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Abstract. In this paper we study the following second order functional-differential equations

with maxima, of mixed type,

—2"(t) = f(t2(t), max_a(¢), max (), t€ ab)

with ”boundary” conditions

z(t) = p(t), t € [a — h1,a],
z(t) = (t), t € [b,b+ ha].

The plan of the paper is the following: 1. Introduction 2. Picard and weakly Picard
operator 3. The operator max 4. Existence and uniqueness 5. Inequalities of Caplygin type
6. Data dependence: monotony 7. Data dependence: continuity 8. Examples.
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1. INTRODUCTION

Differential equations with maxima are often met in applications, for in-

stance in the theory of automatic control. The existence and uniqueness of
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solutions of the equation with maxima is considered in [3], [4], [9]. The asymp-
totic stability of the solution of this equations and other problems concerning
equations with maxima are investigated in [2], [3], [6], [15], [16].

The main goal of the presented paper is to study a second order functional-
differential equations with maxima, of mixed type, using the theory of weakly
Picard operators ([10]-[14]).

We consider the following functional-differential equation

_x//(t) = f(tv x(t)’t—%%)ggtll(g)?tg?;%i{hgx(g))’ te [a7 b] (1‘1)

with the ”"boundary” conditions
{ (t) = p(t), t € [a— ha,al, 12)
x(t) =1(t), t € [b,b+ ha.
We suppose that:
(C1) hi,he, aand b€ R, a <b, hy >0, hy > 0;

(C2) f € C(la,b] x R?);
(C3) there exists Ly > 0 such that

|f(t,u1,u2,u3) — f(t,v1,v2,v3)| < Lfiinlafg lug — vl

for all t € [a,b] and u;,v; € R,i =1,2,3;
(Cq) ¢ € Cla— hy,a] and ¢ € C[b, b+ he).

Let G be the Green function of the following problem
—2" =y, x(a) =0, z(b) =0, x € Cla,b).

The problem (1.1)-(1.2), x € C[a — h1,b+ ha] N C?[a, b] is equivalent with the

following fixed point equation

o(t), t € [a— hy,al,

o _ ] e+
TOTY LG (5w(s), max_ #(€), _max, #(€))ds, ¢ € [a,b],
U(t), t € [b,b+ hy),
(1.3)
x € Cla — h1,b+ ha|, where
— b—
W, 0)(1) i= T (B) + . ola).
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The equation (1.1) is equivalent with
x(t), t € [a — hy,a],
W(T|[a—hy,a) Tl [b,p4-ha)) () +

x(t) = b
+ [ G(t, s)f(s,m(s),S_g;g}é{gsx(g),Sggr%asimx(f))ds, t € la,b],
x(t), t € [b,b+ ha],
(1.4)
x € Cla — h1,b+ hs).
In what follow we consider the operators:
Bf,Ef : C[a— h1,b+h2] — C[a—hl,b—i-hg]

defined by

By (z)(t) := second part of (1.3)
and

E¢(x)(t) := second part of (1.4).
Let X := Cla—hy,b+hg] and X := {z € X]| x][a,hha] =, T|pprhy) = P}

It is clear that

X = U X%Q/,
v € Cla— hy,al
b € C[b,b+ ho]

is a partition of X.
We have

Lemma 1.1. We suppose that the conditions (C1), (C2) and (Cy) are satisfied.
Then
(a) Bf(X) C Xy and By(Xpy) C Xy
(b) Bflx,., = Erlx,.,-
In this paper we shall prove that, if Ly is small enough, then the operator

Ey is weakly Picard operator and we shall study the equation (1.1) in the
terms of this operator.

2. PicARD AND WEAKLY PICARD OPERATORS

Let (X, d) be a metric space and A : X — X an operator. We shall use the
following notations:
Fj:={x € X | A(x) = x} - the fixed point set of A;
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I(A):={Y C X | A(Y) CY,Y # 0} - the family of the nonempty invariant
subset of A;
Al = Ao An A0 =1y, Al= A, neN;

Definition 2.1. ([10], [13]) Let (X,d) be a metric space. An operator A :
X — X is a Picard operator (PO) if there exists x* € X such that:

(i) Fa={z"};

(ii) the sequence (A™(xo))nen converges to x* for all xo € X.

Definition 2.2. ([10], [13]) Let (X, d) be a metric space. An operator A : X —

X is a weakly Picard operator (WPQO) if the sequence (A™(x))nen converges
for all x € X, and its limit (which may depend on x) is a fixed point of A.

Definition 2.3. ([10], [13]) If A is weakly Picard operator then we consider
the operator A* defined by
A® X — X, A®(z) ;= lim A"(z).

n—oo

Remark 2.4. It is clear that A®(X) = Fa={x € X | A(x) = z}.

Definition 2.5. ([10], [13]) Let A be a weakly Picard operator and ¢ > 0. The
operator A is c-weakly Picard operator if

d(x,A®(x)) < cd(z, A(z)), Vo € X.

Theorem 2.6. ([10], [13]) Let (X, d) be a metric space and A : X — X an
operator. The operator A is weakly Picard operator if and only if there exists
a partition of X,

X = UX,
A€A

where A is the indices set of partition, such that:
(a) Xy € I(A), Ne A;
(b) Alx, : Xx — X\ is a Picard operator for all X € A.

Example 2.7. ([10], [13]) Let (X, d) be a complete metric space and A : X —
X an a-contraction. Then A is PO.

1—a”

Example 2.8. Let (X, d) be a complete metric space and A : X — X contin-
uwous and a-graphic contraction. Then A is ﬁ—WPO.

For more details on WPOs theory see [10], [12], [13].
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3. THE OPERATOR m?x

Let I : R — Py oy(R) :={Y C R| Y compact and convex} be a multivalued
operator. We suppose that I(t) = [a(t), 3(t)] where a < 3 and «, 5 € C(R).
For x € C(R) we consider the function maxe defined by (mlaxx)(t) =

gmlau(x) x(§). We remark that maxw € C(R). So, we have the operator
eIt
max : C(R) — C(R).

Some properties of the operator max are given by

Lemma 3.1. We have

(i) z<y= m?x:c < mlaxy, i.e. the operator mlax 18 increasing;

(i)

max z(&) — maxy(ﬁ)‘ < max |x(§) —y(§)|, for all t € R, z,y €

ecl(t) ecl(t) IS0

C(R);
— < — , It e
(i) iy o) ~ ()| < max Jo(€) y(©). for o

teK
R,z,y € C(R).
Proof.
(ii) Let & € I(t). We have

z(§) < z(8) —y(€) +y(&) <y(&) +[2(§) — (&)l

Then

grg%ﬂf(ﬁ) < gg%y(f) + max z(&) — y(&)

and

_ < - for all t € R R).
gg%m(ﬁ) grg%y(é) _gg%lx(f) y(&)], forallt € R,z,y € C(R)

(iii) Follows from (ii).

4. EXISTENCE AND UNIQUENESS
Our first result is the following

Theorem 4.1. We suppose that:
(a) the conditions (C1)-(Cy4) are satisfied;
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(Cs) Hb—a)?<1.
Then the problem (1.1)-(1.2) has a unique solution which is the uniform

limit of the successive approrimations.
Proof. Consider the Banach space (Cla — hi,b + ha,||-||) where [|-|| is the

Chebyshev norm, ||| := plpax |z(t)].

The problem (1.1)-(1.2) is equivalent with the fixed point equation
Bf(:E) =, T € C[a —hi,b+ hQ].

From the condition (C3) we have, for ¢ € [a, D]

By (x)(t) = B (y)(1)| <
max _ z(§) — maxy(£)|,

b
gL/Gt,smaX z(s) —y(s)l,
I (t,5) {| () =y(s)l, | max a-h1<é<a

}dsg

b
< Lf/ G(t,s) max |z(s) —y(s)|ds <
Ly

2(§) — maxy(§)

max
b<g<bths b<E<b+hs

a—h1<E<b+ho

<L-a?fa -yl

This implies that By is an a-contraction, with a = %(b — a)?. The proof

follows from the contraction principle. O

Remark 4.2. From the proof of Theorem 4.1, it follows that the operator By
is PO. Since

Bf‘vaZJ = Ef|X<p,w
and
X :=Cla—hi,b+ hg| = UwX%w, Ef(X%w) C Xy
®,

hence, the operator Ey is WPO and
Fp, N Xyyp ={2 4}, V¢ € Cla— hi,a], Yy € C[b,b+ hy],
where x7, , is the unique solution of the problem (1.1)-(1.2).

Remark 4.3. E; is a-graphic contraction, i.e.

HEJQC(:C) — Ef(a:)H <allz = Ef(x)|, Vo € Cla— hi,b+ hy).
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5. INEQUALITIES OF CAPLYGIN TYPE
In this section we need the following abstract result

Lemma 5.1. (see [12]) Let (X, d, <) be an ordered metric space and A : X —
X an operator. We suppose that:

(i) A is WPO;

(ii) A is increasing.

Then, the operator A* is increasing.

Now we consider the operators Ky and By on the ordered Banach space
(C[a’ - h‘17 b+ h’2]7 H” ) S)
We have

Theorem 5.2. We suppose that:
(a) the conditions (C1) — (C4) are satisfied;
(b) H(b—a)?<1;
(c) f(t,-, ) : R® — R is increasing, Vt € [a, b].

Let x be a solution of equation (1.1) and y a solution of the inequality

—y"() < f(ty(®),,_max_y(€), max y(€)), t € [a,0]

Then
y(t) < z(t),Vt € [a — hi,a] U [b, b+ ha] implies that y < x.
Proof. Let us consider the operator w : C[a — h1,b+ ho] — Cla — h1,b+ hg]
defined by
z(t), t € [a — hy,al,

w(z)(t) =4 w(zlja—nyas 2l pprny) (b); T E [a,0],
(1), t € [b,b+ hal.

First of all we remark that

W(Ylja—hy,a) Ylporho) < Wl [a—hy,a)> T [p,b4ho))

and
w(y) < w(z).

In the terms of the operator Ey, we have

x = E¢(r) and y < Ef(y).
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On the other hand, from the condition (¢) and Lemma 5.1, we have that the

operator E]?O is increasing. Hence
y < Ery) < Bj(y) <... < BF(y) = EF(a(y)) < B (w(x)) = .

So, y < . d

6. DATA DEPENDENCE: MONOTONY

In this section we study the monotony of the solution of the problem (1.1)-
(1.2) with respect to ¢, ¥ and f. For this we need the following result from
the WPOs theory.

Lemma 6.1. (Abstract comparison lemma, [13]) Let (X, d, <) an ordered met-
ric space and A, B,C : X — X be such that:
(i) the operator A, B,C, are WPOs;
(i) A< B<C,
(iii) the operator B is increasing.

Then x <y < z implies that A (z) < B®(y) < C*®(z).
From this abstract result we have

Theorem 6.2. Let f; € C([a,b] x R3),i = 1,2,3, be as in Theorem 4.1. We
suppose that:

(1) fi < fo<fs

(ii) fa(t,- -, ) : R® — R is monotone increasing;

Let x; be a solution of the equation

S0) = Filt (), max_o(©), max (©), t€ o} andi=1,2,3

Then, x1(t) < xa(t) < w3(t), Vt € [a — h1,a] U [b,b+ ho], implies that x; <
x9 < x3, i.e. the unique solution of the problem (1.1)-(1.2) is increasing with

respect to f, ¢ and .

Proof. From Theorem 4.1, the operators Ey,,i = 1, 2,3, are WPOs. From the
condition (ii) the operator E, is monotone increasing. From the condition (i)

it follows that
Efl < Ef2 < Efg.
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On the other hand we remark that
w(zr) < w(za) < w(zs)
and
r; = B (w(z:)), i =1,2,3.

So, the proof follows from Lemma 6.1. O

7. DATA DEPENDENCE: CONTINUITY

Consider the boundary value problem (1.1)-(1.2) and suppose the conditions
of the Theorem 4.1 are satisfied. Denote by z*(-; ¢, 1, f), the solution of this
problem.

We need the following well known result (see [12]).

Theorem 7.1. Let (X,d) be a complete metric space and A, B : X — X two
operators. We suppose that

(i) the operator A is a a-contraction;
(i) Fi #0:
(iii) there exists n > 0 such that

d(A(x),B(x)) <n, Vx € X.

Then, if Fa = {z%} and z}; € Fp, we have

Ui

We state the following result:

Theorem 7.2. Let ;, %5, fi,i = 1,2 be as in the Theorem 4.1. Furthermore,
we suppose that there exists m; > 0,4 = 1,2 such that

(1) le1(t) = 2()] < m, VYt € [a = hy,a] and [¢1(t) = a(t)] <, VE €
[b,b+ hol;

(ii) ’fl(t, ul,UQ,U3) — fQ(t, ul,UQ,U3)| <mo, Vit € C[a, b],ui eR,t=1,2,3.
Then
8m + (b —a)*ne
8—Ls(b—a)?’
where x}(t; i, Vi, fi) are the solution of the problem (1.1)-(1.2) with respect
to @i,lbi,fi, 1= 1,2, and Lf = max(Lfl,LfQ).

||.’E>{(t, 901)1/}17 fl) - $;(t7 90271/}2) f2)|| <
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Proof. Consider the operators B, 4, 1,4 = 1,2. From Theorem 4.1 these
operators are contractions.

Additionally
2

8 )

(
”B@1»¢17f1 (z) — B¢27¢27f2(1:)|| <m+ne

Vo € Cla — hy,b+ hal.
Now the proof follows from the Theorem 7.1, with A := By, 4, ,,B =
N2
By po form =M +n2% and o = %(b— a)? where Ly = max(Ly,, Ly,). O

We have

Theorem 7.3. ([13]) Let (X,d) be a metric space and A; : X — X, i =1,2.
Suppose that

(i) the operator A; is cj-weakly Picard operator, i=1,2;
(ii) there exists n > 0 such that
d(Ai(z), As(x)) <mn, Va € X.
Then H(Fa,,Fa,) < nmax(cy,ca).

In what follow we shall use the c-WPOs techniques to give some data de-
pendence results using Theorem 7.3.

Theorem 7.4. Let fi1 and fa be as in the Theorem 4.1. Let SEfl,SE‘fQ be the
solution sets of system (1.1) corresponding to f1 and fa. Suppose that there
exists n > 0, such that

| f1(t,ur, ug,u3) — fa(t, g, ug,u3)| <1 (7.1)

for allt € [a,b],u; € Rji=1,2,3.
Then

(b—a)*n
H””c(SEh ) SEfQ) < 8 — Lf(b _ a)2’

where Ly = max(Ly,, Ly,) and H)_, denotes the Pompeiu-Hausdorff func-
tional with respect to ||-|| on Cla,b).

Proof. In the condition of Theorem 4.1, the operators Ky, and Ey, are ci-
WPO and cy-weakly Picard operators.
Let

Xow =12 € X| 2lja—py,a) = @5 Tlppsns) = ¥}
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It is clear that Ey, |x,, = By, Eplx,, = By,. Therefore,

1
B3, (2) = Bp(@)] < gL (b — @) |Ep, () — o],

1
|Ef, (1) = Bp,(2)] < gLy, (b= a)? | By, (2) — ],
for all x € Cla — hy,b+ ha].
Now, choosing

;= éLfi(b —a)i=1,2,
we get that Ey and Ey, are ci-weakly Picard operators and cp-weakly Picard
operators with ¢; = (1 —a1)™! and ¢y = (1 — ag)~!. From (7.1) we obtain
that
1B, (2) = Egy(2)]l < (b~ a)’n,

Vx € Cla — h1,b+ he]. Applying Theorem 7.3 we have that

(b—a)’n
Hy,.(Sg, .S < —,
I (5B, > Sy, ) < 8— Ly(b—a)?
where Ly = max(Ly,,Ly,) and Hj, is the Pompeiu-Hausdorff functional
with respect to ||| on Cla — h1,b+ ha. O

8. EXAMPLES

Let p,q,r, g € Cla,b]. We consider the following boundary value problem

—2//(t) = pDa(t)+q(t)_max_a(€)+r(t)_max, z(&)+g(0) t € [l (31)

<E<t+h
with the ”"boundary” conditions
{ 2(t) = o(t), t € [a— hi,al, 52)
x(t) = (t), t € [b,b+ ha.
In this case f(t,u1,u2,u3) = p(t)ur + q(t)us + r(t)us + g(t), t € [a,b],u; €
Rii=1,2,3, and Ly = tfg[gfg](!p(t)l + lq(@)| + |r(®)])-
We suppose that:
(C}) hi,ha, aand b€ R, a <b, hy >0, hy > 0;
(C3) p.g,r, g € Cla,b;
(C4) ¢ € Cla— hi,a] and ¢ € C[b,b+ ha).

From this conditions and the above results we have

Theorem 8.1. We suppose that:
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(a) the conditions (C]) — (C%) are satisfied;
1\ L
(04) ?f(b— CL)2 < 1.
Then the problem (8.1)-(8.2) has a unique solution which is the uniform

limit of the successive approrimations.

Theorem 8.2. We suppose that:
(a) the conditions (C]) — (C%) are satisfied;
b) Zp-a)?<1;
(c) p=0,¢>0, r>0.

Let z be a solution of equation (8.1) and y a solution of the inequality

—y"(1) <p(By() +a(H)_max_y(€) +r(t) _max, y(§) +g(t), t € [a,0]

Then
y(t) < x(t),Vt € [a — hi,a] U [b, b+ hy] implies that y < x.

Theorem 8.3. Let p;, q;,7i,g; € Cla,bl,i =1,2,3, be as in Theorem 8.1. We
suppose that:

) pr<p2<p3, 1 <@ <gq3 1 <12<73, g1 < g2 < gs;

(ii) p>0, ¢>0, r>0.

Let x;, 1 =1,2,3, be a solution of the equation

—o{(0) = piat) + alt)_max_o(©)+r0)_max, 2(O)+ i), ¢ € [a.8],

Then, z1(t) < z2(t) < z3(t), Vt € [a — h1,a] U [b,b+ hal, implies that x; <
x9 < x3, i.e. the unique solution of the problem (8.1)-(8.2) is increasing with

respect to p, q, r, ¢ and 1.

Theorem 8.4. Let p;, Y, piy qiyTiy giyt = 1,2 be as in the Theorem 8.1. Fur-
thermore, we suppose that there exists n; > 0,1 = 1,2, such that
(i) [e1(t) = p2(t)] < m, Vt € [a = hy,a] and [P1(t) —a(t)] < m, VE €
[b, b+ hsl;
(ii) ’fl(t, Uy, ug, U3) — fQ(t, U1, U2, U3)| < ng,Vt S C[a, b],ui S R,i =1,2,3.
Then

* ) 8m + (b—a)?na
. — N <
||$1(t,901,1j}17f1) IEQ(t, @23¢27f2)|| = 8 Lf(b—a)2 )
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where z}(t; @i, Vi, fi) are the solution of the problem (8.1)-(8.2) with re-
spect to @i,¢i7fi7 1= 1727 and p(t) = ma‘xpi(t)) Q(t) = m&X(]i(tL T’(t) =
maxr;(t), g(t) = maxg;(t), i =1,2.

Theorem 8.5. Let fi and fy be as in the Theorem 8.1. Let SEfl,SEfQ be the
solution sets of system (8.1) corresponding to f1 and fa. Suppose that there
exists n > 0, such that

|f1(t,U1,UQ,U3)—fQ(t,U1,U2,U3)| ST’ (83)

for allt € [a,b],u; € Rji=1,2,3.
Then ) )
—a
Hy. . (Sey, SEp,) < 8_(Lf(b)_na)2
where p(t) = maxp;(t), q(t) = maxgl(t), r(t) = maxr(t), g(t) =
max g;(t), i = 1,2 and Hy. . denotes the Pompeiu-Hausdorff functional with
respect to ||-||o on Cla, b).
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