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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. Let C
be a nonempty closed convex subset of H and let Po be the metric projection
of H onto C. A mapping A : C'— H is called monotone if

(Au— Av,u—v) >0, Yu,veC.
The variational inequality problem is the problem of finding v € C' such that
(Au,v —u) >0, YveC.

The set of solutions of the variational inequality problem is denoted by €. A
mapping A : C — H is called a-inverse-strongly-monotone if there exists a
positive real number « such that

(Au— Av,u —v) > af Au — Av|)?, Vu,v € C;

see Refs. 1-2. It is obvious that each a-inverse-strongly-monotone mapping
A is monotone and Lipschitz continuous. A mapping S : C — C is called

nonexpansive if
|Su— Sv|| < lu—v|, Yu,veC;

see Ref. 3. We denote by F(S) the set of fixed points of S. For finding an
element of F(S) N Q under the assumption that a set C' C H is nonempty,
closed and convex, a mapping S : C' — C' is nonexpansive and a mapping
A : C — H is a-inverse-strongly-monotone, Takahashi and Toyoda (Ref. 4)
introduced the following iterative scheme:

ro=x € C, 0
Tnt1 = anTn + (1 — o) SPo(zy — ApAzy), Vn >0,

where {ay,} is a sequence in (0,1), and {\,} is a sequence in (0,2«). They
proved that, if F'(S)NQ # 0, then the sequence {x,} generated by (I) con-
verges weakly to some element of F'(S)NQ # (). On the other hand, for solving
the variational inequality problem in the finite-dimensional Euclidean space
R™ under the assumption that a set C' C R" is nonempty, closed and convex,
a mapping A : C — R" is monotone and k-Lipschitz continuous and £ is
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nonempty, Korpelevich (Ref. 5) introduced the following so-called extragradi-
ent method:
xo=x € C,
Zpn = Po(xy, — ANAxy,), (I1)
Tnt1 = Po(zy, — MNAZy,), Yn >0,

where A € (0,1/k). He showed that the sequences {z,} and {Z,,} generated by
this extragradient method, converge to the same point z € €. Recently, moti-
vated by the idea of Korpelevich’s extragradient method (Ref. 5), Nadezhkina
and Takahashi (see Ref. 10) introduced an iterative scheme for finding an
element of F'(S) N and presented the following weak convergence result (see
Theorem 3.1 in Ref. 10).

Theorem 1.1. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let A : C — H be a monotone, k-Lipschitz continuous mapping and
S : C — C be a nonexpansive mapping such that F(S)NQ #£ 0. Let {x,},{yn}
be the sequences generated by

rg=x € C,
Yn = PC(xn - A’rzfélxn% (1)
Tnt1 = n®n + (1 — apn)SPo(zy, — \pAyy), Vn >0,

where {A\,} C [a,b] for some a,b € (0,1/k) and {an} C [c,d] for some ¢,d €
(0,1).

Then the sequences {xy}, {yn} converge weakly to the same point z € F(S)N
Q where z = lim,,_, o0 Pr(s)no®n-

Very recently, inspired by Nadezhkina and Takahashi’s iterative scheme

(Ref. 10), L.C. Zeng and J.C. Yao (see Ref. 12) introduced another iterative
scheme for finding an element of F'(S) N Q and obtained the following strong
convergence theorem (See Theorem 3.1 in Ref. 12).
Theorem 1.2. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let A: C — H be a monotone, k-Lipschitz continuous mapping and
S : C — C be a nonexpansive mapping such that F(S)NQ # (0. Let {zy}, {yn}
be the sequences generated by

ro=x € C,
Yn = Po(xn, — A\pAxy,),
Tnt1 = anxo + (1 — ap)SPo(xn — ApAyy), Yn >0,
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where {\,} and {ay,} satisfy the conditions: (a) {\,k} C (0,1 —0) for some
6€(0,1), and (b) {an} C (0,1), D07y an = 00, limy, o0 iy, = 0.
Then the sequences {xn},{yn} converge strongly to the same point

Pr(syna(®o), provided

lim ||, — zpt1]] = 0.
n—oo

In this paper, inspired by Takahashi and Toyoda (Ref. 4), Korpelevich (Ref.
5), Nadezhkina and Takahashi (Ref. 10) and L.C. Zeng and J.C. Yao (Ref.
12), we introduce and consider a modified extragradient method, as follows:

ro=x € C,
Yn = PC'[(l - /Bn)(xn - )\nAl'n) + ﬂnPC(mn - )\nA-Tn)]a
Tnt1 = @y + (1 — an)SPo(zy, — \Ayy), Yn > 0.

Suppose {a,}, {6,} are sequences in [0, 1] and {\,} is a sequence in (0,1/k)
such that

(i) imsup,,_,o an < 1 and 0 < liminf, oo Ay, < limsup,,_,oo An < 1;

(i) Y2524 62 < oo.

It is shown that the sequences {x,}, {y,} generated by the above modified
extragradient method converge weakly to the same point z € F(S) N where
z= le Pr(s)noxn. It is easy to see that if 5, = 0 for all n > 0 then the last
iterar‘éivzo scheme reduces to Nadezhkina and Takahashi’s one (1). Our main
result improves and extends of Nadezhkina and Takahashi’s Theorem 3.1 in
Ref. 10.

Throughout the rest of this paper, we denote by “—” and “—” the strong

convergence and weak convergence, respectively.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. It is
well known that there holds the identity

M+ (1=Nyl* = Azl +@ =Nyl = A1=N)lz—ylI*, Vz,y € H € [0,1].

Let C be a nonempty closed convex subset of H. Then, for any x € H, there
exists a unique nearest point in C, denoted by Pox, such that

la - Pex| < |z —yl, VyeC.
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Such a P is called the metric projection of H onto C'. We know that Po is a
nonexpansive mapping of H onto C'. It is also known that P is characterized
by the following properties (see Ref. 3 for more details): Pox € C and for all
r € H,yeC,
(x — Po, Pox —y) >0, (2)

and

lz = ylI* > |l — Pez|® + |ly — Pox|. (3)
Let A: C — H be a mapping. It is easy to see from (2) that the following
implications hold:

z€Q & T=Po(x— NAz), VA > 0. (4)

It is also known that H satisfies the Opial property (Ref. 6); i.e., for any
sequence {x,} C H with x,, — z, the inequality

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # x. A set-valued mapping 7 : H — 2 is called
monotone if, for all z,y € H, f € Tx and g € Ty we have (x —y, f — g) >
0. A monotone mapping 7' : H — 2 is maximal if its graph G(T') is not
properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x,f) € H x H,
(x —y,f—g) >0forall (y,g) € G(T), then f € Tx. Let A: C — H be a
monotone, k-Lipschitz continuous mapping and let Ngv be the normal cone
toCatveC;ie, Nov={we H: (v—y,w) >0, Yy € C}. Define

Av+ Neow, if v e C,
Tv =
0, ifvégC.

Then T is maximal monotone and 0 € T'v if and only if v € €2; see Ref. 7.

In order to prove the main result in Section 3, we shall use the following
lemmas in the sequel.
Lemma 2.1. Let H be a real Hilbert space, let {a,} be a sequence of real
numbers such that 0 < a < a,, < b <1 for alln >0, and let {v,} and {w,}
be sequences in H such that

limsup ||vy,|| < ¢, limsup |w,| < cand lim ||a,v, + (1 — ap)wy,|| = ¢

n—oo n—00 n=oo

for some ¢ > 0. Then, lim,_. ||[v, — wy| = 0.
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Lemma 2.2. Let H be a real Hilbert space and let D be a nonempty closed
convez subset of H. Let {x,} be a sequence in H. Suppose that, for allu € D,

lnss —ull < llzn —ul, ¥n>o.

Then the sequence { Ppx,} converges strongly to some z € D.

Remark 2.1. Regarding the above two lemmas, let us notice that the first
was proved by Schu (Ref. 8) in a uniformly convex Banach space and the
second was proved by Takahashi and Toyoda (Ref. 4).

Lemma 2.3. (The demiclosedness principle, see Ref. 3.) Assume that S is
a nonexpansive self-mapping of a nonempty closed convexr subset C' of a real
Hilbert space H. If F(S) # (0, then I — S is demiclosed; that is, whenever
{zn} is a sequence in C weakly converging to some x € C' and the sequence
{(I = S)zp} strongly converges to some y, it follows that (I — S)x =y, where
I stands for the identity operator of H.

Lemma 2.4. (see Ref. 11.) Let {an}2>, and {b,}’2, be two sequences of

nonnegative real numbers satisfying the inequality
ant1 < ap + by, Vn > 0.

If EZO:O b, converges, then lim, . a, ezists.

3. WEAK CONVERGENCE THEOREM

In this section, we deal with an iterative scheme by the modified extragra-
dient method for finding the common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of the variational inequality
problem for a monotone, Lipschitz continuous mapping in a Hilbert space.
Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A : C — H be a monotone k-Lipschitz continuous mapping
and let S : C — C be a nonexpansive mapping such that F(S)NQ # (. Let
{zn}, {yn} be the sequences generated by

xo=x € C,
Yn = Pol(1 = Bu)(zn — AnAzn) + BpPo(2n — AnAxy)),
Tnt1 = n®n + (1 — ap)SPo(zy, — A\Ayy), Vn > 0.
Suppose {an},{Bn} are sequences in [0,1] and {\,} is a sequence in (0,1/k)
such that
(i) limsup,,_, ., an < 1 and 0 < liminf,, oo Ay < limsup,, oo An < 1/k;
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(i) 3ong B < 0.
Then, the sequences {zy}, {yn} converge weakly to the same point z € F(S)NC,

where z = lim Pp(g)nq®n, provided {Azy} is bounded.

n—oo
Proof. First, we claim that {z,} is bounded. Indeed, put t, = Po(x, —
A Ayy) for all m > 0. Let z* € F(S)NQ. Then * = Po(z* — A\, Az™). Taking

x = xp — \Ay, and y = z* in (3), we obtain

[tn = *|1> < ll2n — AnAys — ¥ = |20 — AnAyn — ta?
= [z — 2*[1* = 2X(Ayn, 0 — &) + AL Ay |®
— [lzn = tall® + 220 {Ayn, 20 — ta) — AL Aynl|?
= [l — 2% [1* + 20 (Ayn, 2° — tn) — [z — Lo
= 2 = 2*[1* = llzn — tall* = 2Xn{ Ay, — Az™, yn —2*)
— 22 (Ax™ Y — ) + 200 (AYn, Yn — tn)
< len = 2* | = 20 = yall* = lyn — tal®

+ 2(zn — MAYn — Y, tn — Yn)-
Now, observe that

(Xn, — MAxy, — Po(xn — MAxy), Po(n — AyAxy) — yn)
< |l — AnAxy, — Po(zn — AAzy) ||| Po(zn — AnAzn) — ynll
< Al Azpll + [ln — Po(zn — AnAzn)||}H|zn — AnAzn
—[(1 = Bn)(@n — AnAn) + BnFo(rn — AnAzy)]|
= {\u||Azn|| + [|Poxn — Po(xn — MpAxn)||}Bnl|len — AMAxy,
— Po(xy, — AAxy)||
< {2Ml| Az} Br{ Anl|Azn || + (| Poxn — Po(zn — AnAzn) |}
< {220l Az |} Br{2An || Az |}
= 48,20 || Az .
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Further, from (2) we have

(Tn = AnAYn = Yns tn — Yn)

= (n, — MAT, — Yn, tn — Yn) + (MAzn — \pAYn, ty, — Yn)

= ((1 = Bn)(@n — AnAzn) + BuPo(2n — AnAn) = Yn,tn — Yn)
+ Bnlxn — MAxy, — Po(xn — AAxy), tn — yn)

+ (AMAxy — M\ Ayn, tn — Yn)

< Bplxn — MAx, — Po(xn, — MAxy), by — Yn)

+ (MAzy, — M Ayn, tn — Yn)

= Bn{xn — AMpAxy, — Po(xn — MAxy), ty, — Po(x, — A\yAxy,))
+ Bn{xn — MAzy, — Po(xn — MAzy), Po(xn — A\ Azy) — yn)
+ (MAzy — A\ AYn, tn — Yn)

< Bnlzn — MAxy — Po(n — AAzn), Po(Tn — AAzn) — yn)
+ (A\Azy, — My Ayn, tn — yn)

< BN Aza|? + Ankllzn = ynlllltn — yal

< BN Aza|® + A2E? [ — yall* + llyn — tall.

Since limsup,, . an, < 1 and 0 < liminf, o A, < limsup,_ . A\n < 1/k,
there exists Ny > 1 such that

{an}nin, € [0,a] and {An}pZy, C (b, d]

for some a € (0,1) and b,d € (0,1/k). Thus, we deduce that for all n > Ny

tn — 21> < llzn = 2*[1? = llzn = ynll® = lyn — tall?
HABN | Azn? + NoE l2n — yall* + llyn — tall?

= [lzn — 2*[* + (A2 = D)llan — ynll® + 46300 Az |2
< lan — 2*|1? + 48205 || Az, |2,

()
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and hence

[Zn1 —2*? = lanzn + (1 — @) Sty — 2|2
= [Jan(zn —2%) + (1 — an) (St — 33*)H2
S x*HQ + (1 — an)[|Stn — ‘T*HQ
< gl — 2?4+ (1 — o) [t — 2*|?
< agllzn = 2*[? + (1 = an){f|lzn — 2|2
+ARK? = Dllzn — ynll> + 46700 | Az}
= [lzn — 2% + (1 = an) {(AZK* = D]z — yn?
HABIAL | Az}
< |lwn — 2|12 + 48300 | Az ||

Note that {Az,} is bounded and Y oo , 32 is convergent. Therefore, according
to Lemma 2.4, there exists

c= lim |z, —z"|
n—oo

and hence the sequences {z,}, {t,} are bounded. From the last relations, we
also obtain

(1 =o)L = A2k |zn —ynl? < 2 — 271 = [longn — 27|
(1 = an) 48N, || Az >

So we have for all n > Ny

[2n — ynll* < W(”l‘n —2*)* = |zn1 — =*|?)
+ﬁ 4G || Ay |2,

Since there exists Ny > 1 such that
{an}nZn, € 10,a] and {An}Zy, C [b,d]
for some a € (0,1) and b,d € (0,1/k), so we have

Tn—Yp — 0 asn — oo.
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Further, we obtain
yn = tall* = [1Pc[(1 = Ba)(@n — AaAzn) + BuPo(tn — AAzy)] — Po(n—AnAyn)||?
< (1= Bo)(@n — MAzn) + BpPo(wn — MAzs) = (20 — AnAyn)||®
= (1 = Bu)An(Ayn — Azn) + BulPe(tn — AnAzn) — (20 — A Aya)]|?
< (1= BNl Ayn — Azy||? + Bull Pe(zn — MnAwn) — (20 — AnAyn)||?
< Ak lyn = 20ll* + Budl| Pe(@n — AnAzn) — Poay|| + Xnl| Ayall}>
< N2 lyn = zall? + Bl Aza || + X[l Ayall)?
= Aok2lyn — 2a]|* + B An (| Azn ]l + (| Ayn)?

/\EL‘ZCZ * (|2 * (|12
)\%k2 2142 2 2 2
+t 1 e Ol Aza]l” 4 Bu X ([ Aznll + | Ayal)).

Since > "7 4 B2 < o0, we have lim,, . 3, = 0. Hence, we get
Yn —tn, — 0 as n — oo.
From
[2n = tll < llzn = ynll + [lyn — tal,

we have also

Ty —t, >0 asn— oo.
Since A is Lipschitz continuous, we have
Ay, — At, — 0 asn — oo.

As {z,} is bounded, there is a subsequence {zy,} of {z,} that converges
weakly to some z. We claim that z € F'(S) N Q. Indeed, first, we show that
z € (. Since z,, —t, — 0 and y,, — ¢, — 0, we have ¢,, = z and y,, — 2. Let

Av+ Now, if v e C,
Ty =
0 ifvoegC.

Then, T is maximal monotone and 0 € Tw if and only if v € €; see Ref. 7.
Let (v,w) € G(T). Then, we have

w € Tv=Av + Ngv
and hence w — Av € Ngv. So, we have

(v—u,w—Av) >0, YueC.
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On the other hand, from
tn = Po(xn — MAyy) and v € C,
we have
<xn - )\nAyn - tna tn - U> 2 07
and hence
ty — Tn
Therefore, from

w— Av € Nov and t; € C,

we have

v tni’ Av> - <U - tm? tn,-/\:;ﬁni + Ayni>

{
{
= (v —tp,, Av — Aty,) + (v —tp,, Atn, — Aypn,)
< tni —ZTn,

{

v —tn;, A >
’ tn, —Tn,
U —tn,, Aty, — Ayn,) — (v — tn,, %)

Hence, letting n; — oo, we obtain
(v—2z,w) >0.

Since T is maximal monotone, we have z € 7710 and hence z € 2. We show
that z € F(S). Indeed, let z* € F(S) N Q. Since it follows from (5) that for
all n > N()

1St — (1> < ltn = 2*[* < [Jon — 2™||* + 48370 | Az %,

we have

limsup ||St,, — z*|| < c.

n—oo
Further, we have
lim ||an(zy, —2%) + (1 — an) (St — 2")|| = lim ||zps1 — 27| = c.
n—oo n—oo
By Lemma 2.1 we obtain
lim ||St, — x| = 0.
n—oo

Since

150 — znll < ||Szn — Stoll + [|Stn — 2n|| < |20 — tall + [|Stn — 24l
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we have
lim || Sz, — x| = 0.
n=oo
By Lemma 2.3, from the demiclosedness of I — S, we know that x,, — z and
limy, oo || Szpn — x| = 0 imply z € F(S).
Let {x,,} be another subsequence of {z,} such that z,, — 2’. Then,

2 € F(S)N Q. Let us show that z = 2/. Assume that z # 2’. From the Opial
condition (Ref. 6) we have

lim ||z, — 2| =liminf ||z, — 2| < liminf ||z,, — 2|
n—oo n—oo 1—00
= lim ||z, — 2| = liminf ||z, — 2|
n—oo j—o0
< liminf ||z,; — z|| = lim ||z, — ||,
Jj—00 n—oo

This is a contradiction. Consequently, we have z = z’. This implies that
x, — 2z € F(S)NQ.
Since z, — y, — 0 as n — 0o, we have also
yn — 2z € F(S)N Q.
Now, put u, = Pp(s)nq®n. Then we claim that z = lim;, e up. Indeed, since
up = Pp(g)nots and z € F(S)NQ,
we have
(z — Up, Up — Tp) > 0.

By Lemma 2.2, {u,} converges strongly to some zy € F(S)N . Then, we get
(z — 20,20 — 2z) > 0, and hence z = zp. This completes the proof of Theorem
3.1. O
Remark 3.1. In the proof of Theorem 3.1, whenever 5, = 0 for all n > 0,
from (5) it follows that

lzns1 = 2*|* < flam — 27|%, V= No.

Thus the limit lim, . ||z, — *|| exists. Hence {z,} is bounded and so is
{Azy,}. In this case, we can remove the boundedness restriction of {Axy}.
Consequently, Nadezhkina and Takahashi’s Theorem 3.1 (Ref. 10) follows
immediately from our Theorem 3.1.

Next we give two applications of Theorem 3.1.
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Corollary 3.1. Let H be a real Hilbert space. Let A : H — H be a monotone
k-Lipschitz continuous mapping and let S : H — H be a nonexpansive mapping
such that F(S) N A0 # 0. Let {x,},{yn} be the sequences generated by

To=x € H,
Yn = Tn — AnAxnv
Tnt1 = nZn + (1 — ap)S(xn — \MyAyy), Vn > 0.

Suppose {an} is a sequence in [0,1] and {\,} is a sequence in (0,1/k) such
that
limsup o, < 1 and 0 < liminf A, <limsup A\, < 1/k.

n—o00 n—0o0 n—o00

Then, the sequences {xyn}, {yn} converge weakly to the same point z € F(S)N
A7 where z = lim,, o0 Prsyna-1Tn.
Proof. We have A710 = Q and Py = I. Then

Yn = Pul(1 = Bn)(vn — MAzy) + BnPu(zn — AnAzy)]
= (1= Bn)(wn — AnAzp) + Bn(rn — AnAzy)
=z, — AMAx,,

and

Tyl = any + (1 — ) SPy(z, — A\ Ayn)
= apty + (1 — ap)S(z, — ApAyn).

Note that inequality (5) yields
|01 = 2*[|* < |z — 2|,

This implies that {x,} is bounded and so is {Azy}. Hence by Theorem 3.1
we obtain the desired result. OJ
Remark 3.1. Notice that F'(S) N A~10 is contained in the set of solutions of
the variational inequality problem VI(F(S), A). See also Yamada (Ref. 9) for
the case when A : H — H is strongly monotone and Lipschitz continuous and
S : H — H is a nonexpansive mapping.

Theorem 3.2. Let H be a real Hilbert space. Let A: H — H be a monotone
k-Lipschitz continuous mapping and B : H — 27 be a mazimal monotone
mapping such that A~10 N B~'0 # (. Let JB be the resolvent of B for each
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r > 0. Let {zp},{yn} be the sequences generated by

o =x € H,
Yn = Tn — )\nAZL’n,
Tn41 = QT + (1 — an)‘]rB(xn — M Ayn), Vn > 0.

Suppose {an},{Bn} are sequences in [0,1] and {\,} is a sequence in (0,1/k)
such that

limsup o, < 1 and 0 < liminf \,, < limsup A, < 1/k.

n—o00 n—00 n—o00

Then, the sequences {x,}, {yn} converge weakly to the same point z € A~10N
B0, where z = limy, 0o Pa-10nB-10Tn-

Proof. We have F(JP) = B~10. By Corollary 3.1 we obtain the desired
result. O
Remark 3.2. Corollary 3.1 and Corollary 3.2 are, essentially, Nadezhkina
and Takahashi’s Theorems 3.1 and 3.2 (Ref. 10), respectively.
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