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1. Introduction and Preliminaries

The contraction mapping principle, formulated and proved in Ph. D. dis-
sertation of S. Banach in 1920 which was published in 1922 is one of the most
important theorems in classical functional analysis because it give:

1. the existence and uniqueness of fixed point,
2. method to obtain approximative fixed points,
3. error estimates for approximative fixed point obtained by 2.
There are many generalizations and partial generalizations (which consider

only statements 1. and 2.) of the Banach principle.
Lj. Ćirić [2] first introduced the notion of quasi - contractions and proved

the fixed point theorem for this class of mappings. Ćiri’c’s result was extended
to nonlinear quasi - contractions by A. A. Ivanov [4]. In this paper we present
new generalizations of Ivanov’s fixed point theorem.
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Let X be a nonempty set and f : X → X arbitrary mapping. x ∈ X is a
fixed point for f if x = f(x). If x0 ∈ X, we say that a sequence (xn) defined
by xn = fn(x0) is a sequence of Picard iterates of f at point x0 or that (xn)
is the orbit of f at point x0.
Function f : R −→ R is right upper semi continuous at point r ∈ R if and
only if

lim
t→r+

f(t) ≤ f(r).

Let (X, d) be a metric space and A ⊆ X. Then δ(A) denotes the diameter of
set A.

By Φ we denote the set of real functions ϕ : [0,∞) → [0,∞) which have the
following properties:

(a) ϕ(0) = 0;
(b) ϕ(r) < r for all r > 0;
(c) limx→∞(x− ϕ(x)) = ∞.

Define

Φ1 = {ϕ ∈ Φ : ϕ is monotone nondecreasing and lim
t→r+

ϕ(t) < r for any r > 0},

Φ2 = {ϕ ∈ Φ : limt→rϕ(t) < r for any r > 0}.

2. Results

Our first result is the following generalizations of A. A. Ivanov’s [4] fixed
point theorem.

Theorem 1. Let (X, d) be a metric space and f : X → X. If there exists
ϕ ∈ Φ1 such that

d(f(x), f(y)) ≤ max{ϕ(d(x, y)), ϕ(d(x, f(x))), ϕ(d(y, f(y))),

ϕ(d(x, f(y))), ϕ(d(f(x), y))},

for any x, y ∈ X, then f has unique fixed point y ∈ X and for each x ∈ X

sequence of Picard iterates defined by f at x converge to y.

Proof. Let x0 ∈ X be arbitrary. Define On(x0) = {fk(x0)|k = 0, 1, 2, . . . , n},
O(x0) = {fk(x0)|k = 0, 1, 2, . . .},
d(x0, f(x0)) = d0.
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Let r0 be arbitrary real number such that:

r0 − ϕ(r0) ≤ d0 and r − ϕ(r) > d0 for r > r0. (1)

Such r0 exists because from limr→∞ r−ϕ(r) = ∞ follows that {r|r−ϕ(r) > d0}
is nonempty open and lower bounded. So r0 can be its greatest lower bound.

Now we prove that for each n ≥ 1 there exists k, 0 < k ≤ n, such that
δ(On(x0)) = d(x0, f

k(x0)). Let 1 ≤ i, j ≤ n. Then:

d(f i(x0), f j(x0)) ≤ max{ϕ(d(f i−1(x0), f j−1(x0))), ϕ(d(f i−1(x0), f i(x0)),

ϕ(d(f j−1(x0), f j(x0))), ϕ(f i−1(x0), f jx0)), ϕ(f j−1(x0), f i(x0))}

≤ ϕ(δ(On(x0))),

because ϕ is monotone nondecreasing. So for any 1 ≤ i, j ≤ n we have

d(f i(x0), f j(x0)) ≤ ϕ(δ(On(x0))).

This implies that i = 0 or j = 0 because

δ(On(x0)) = d(f i(x0), f j(x0)) for some 0 ≤ i, j ≤ n.

So we obtain that for each n ≥ 1:

δ(On) = d(x0, f
k(x0)) ≤ d(x0, f(x0)) + d(f(x0), fk(x0)) ≤ d0 + ϕ(δ(On)).

Hence we get
δ(On)− ϕ(δ(On)) ≤ d0

which implies δ(On) ≤ r0. Hence all sequences of Picard iterates defined by f
are bounded.

So δ(O(f(x0)) ≤ ϕ(δ(O(x0)) which implies

δ(O(fn(x0)) ≤ ϕn(δ(O(x0)).

Hence O(x0) = {fk(x0)|k = 0, 1, 2, . . .} is Cauchy sequence. Let y ∈ X be its
limit. Now:

d(fn(y), f(y)) ≤ max{ϕ(d(fn−1(y), y)), ϕ(d(fn−1(y), fn(y)),

ϕ(d(y, f(y))), ϕ(fn(y), y)), ϕ(fn−1(y), f(y))}.

When n→∞ we get:

d(y, f(y)) ≤ ϕ(d(y, f(y))),

which implies y = f(y).
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Now we show that this fixed point is unique. If there exists y1, y2 ∈ X such
that: y1 = f(y1) and y2 = f(y2), then

d(y1, y2) ≤ max{ϕ(d(y1, y2)), ϕ(d(y1, y1)),

ϕ(d(y2, y2)), ϕ(f(y1), y2)), ϕ(y1), f(y2))} = ϕ(d(y1, y2).

So d(y1, y2) = 0, which implies y1 = y2.
�

If in our Theorem ϕ is right upper semi continuous then Theorem 1 reduces
to the theorem of A. A. Ivanov [4] which generalize the famous theorem of
Ćirić [2]. We can see that hypotheses for the gauge function ϕ in Theorem 1
are stronger of assumptions of Boyd - Wong’s [1] fixed point theorem.

Now we prove that for Theorem 1 assumptions

lim
t→∞

(t− ϕ(t)) = ∞

and ϕ is monotone nondecreasing, were needed.

Example 1. - Ćirić [3]. Let X = (0,+∞) with usual metric, ϕ : [0,+∞) →
[0,+∞) mapping defined by:

ϕ(t) =

{
t
2 , t ∈ [0, 1);
t− 1

2 , t ∈ [1,+∞)

and f(x) = x+ 1.

If x < y then:

d(f(x), f(y)) = d(x, y) < (d(x, y) + 1)− 1
2

= ϕ(d(x, f(y)).

ϕ is continuous, monotone nondecreasing and ϕ(t) < t, but

lim
t→∞

(t− ϕ(t)) 6= ∞

and f is fixed point free.

Example 2. - Ćirić [3]. Let X = (0,+∞),

d(x, y) =
|x− y|

1 + |x− y|
,
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ϕ : [0,+∞) → [0,+∞) mapping defined by:

ϕ(t) =

{
t
2 , t ∈ [0, 1

2) ∪ [1,+∞);
t− (1− t)2, t ∈ [12 , 1),

and f(x) = x+ 1.

Then ϕ is not monotone nondecreasing and all other conditions of Theorem
1 are satisfied. f is also fixed point free.

Now we need the following Lemma.

Lemma 1. Let ϕ ∈ Φ2. Then there exists ψ ∈ Φ1 such that

ϕ(x) ≤ ψ(x) < x,

for each x > 0.

Proof. Let real function ψ : [0,∞) → [0,∞) be defined by

ψ(x) = sup
t∈[0,x]

ϕ(t).

Then ψ is monotone nondecreasing, ψ(0) = 0,
limt→x+ψ(t) < x and ϕ(x) ≤ ψ(x) < x for any x > 0.

If ϕ is bounded then ψ is bounded, which implies that

lim
x→∞

(x− ψ(x)) = ∞.

Suppose that

lim
x→∞

ψ(x) = ∞.

This implies that

lim
x→∞

ϕ(x) = ∞.

Then for arbitrary ε > 0 there exists real function g : [0,∞) → [0,∞) such
that:

g(x) ∈ {t ∈ [0, x] : ψ(x)− ϕ(t) < ε}.

Now, for any R > 0 there exists x > 0 such that

x > ϕ(x) > R+ ε,

which implies that g(x) > R. So

lim
x→∞

g(x) = ∞.
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Then

lim
x→∞

(x− ψ(x)) = lim
x→∞

(((x− g(x)) + (g(x)− ϕ(g(x))) + (ϕ(g(x))− ψ(x)))

≥ lim
x→∞

((x− g(x)) + lim
x→∞

(g(x)− ϕ(g(x))) + lim
x→∞

(ϕ(g(x)− ψ(x))) = ∞,

because

lim
x→∞

(g(x)− ϕ(g(x))) = ∞.

So

lim
x→∞

(x− ψ(x)) = ∞

which implies that ψ ∈ Φ1.
�

Now we shall prove our next result.

Theorem 2. Let (X, d) be a metric space and f : X → X. If there exists
ϕ ∈ Φ2 such that

d(f(x), f(y)) ≤ max{ϕ(d(x, y)), ϕ(d(x, f(x))), ϕ(d(y, f(y))),

ϕ(d(x, f(y))), ϕ(d(f(x), y))},

for any x, y ∈ X, then f has unique fixed point y ∈ X and for each x ∈ X

sequence of Picard iterates defined by f at x converge to y.

Proof. From Lemma 1 follows that there exists ψ ∈ Φ1 such that:

d(f(x), f(y)) ≤ max{ψ(d(x, y)), ψ(d(x, f(x))), ψ(d(y, f(y))),

ψ(d(x, f(y))), ψ(d(f(x), y))}.

Therefore, the hypotheses of Theorem 1 are satisfied. �

Lemma 2. Let ϕ1, . . . , ϕn ∈ Φ1. Then there exists ψ ∈ Φ1 such that

ϕk(x) ≤ ψ(x) < x,

for each 1 ≤ k ≤ n and x > 0.
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Proof. Let

ψ(x) = max{ϕ1, . . . , ϕn}.

Then it is easy to show that: ψ(0) = 0, ψ is monotone nondecreasing, ϕk(t) ≤
ψ(t) < t (1 ≤ k ≤ n) for all t > 0 and

lim
t→x+

ψ(t) < x.

Now we shall prove that limx→∞(x− ψ(x)) = ∞.
Let R > 0 be arbitrary. Then for any 1 ≤ k ≤ n there exists Sk > 0 such

that t− ϕk(t) > R for all t > Sk. Then for all

t > max
1≤k≤n

Sk

we have

t− ψ(t) = t− max
1≤k≤n

ϕk(t) = min
1≤k≤n

(t− ϕk(t)) > R.

So limx→∞(x− ψ(x)) = ∞.
�

Now we shall prove our main result, which is a common generalization of
Theorem 1 and Theorem 2.

Theorem 3. Let (X, d) be a metric space and f : X → X. If there exists
ϕ1, ϕ2, ϕ3, ϕ4, ϕ5 ∈ Φ1 ∪ Φ2 such that

d(f(x), f(y)) ≤ max{ϕ1(d(x, y)), ϕ2(d(x, f(x))), ϕ3(d(y, f(y))),

ϕ4(d(x, f(y))), ϕ5(d(f(x), y))},

for any x, y ∈ X, then f has unique fixed point y ∈ X and for each x ∈ X

sequence of Picard iterates defined by f at x converge to y.

Proof. Let

ϕ∗k(t) =

{
ϕk(t), ϕk ∈ Φ1\Φ2;
sups∈[0,t] ϕk(s), ϕk ∈ Φ2

(1 ≤ k ≤ 5).

From Lemma 1 it follows that ϕ∗k ∈ Φ1 (1 ≤ k ≤ 5).
From Lemma 2 it follows that there exists real function ϕ ∈ Φ1 such that:

ϕ∗k(x) ≤ ϕ(x) < x, (1 ≤ k ≤ n) for each x > 0, which implies
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d(f(x), f(y)) ≤ max{ϕ(d(x, y)), ϕ(d(x, f(x))), ϕ(d(y, f(y))),

ϕ(d(x, f(y))), ϕ(d(f(x), y))}.

Therefore, the hypotheses of Theorem 1 are satisfied. �
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