € LY(I,Ry) and y(t) = u(t) + ®(v)(t), Vt € I.
€S

Then for every e > 0 there exists x(.) € S(\) such that for every t € I

1 M 1
— < — A= _— )
l[x(t) —y(@®)]] < 1_ML*HA wlle + 1—ML*/0 p(t)dt +¢

Proof. For A € C(I,X) and v € L'(I, X) define

xu)\ /ftsu

Consider A € C(I,X),0 € L*(I, X) and define the set valued maps:
M) ,(t) == F(t,z,2(t)), tel, (3.1)

o) :={Y() € L', X); ¥(t) € Mrs(t) ae. (I)}. (3.2)

We shall prove first that T)\(c) is nonempty and closed for every o €
LY(I,X).

The fact that that the set valued map M) ,(.) is measurable is well known.
For example the map t — F(t, 2, x(t)) can be approximated by step functions
and we can apply Theorem III. 40 in [1]. Since the values of F' are closed,
with the measurable selection theorem (e.g. Theorem II1.6 in [1]) we infer that
M) +(.) admits a measurable selection ¢(.). One has

1
()] < d(0, F(£,0)) + du (F(t,0), F(t, A(t) +/0 f(t,s,0(s))ds) < L(t)(1+

1 1 1
@)+ /0 £t 5,0(5)lds) < L AHIME)]1+ /0 L(s)ds+ /0 Mljo(s)]|ds)

which shows that ¢ € L'(I, X) and T)(¢) is nonempty.
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The set T\ (o) is closed. Indeed, if ¢, € T\(o) and ||1p,, —9||1 — 0, then we
can pass to a subsequence v, such that 1, (t) — () for a.e. t € I and we
find that ¥ € T)(0).

The next step of the proof will show that Ty(.) is a contraction on L'(I, X).

Let 01,00 € L'(I,X) be given, ¢; € T\(c1) and let § > 0. Consider the
following set valued map

1
Gt) = Maao(t) 1z € Xsla(®) =21l < ML) [ lloa(s) = (o)l +).
Since
d(¢1 (t)a MA,GQ (t)) < dH(F(ta Loy,A (t))v F(t7 xcm,)\(t)))
< L(t)||zoy A (1) = 2oy A (1)

1 1
< L(1) / £t 5,01(5)) — F(t, 5, 0(s))lds < ML(1) / o1(s) — oa(s) |ds

we deduce that G(.) has nonempty closed values.
Moreover, according to Proposition III.4 in [1], G(.) is measurable.
Let 15(.) be a measurable selection of G(.). It follows that 12 € T)\(02) and

1 1 1
le—wul:/O |W1(t)—¢2(t)|dt</o ML(t)(/O l01(5) — 02 (s)|ds)dt + 6

= ML*||oy — o9|1 + 0.

Since ¢ is arbitrarly, we deduce that
d(p1,Tx(02)) < ML*||oy — o] l1.-
Replacing o1(.) with o9(.), we obtain
dp(Tx(o1), Ta(02)) < ML*||o1 — o9]|1-

Hence T)(.) is a contraction on L'(I, X).
We consider the following set-valued maps

F(t,z):= F(t,z) + p(t)B,

My, (t) = F(t,z,1(t)),
Tulo) = {6 € LML X) (t) € Muolt) ae. ()}
Obviously, F'(.,.) satisfies Hypothesis 2.1.

Repeating the previous step of the proof we obtain that Tu is also a M L*-
contraction on L'(I, X) with closed nonempty values.
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We prove next the following estimate

1
A (Ty(@). Tulo)) < LA =plle + [ plt)ar (3.3)

Let ¢ € Tx(0),0 > 0 and define
Gi(t) = Myo(t) N {z € X5 [|o(t) — 2|| < L)X = plle + p(t) + 63

With the same arguments used for the set valued map G(.), we deduce that
G1(.) is measurable with nonempty closed values. Let 9(.) € T),(¢). One has:

1 1
Hqs—wm:/o ||¢<t>—w<t>|rdts/0 LA — pllc + p(t) + ddt =

1
= L= plle+ [ ple)d+
0

Since 0 is arbitrarly, as above we obtain (3.3).
Applying Proposition 2.2 we obtain

*

L e+ —2 / (t)dt
1— v e T T Ty ), PR

Since v(.) € Fixz(T),), it follows that there exists u(.) € Fiz(Ty) such that

di(Fiz(Ty), Fiz(T,)) <

* 1 1 €
i € —— A — S £ 4
lo—ull < T=lA = elle + =g [ o057 (34
We define
1
2(t) = A(t) + / F(t, 5, u(s))ds.
0
One has

1
|2(t) —yDI] < M(?f)—u(if)llﬂw/0 [lu(s) = v(s)llds <

*

ML M !
< — — A= _— t)dt =
<= sllo+ T2z lA = lle + =77 [ 0t +e

1

M 1
= ||]A— S t)dt
T M\Ic+1_ML*/OP() +e

and the proof is complete.



[1]
2]
3]
[4]
[5]
[6]
[7]
8]

[9]

AN INTEGRAL INCLUSION 447

REFERENCES

C. Castaing and M. Valadier, Conver Analysis and Measurable Multifunctions, LNM
580, Springer, Berlin, 1977.

A. Cernea, A Filippov type existence theorem for an infinite operational differential
inclusion, Stud. Cerc. Mat., 50 (1998), 15-22.

A. Cernea, An existence theorem for some nonconvex hyperbolic differential inclusions,
Mathematica (Cluj), 45(68) (2003), 121-126.

A. Cernea, Ezistence for nonconvez integral inclusions via fized points, Arch. Mathemat.
(Brno), 39 (2003), 293-298.

A. Cernea, An ezistence result for bilocal problems with mized boundary conditions, Bull.
Math. Soc. Sci. Math. Roum., to appear.

H. Covitz and S. B. Nadler jr., Multivalued contraction mapping in generalized metric
spaces, Israel J. Math., 8 (1970), 5-11.

Z. Kannai and P. Tallos, Stability of solution sets of differential inclusions, Acta Sci.
Math., 61(1995), 197-207.

T.C. Lim, On fized point stability for set valued contractive mappings with applications
to generalized differential equations, J. Math. Anal. Appl., 110 (1985), 436-441.

A. Petrusel, Operatorial Inclusions, House of the Book of Science, Cluj Napoca, 2002.

Received: July 19, 2007; Accepted: April 18, 2008.



