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1. INTRODUCTION

Random fixed point theory has received much attention in last three
decades, after the publication of the survey article by Bharucha-Reid [4] in
1976. Random fixed point theorems are stochastic versions of (classical or de-
terministic) fixed point theorems, and are required for the theory of random
equations. A lot of efforts have been devoted to random fixed point theory
and applications (see [1, 2, 3, 11, 12, 17] and references therein). On the other
hand, after the existence results for fixed point of nonexpansive mappings in-
dependently given by Browder [5], Gohde [9] and Kirk [10], the metric fixed
point theory has been developed rapidly in recent years [8]. One important
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aspect of metric fixed point theory is to study convergence of iterative schemes
to fixed point of nonexpansive mappings. Convergence results for nonexpan-
sive mappings have been established by a number of authors (e.g. [7] and
references therein). More recently Xu and Ori [19], introduced implicit itera-
tion process to approximate common fixed of a finite family of nonexpansive
mappings. Since than several authors used implicit iteration to approximate
common fixed point of various class of mappings (see e.g., [6, 13]). Several
modifications of implicit iteration scheme have also been suggested by vari-
ous authors to approximate common fixed points of various class of nonlinear
mappings. Su and Qin [16], introduced a general composite implicit iteration
schemes for common fixed point of a finite family of nonexpansive mappings.
Motivated by hybrid steepest-descent algorithm [18, 20], Zeng and Yao [21]
recently proposed a new implicit iteration scheme with perturbed mapping for
approximation of common fixed point of a finite family of nonexpansive self-
mappings. The purpose of this paper is to continue discussions of this line,
that is, we propose a new general composite implicit iteration scheme with
perturbed mapping and obtain necessary and sufficient conditions for strong
convergence of proposed iteration scheme to random fixed point of a finite
family of random nonexpansive mappings.

2. PRELIMINARIES

Let H be a real separable Hilbert space with norm || - || and inner product
(-,-). Let (©,%) be a measurable space (X — sigma algebra). A mapping
€: Q — H is measurable if ¢&~1(U) € X for each open subset U of H. The
mapping T': Q x H — H is a random map if and only if for each fixed z € H
the mapping T'(-,x): @ — H is measurable and it is continuous if for each
w € Q, the mapping T'(w, -) : H — H is continuous. A measurable mapping
&: Q — F is the random fixed point of the random map T': Q2 x H — H if and
only if T'(w,&(w)) = £(w), for each w € Q.

We denote the nth iterate T'(w, T'(w, T'(w, - -+, T(w, x)))) of T by T™(w, ).
RF(T) denote the set of random fixed points of 7.

Definition 2.1. Let T: Q x H — H be a random operator. Then T is said
to be nonexpansive operator if for each w € 2 and for all z,y € H

IT(w, 2) = T(w,y)|| < llz =yl
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Let A: Q x H — H be a random operator, then

Definition 2.2. A is said to be Lipschitzian if there exists a real valued
random variable k(w) > 0 such that

[A(w, z) = A(w,y)l| < k(W)llx —yll, Ya,ycH we.

Definition 2.3. A is said to be strongly monotone if there exists a real valued
random variable §(w) > 0 such that

(Alw, ) = Aw,y), 2 —y) > 0|z —y|*, Ya,yeH weQ.

Definition 2.4. Let {T},T5,--- ,Tn} be a family of random nonexpansive
operators from 2 x K — K, where K is a closed, convex subset of a separable
Hilbert space H. Let F = Y, RF(T;) # 0, where RF(T}) is the set of all
random fixed points of a random operator T; for each i € {1,2,--- ,N}. Let
&o: 2 — K be any fixed measurable map and {«a,,} C [0, 1], then the sequence
of function {&,} defined by :

(&) = aéw) + (1 - a)Ti(w, & (w)),
§2(w) = aabi(w) + (1 — ag)Th(w, L2(w)),

En(w) = anén-1(w) + (1 — an)Tn(w, En (W),
En+1(w) = ansidn (w) + (1 = an)Ti(w, Ev (W), (2.1)

Son(w) = aonéon—1(w) + (1 — aon) Ty (w, Son (W),

Sonti1(w) = aanp1lon (W) + (1 — aan41)Ti(w, Son+1(w)),

is called the implicit random iteration process for a finite family of nonexpan-

sive random operators {17,7%,--- ,Tn}.

More compactly, we can write the above table in the form :

£alw) = b1 (@) + (1 — )T, 6u(@)), V=1,  (22)

where N =n mod N, {a,} be sequence in [0, 1].
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Definition 2.5. Let {T1,T5,--- ,Tn} be a family of random nonexpansive
operators from 2 x K — K, where K is a closed, convex subset of a separable
Hilbert space H with F = Y, RF(T;) # 0. Let &: Q — K be any fixed
measurable map, then we consider the sequence of function {¢,} defined by :

En(w) = ann-1(w) + (1 — an)Tn(w, (W) ,
(W) = Té€n(W) + 8n€n-1(w) + tnTh(w, {n(w)) + W Th(w, §n-1(w)) (2.3)
{O"H}v {Tn}7 {SN}v {tn}7 {wn} € [07 1]7 Ty + 8p +1ln +wy, =1

where n =n mod N.

The above iteration scheme is called random general implicit iteration process.
Let A(w) be a real valued random variable in [0,1), u(w) > 0 be a real valued
random variable and A: 2 x H — H be a Lipschitzian strongly monotone.
Associating with a nonexpansive random operator T': 2 x H — H, we define
a random operator T*: Q x H — H by

TNw, z) = T(w,z) — ANw)pw)A(w, T(w,z)) YVeeH we.
We now propose random general implicit random iteration scheme with per-

turbed operator as below:

Definition 2.6. Let {71,T5,--- ,Tn} be a family of random nonexpansive
operators from 2 x K — K, where K is a closed, convex subset of a separable
Hilbert space H with F = Y, RF(T;) # 0. Let &: Q — K be any fixed

measurable map, then we consider the sequence of function {&,} defined by :

gn(w) = angnfl(w) + (1 - Ozn)T,,i\” (w7 nn(w))
= anén-1(w) + (1 — an) [T (w) — An(W) (W) A(Tnnn(w))],
nn(w) = Tnfn(w) + Snfn—l(w) + tnTri\n (W7 fn(w)) + w’nTri\n (w7 én—l(w)) ;

{O‘Tb}v {Tn}, {Sn}v {tn}v {wn} € [07 1]7 Tn 4 Sp+ln +wyp =1
(2.4)
n =n mod N, where A\, be a sequence of measurable mappings from Q to
[0,1), and u(w) € (0,20(w)/k?(w)) is a real valued random variable.

We next show that proposed iteration scheme (2.4) is well defined. First we

prove following Lemma.
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Lemma 2.7. If p(w) < ZZEZ;, then T* is a random contraction, i.c. there
holds

ITw,2) = T, )l < A = Aw)r(@))llz —yll Ye,yeH, we

where T(w) =1 — /1 — p(w)(20

(W) = p(w)k?(w)) € (0,1).

Proof. Define a mapping F: Q x H — H given by F(w,z) = p(w)A(w, )

I(w,x). By Lipschitz continuity and strong monotonicity of A, we have
IF(w,z) = F(w,y)lI* = pw)?[|A(w, x) —
—2p(w)(z — y, Alw, x) — Aw,y)) + [lz — yI?
< p@)* R W)llz = yl* = 2u(@)0(w)llz — yl* + o -y

= {1 - n(w)(@0(w) — n(w)r* (@)} llz -yl

Alw,y)|”

Ye,ye H, w € Q.
It follows that

1T (w,2) = T, )| = (1 = A@)(T(w,2) — T(w,y))
— M F(w, T(w,2)) = F(w, T(w,y))}l
< (1= AMw)IT(w,2) = T(w,y)ll

F AW F(w, T(w, ) = F(w, T(w,))]]
(

< (1= M)z - y)l

+A@)VT = (@) (20w) — p@)R2 @)z~ yl
[ “Aw) (1-v1= (@) = a@)R2@)) ] lle =yl
= (1= Mw)r(w >>||xfy||

where 7(w) = 1 — /1 — p(w)(20(w) — p(w)x2(W)).
This completes the proof. O

Observe that for every u € H, w € Q and a,r,s,t,w € [0,1] and positive
integer n, the random operator S = Sy .t wn): 2 X H — H defined by

S(w,z) = au+ (1 —a)T? <w, (r:c + su + tTMw, z) + wT)‘(w,u)))
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satisfies,
1S(w, 2) = S(w, )| = (1= )T (w, (m +osu+ 1T w, z) + W (, u)))
7 (w, (ry +osu+ tTMw, y) + wTw, u))) I
< (1= a)(1 = A@)r @)l (re + T (w,2)) = (ry + T (w,)) |
a)(1 = AMw)7(W))(r + t(1 = Mw)T(W)))llz =yl
)

< ( (1= Aw)7(@))(r + )]z =yl

So, if (1 —a)(1 — A(w)7(w))(r+1t) <1, then S is a random contraction. Thus
by [3, Theorem 2.1], S has a unique random fixed point. This shows that, the
random iteration scheme (2.4) with perturbed operator A is well-defined and
can be employed for the approximation of random common fixed point of a
finite family of nonexpansive random operators.

We will now give some definitions and lemmas which will be used in the rest
of this paper.

Lemma 2.8. [14] Let {a,}, {bn} and {c,} are sequences of nonnegative real
numbers satisfying the inequality

ant1 < (1+d0p)an+b, n>1

If 500 1 6n < 00 and Y 2 by < 00, then limy o0 arn exists. If in addition
{an} has a subsequence which converges strongly to zero, then lim,_, a, = 0.

Lemma 2.9. [15] Let E be a uniformly convex Banach space, b,c be two
constants with with 0 < b < ¢ < 1. Suppose that {t,} be a real sequence in
[b,c] and {x,}, {yn} are two sequences in E such that :

limsup [|z,| < a; limsup ||y.| < a;

n—oo n—oo

lim ||tpzn + (1 — tw)ynl = a,
n—oo

then limy, o ||Zn — yn|l = 0, where a > 0 is some constant.

3. MAIN RESULTS

We now present main results of this paper.
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Lemma 3.1. Let H be a real separable Hilbert space and A: Q@ x H — H be a
Lipschitzian and strongly monotone random operator. Let {T;}., be N nonex-
pansive random operators from Q x H to H such that F = \2_, RF(T;) # 0.
Let {\,} be a sequence of measurable mapping from Q — [0,1) such that

Yo i An(w) < 0o and {an}, {rn}, {sn}, {tn}, {wn} be five real sequences
n [0,1] satisfying 0 < a < a, < b < 1, t, +w, < b < 1, where a,b
are some constants. The sequence {&,(w)}2, is defined by (2.4), then for
pw) € (0,20(w)/K*(w))
(i) limy— o0 ||€n(w) — E(w)|| exists for each £(w) € F,
(ii) limy— oo d(&n(w), F') exists, where d(§p(w), F) = infg(w)EFan(W) —
§W)-

Proof. Let £(w) be an arbitrary element of F', then
1€0(w) =€) = lanén—1(w) + (1 = @) T (W, &n(w)) — EW)]|
< aglén1(w) = €@ + (1 = an) [T (w, ma (W) = W)l

Now, using Lemma 2.7, we have
1T (w, (W) = (W)
= 1T (@, 0 (W) = T (@, €(W)) + T (w, £(w)) — (W)l
<" (w, 1)) = T (@, €@ + T2 (w, é(w)) = €(@)]
< (1= Mw)m (W)l (W) = &) + An(w)p(w)[[A(w, §(w))]] (3.2)

Now,

111 (w) = €@ < mnl[én(w) = E(W)]]

+5ull€n-1(w) = E@)| +tal T3 (@, &n(w)) — EW)I|
Fwa|| T (W, €n-1(w)) — E(W)l|
= 7nllén(w) = E(W)I[ + snllgn-1(w) — (W]
+(1 = An(wW)7(W) [Enllén(w) = E(W)I] + wnllén-1(w) = E(W)I]]
+(tn + wn) A (W) (W) [ Aw; E())
= (rn + ta(1 = An(w)7(w))) 1€ (W) = E(W)]]
+ (s + wn(1 = An(w)7(w))) 16n-1(w) = E(W)]]
|

+(tn + wn) An (W) p(w)[[A(w, §(w)) |
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< (rn +tn) [§n(w) = (@) + (50 + wn) [|€n—1(w) = E(W)]]

FAn(W)p(@)[[A(w, EW))] (3-3)
By (3.3) and (3.2), we have

1T (@, 7 (@) = €@ < (1= Aa(@)7(W)) [ (0 + tn) [€n(w) — EW)I]
+ (sn + wn) l6n-1(w) = £(W)]]
FAn()p(@)][Alw, E@)II ]
+ A (@)p(@)[[Alw, E(w))l (3-4)

(3.1) and (3.4) gives

1n(w) = E(W)]| < anllgn-1(w) = (W]
+ (1= an)[(1 = A (@) 7 (W) [(rn + ) 1€ (w) = E(W)]]
+ (80 + wn) [|€n-1(w) = EW)| + An(@) (W) | A(w, E(W))]]]
+ (1= an)An (@) (W) | A(w, §(w))]]
< fom + (1 = an) (80 + wa)] [[€n—1(w) = E(W)

+ (1= an) (ra +tn) [[§n(w) = (W]

+ (1= an)(2 = A ()7 (W) An (W) (W) [[A(w; E(w)) |
<lon + (1= an) (1 = (ra + tn)] [En-1(w) = E(W)]]

+ (1= an) (ra +tn) [[6n(w) = (W]

+ (1= a)(2 = A (@) (W)) An (W) (W) [ A(w, € (@)l
= [ = (1 —an) (rn +tn)] [|€n-1(w) — E(W)

+ (1= an) (rn + tn) [€n(w) = E(W)]

+ (1= )2 = A (@) (W) An (W) (W) [ A(w, (@)

n (
PR €1 e F R FEPTRE R

(3.5)
For each &£(w) € F, we have

[A(w, §(W))] < [[A(w, E(w)) = Al&n—1 (W] + [1F(w; & (@)
< Fflén-1(w) = &) + [ F(w, En-r(w))]] (3.6)
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From (3.5) and (3.6), we have

[€n(w) = E@)II < (1 + on)[[én-1(w) = E(W)]| + o (3.7)
where,

(a2 M) r@)uw)
7n = Anlw) ( T (1= ) (rn + 1)

Taking infimum over all {(w) € F, we have

).Inax{ﬂ<w>,ufwaugn1au»n}.

d(&n(w), F) < (14 on)d(&n-1(w), F) + o (3.8)
Since > 07 Ap < 00 and {F(w,&,—1(w))} is bounded, so > > | 0, < 00 con-

verges, thus by Lemma 2.8, we get that

lim [|&,(w) — &(w)]| exists, lim d(&,(w),F) exists.
n—oo

O
Lemma 3.2. Let H be a real separable Hilbert space and A: Q x H — H be a
Lipschitzian and strongly monotone random operator. Let {T;}., be N nonex-
pansive random operators from ) x H to H such that F = ﬂgzl RFE(T;) # 0.

Let {\,} be a sequence of measurable mappings from Q — [0,1) such that
Yorli M(w) < oo and {an}, {rn}, {sn}, {tn}, {wn} be five real sequences
in [0,1] satisfying 0 < a < a, < b < 1, t, +w, < b < 1, where a,b
are some constants. The sequence {&,(w)}2, is defined by (2.4), then for
p(w) € (0,20(w)/K*(w))

liminf ||€,(w) — T}(w, & (W) =0 1 <I<N.
Proof. Without loss of generality, we can assume that
i ([6n(w) — £@)] = d. (3.9)

where d > 0 is some number.

From (3.9), we have
Tim [60(w) — £

= lim_lan(€u1(w) = £(w)) + (1 = an)(T3" (@, 72 (W) = EW))]| = d
(3.10)
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Now, by (3.4) we have
1T (@, (@) = €@ < (rn + t) [[€n(w) — W)
+ (80 wn) [§n-1(w) = E(W)]|
+ 22w A(w, E(W))]

this gives that,
lim sup | T," (w, 7 (w)) — E(w)]| < d.

n—oo B
From Lemma 2.9, (3.9),(3.10) and (3.11) we have,
lim || 73" (@, 7 (@) = €n-1(W)I| = 0.
n—oo

Again, from (2.4) and (3.12), we have

(3.11)

(3.12)

Jim [160(w) ~ G0t (@) < lim (1-00) [T (@, m(w) ~ € )] = 0. (313)

so for any j =1,2,--- , N,
lim [|&n(w) = &naj(w)[| = 0.
n—oo

On the otherhand, from (3.12), (3.14), we have

Tim 1€,(w) — T (w, (W)

< lim {)160(@) = &1 (@)1 + lgn-1(w) = T (w, ma(w)) |}

=0.

Now, since

(3.14)

(3.15)

1T (@, (@) = &)l < n(w) = En-1 @)l + 1T (W, M (@) = €n-1(w)]

T (@, 00 (W) = To" (w, €a(W))]
< [lén(@) = En-1(@) | + 1T (@, 7a(w)) = En-1(w)]

+ (1= (@) (@) (w) = En(w)ll
< (@) = Gt @) + 1T (w, 1 (@) = En—1(w)]

+ (1 = M (@) (W) ([[1(w) = En1(@)]| + lgn(w) = En1(w)]])
= (2 = An(@)T(W)[[én (W) = Ena (W)

T (@, 1 () = a1 (@)

+ (1= A (@) (@)1 (W) = &1 (W)

(3.16)
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Now,

19 (@) = €n-1(W)I| < lIrnén(w) + snén-1(w) + ta Ty (W, &n(w))
+wn T (W, €n1(@)) = Enm1 (W)
= [[rnén (W) + ta Ty (W, €n (W) + wa T (W, En1(w))
— (I =sn)én-1(w)]l
= [[raén(w) + ta T €n(w) + wa T  En1(w) = (rn + t + wp)n—1 (W)
= [[ta(To" (@, €n(w)) = €n(w)) + wn (T3 (@, €n-1(w)) — &n(w))
+ (1o + tn + wn) (§n(w) = &n1(w))]
< tal| T (@, &0 (W) = En(@)l + wal| T2 (@, €n-1(w)) = Ea(W)l]
+ (1 + b+ wn)[[6n (@) — En1 (W)
< tall T (@, 6n (@) = &n(@)]| +wall To" (@, €n-1(w)) = T (W, &n(w))l]
+ 1T (@, &n (W) = &n(@)] + (T + tn + wn) [[€n(w) — &n1 ()]
< (tn + wn) | T, (W, €n(w)) = &n(w)l]
+ wn(1 = An(@)7(W))|€n-1(w) = En(w)]]
+ (1 + b+ wn)[[6n (@) — En1 (W)
< (tn +wa) [ 13" (@, (W) — &n(w)]
+ (o + b + wn + wa(1 = An(W)7 (W) [[€n (W) = En1 ()]
)
)

(
) =

< (tn + wa) [ T2 (W, €n(w)) = &n (@)
+ (1 — Sp + wn(l - ( ) ( )) ||§n( ) gn—l(w)H (317)
By substituting (3.17) into (3.16), we get

1T (@, € (W) = €@ < (2 = An(@)T (W) [€n(w) = En1(W)]
T (@, 1 (@) = Enr (@)
+ (1= A (w)T(w)) [(tn +wn) [T (w, €n(w)) — &n(w)ll
(I = 8p + wn (1 = A (W)7(W))) €0 (@) = En1 ()]
< 3+ wn)[€n(w) = En-1()]| + 12" (@, 7 (W) = &n-1 ()]
+ (1= A(@) 7))t + wn) [To" (@, €n(w)) = En(w)],
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since t, + wy < b < 1, so above inequality gives,
[ = (1= A (@) @D I T3" (@, (@) = En(@)]] < (3 + wn)[én(w) = Enr (W)
HIT (@, 110 (W) = €1 ()]
From (3.12), (3.13) and above inequality, we have
Tim (|73 (@, 60(w)) — Ea(w)]| = 0. (3.18)
Using (3.18), we have
1€ (w) = Tn(w, & (@)| < [1€n(w) = T (w, &n(w))]

HIT2" (@, a (W) = Tn(w, &a(w))

< € (@) = T (@, En (@)l + An(@)p(@) | A (@, Ta(w, &) | = as n — oo
(3.19)
Consequently, we have for each j =1,2,--- /N

16n(w) = Tt (W, En (W)l < [I€n(w) = &naj (W) + [1€n4 (@) = Trgj (W, &n(w)) |
+ ([Tt (@, €ntj (W) = Tt (w, &n (W)

< 2[én(w) = &nts (W) + [Znts — Tosj (W, nts (W)

— 0 as n— oo, (3.20)

and 80 limy, e |60 (w) — Thpj(w, En(w))|| = 0 for each j =1,2,--- , N.
This implies that

lim ||¢,(w) — Tj(w, & (w))|| =0 foreach [ =1,2,--- ,N. (3.21)
U

Next, we prove necessary and sufficient condition for the strong convergence
of the random iteration scheme (2.4) to random common fixed point of finite

family of random nonexpansive mappings :

Theorem 3.3. Let H be a real separable Hilbert space and A: Qx H — H be a
Lipschitzian and strongly monotone random operator. Let {T; }Z 1 be N nonez-
pansive random operators from Q x H to H such that F = (\2_, RF(T;) # 0.
Let {\,} be a sequence of measurable mappings from Q — [0,1) such that
Yo i An(w) < oo and {an}, {rn}, {sn}, {tn}, {wn} be five real sequences
in [0,1] satisfying 0 < a < ap, < b < 1, tp, +w, < b < 1, where a,b are
some constants. The sequence {&,(w)}52, is defined by (2.4), converges to a
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common fixed point of a random operator {T;: i € 1,2,--- N} if and only if
lim inf,, o d(&n(w), F) = 0, where p(w) € (0,20(w)/x%(w)).

Proof. From (3.8), we have
d(&n(w), F) < (1 4 0n)d(En-1(w), F) + on

for all n > 1, where > >° | 0, < 0.
If {&,(w)} converges strongly to a common fixed point £(w) of the family
{1}, then limy, o0 |60 (w) — &(w)|| = 0. Since
0 < d(én(w), F) < [|€n(w) = E()]] ,

we have liminf,, . d({,(w), F) = 0.

Conversely suppose liminf, . d(§,(w), F) = 0, then our Lemma 3.1 im-
plies that lim,, o d(&,(w), F) = 0. Thus for arbitrary € > 0, there exists a
positive integer Ny such that

A(6n(w). F) < 77

Also since Y > | 0, < 00, there exists a positive integer Ny such that,

> €

E — > Ny.
' O‘n<4M, Vn>N;
j=n

VTZZN().

From (3.7), we have
H&H—m(”) - f(w)H < (1 + Un-l—m—l)Hén-l—m—l(w) - é(w)H + Ontm—1
< (1 + O'n+m71)(1 + 0n+m72)”£n+m72(w) - f((JJ)H

+(1 + 0n+m—1)0n+m—2 + Ontm—1
n+m—1
< JI (+eolién(w) — &)l
i=n
n+m—1 n+m—1

+ Z H (1—|—0’¢) Oj—1| + Ontm—1

j=n+1 i=j
n+m—1
< Méu(w) = @)l +M | { D 0j-1 ¢+ Onpm
j=n+1
n+m—1

<M |enw) =@+ Y o

Jj=n
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Choose N = max{Ny, N1}. Then for all n,m > N and for all {(w) € F, we

have
[€ntm (@) = &n(W)]| < l€nsm(w) — E()I + [[En(w) — E(W)]]
nt+m—1 n+m—1
<M |én(w) = €@+ D oj| + M |llén(w) =W+ Y o
j=N J=N

<2M | [én(w) =W+ ) o
j=N

Taking infimum over all £(w) € F, we obtain

€ntm(w) — &n(w)]| < 2M (d(fN(w),F) + i) <2M (i + i) —c

aAM AM ~ 4M

Thus {&,(w)}52; is Cauchy sequence for each w € Q. Therefore, &,(w) — p(w)

for

each w € €, p: Q — H, being the limit of the sequence of measurable

function, is also measurable. Since lim, o, d(§,(w), F') = 0 for each w € Q,

and each member of the family if continuous, using the similar arguments as
in [1, Theorem 3.1], we have p € F.
This completes the proof. O
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