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1. INTRODUCTION

Let (X, d) be a metric space. A continuous mapping W : X x X x[0,1] — X
is said to be a convez structure on X, if for all z,y in X and A € [0, 1], the

following condition is satisfied:
d(u, W(z,y,\)) < (1 —XN)d(u,x) + Ad(u,y) for all u € X.

A metric space with convex structure is called a convexr metric space. Banach
spaces and each of its convex subsets are simple examples of convex metric
spaces. There are many convex metric spaces which cannot be imbedded in
any Banach spaces, see [9, 22]. A subset D of convex metric space X is said
to be convez if W(xz,y,\) € D for all z,y € D and X € [0, 1].
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Let D be a nonempty subset of a Banach space X and T': D — D a
mapping. We denote F(T'), the set of fixed points of 7. The mapping 7' is
said to be

(i) uniformly L-Lipschitzian if for each n € N, there exists a constant L > 0
such that ||T"z — T™y|| < L||z — y|| for all z,y € D;

(ii) asymptotically nonexpansive if for each n € N, there exists a con-
stant u, > 0 with lim, o up, = 0 such that [Tz — T"y|| < (1 4 uy)||z —
y|| for all z,y € D;

(iii) quasi L-Lipschitzian if F(T) ={x € D : Tx = x} # ¢ and there exists
a constant L > 0 such that [Tz —y|| < L|lz —y|| for all x € D and y € F(T);

(iv) asymptotically quasi-nonexpansive if F(T) # ¢ and for each n € N,
there exists a constant u,, > 0 with lim, o u, = 0 such that [|T"z — y|| <
(14 up)|lz —y| for all x € D and y € F(T).

The class of asymptotically nonexpansive mappings as a natural extension
to that of nonexpansive mappings, was introduced by Goebel and Kirk [7] in
1972. They proved the following existence theorem:

Theorem GK. If D is a closed convex bounded subset of a uniformly convex
Banach space X, then every asymptotically nonexpansive self-mapping T of D
has a fixed point.

This has been generalized to a nearly uniformly convex Banach space by Xu
[25] for nonlipschizian mappings. There appear in the literature two definitions
of nonlipschitzian asymptotically nonexpansive mappings. One is due to Kirk
[12] : T is said to be a mapping of asymptotically nonexpansive type if

lim sup(sup (|| 7"z — T"y|| — ||z — y||)) <0 for all x € D.
n—oo  yeD

Another nonlipschitzian mapping between these two classes was introduce by
Bruck, Kuczumow and Reich [4]: T is said to be an asymptotically nonexpan-
stve in the intermediate sense if T is uniformly continuous and
limsup( sup ([[T"z —T"y[| — [z — yl])) <0.
n—oo  z,yeD
Recently, Sahu [19] introduce another nonlipschitzian mapping: Let D be a
nonempty subset of a Banach space X and fix a sequence {a,} in [0, 00) with
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an, — 0. T is said to be a nearly asymptotically nonexpansive if for each n € N,
there exists a sequence {u,} in [0, 00) with u, — 0 as n — oo such that

|T"x —T"y|| < (1 +uy)||z —yll + ap for all z,y € D.

T will be called nearly asymptotically quasi-nonexpansive with respect to
{an} if F(T) ={z: Tx = x} # ¢ and there exists a sequence {u,} in [0, c0)
with u,, — 0 as n — oo such that

|T"2 — T"y|| < (14 up)||z — y|| + an for all z € D and y € F(T).

The class of nearly asymptotically nonexpansive mappings is an intermedi-
ate class between class of asymptotically nonexpansive mappings and that of
mappings of asymptotically nonexpansive type.

Example. Let X =R,C =[0,1] and T : C — C be a mapping defined by

Iif xeo,l],
Tx = . 1
Clearly, T is discontinuous and non-Lipschitzian. However, it is nearly nonex-

pansive. Indeed, for a sequence {a,} with a; = % and a, — 0, we have
[Tz —Ty|| < [lz —y[ + a1 for all z,y € C

and
|T"x — T"y|| < ||z —y|| + ay, for all x,y € C and n > 2,

since .
Tz = 3 for all z € [0,1] and n > 2.

The iterative approximation problems for fixed points of asymptotically
nonexpansive mappings and mappings of asymptotically nonexpansive type
were extensively studied by Bose [3]; Gornicki [8]; Jung, Cho and Sahu [10];
Lim and Xu [13]; and Xu [25]. Recently, Agrawal, Regan and Sahu [1] in-
troduced a new iteration process namely S-iteration process and studied the
iterative approximation problems for fixed points of nearly asymptotically non-

expansive mappings.

The purpose of this paper to establish a few strong convergence theorems of
the Mann and Ishikawa iteration processes for fixed point of nearly asymptot-
ically nonexpansive mappings in convex metric spaces. The result presented
in this paper extend the results due to Chang [5], Khan and Takahashi [11],
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Liu and Kang [14], Osilike and Aniagbosor [15], Rhoades [18], Schu [20, 21],
Tan and Xu [23, 24] and others.

2. MAIN RESULTS

We begin with the following lemma which is a generalization of Lemma 1
of Osilike and Aniagbosor [15].
Lemma 2.1. Let {an},{bn} and {c,} be three sequences of nonnegative

numbers such that
(i) any1 < (1 + Mby)ay, + M'ey, for alln € N, and for some M, M’ > 0;
(i) Dop2 by <00 and Y o0 ¢ < 0.
Then we have the following:
(a) limy, o0 ay, exists.

(b) If liminf,, . a, = 0, then lim, .~ a, = 0.
Proof. (a) Let K = eXn=1%_ Observe that

An+m < (1 + Manrmfl)anerfl + M,Cnerfl

< e]\/HH&M?Iafn—i-m—l + M/Cn-i—m—l

Mbn m— Mbn m— / !
< eMonimol(eMbnim=2q 0 o0+ M'chym—2) + M cpim—1

M(brtm—1+bntm— Mbp4m— /
<e (brtm—1 + 2)an+m72 + (6 + 1Cner72 + Cn+m71)M
<.

n+m—1

szwmfl b MZnerfl b, /

< MEZ hig, 4 (eMES"T 0 Z ci)M’ for all n,m € N.
i=n

It follows that
o0
any1 < eMEay + (eMK ZQ) M,
i=1

i.e., {an} is bounded. Thus a, < M"” for all n € N and some M” > 0. Hence
ani1 < ap +MM"b, + M'c,
<ay+ K'(by, +¢) for all n € N,

where K’ = max{MM" M'}. Therefore, lim, o, a, exists by Lemma 1 of
Tan and Xu [23, p. 303].
(b) It follows easily from part (a). O
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Lemma 2.2. Let D be a nonempty convex subset of a convex metric space X
and T : D — D a nearly asymptotically quasi-nonexpansive mapping with se-

quence {(an, un)} such thaty > a, < oo andy > | u, < co. Define Ishikawa
iterative sequence {xy} iteratively by

Tl S D7 Tn4+1 = W(fEn, Tn?/m Oén), Yn = W(m’nv Tnlinv /Bn)v n e N (I)
Then for each p € F(T)

d(xn—l-lap) < (1 + (1 + Bn)un + ﬁnu%)d(xnap) =+ (1 + Bn(1+ un))any neN
and

lim d(zy,p) exists.

n—oo

Proof. For p € F(T), we have
d($n+17p) = d(W(mTM T"yn, an),p)

< an(1 4 up)d(yn,p) + (1 — a)d(zn,p) + an (1)
and
d(yn, p) = d(W (20, T"xn, ), p)
< Bnd(T"xn, p) + (1 = Bn)d(2n, p)
< (1 + Brun)d(n, p) + anfn- (2)
From (1) and (2), we obtain

d(zn11,p) < (14 (14 Bp)tn + Bat)d(zp, p) + (14 Bn(1+up))ay, for all n € N.
It follows that
d(zp+1,p) < (1 + Muy)d(zn, p) + M'ay (3)
for some M, M’ > 0, because {uy} is bounded. Hence lim,,_,~ d(z,,p) exists
by Lemma 2.1 (a). O
Lemma 2.3. Let D be a nonempty subset of a metric space X and
T : D — D a quasi L-Lipschitzian. If {x,} is a sequence in D such that

limy, oo d(zp, F(T)) = 0 and lim,, oo ©, = v € D. Then v is a fized point of
T.

(d(x, D) denotes the distance of x to set D, i.e., d(x,D) = infyepd(z,y))
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Proof. Since lim,,_.o xz, = v, then for each ¢ > 0, there exists a natural
number N such that

d(xn,v) < ﬁ for all n > Nj.

By limy, oo d(zy,, F(T')) = 0, there exists a natural number Ny > Nj such that

d(xn, F(T)) < _°  _foralln > No

3(1+3L)
and hence
€
d FT)) < —.
It follows that there exists a point z € F(T') such that
€
d(l’N2, Z) < m

Thus, we have
d(Tv,v) < d(Tv,z) +d(z,TzN,) + d(TznN,, 2) + d(z,zN,) + d(zN,, V)
< Ld(v,z) + (1 4+ 2L)d(zn,, z) + d(z Ny, v)
<1+ L)d(zny,v) + (1 +3L)d(zN,, 2)

<Eifo
2 2 7

Therefore, v is a fixed point of T since ¢ is arbitrary. [

We now prove the following theorems:

Theorem 2.1. Let D be a nonempty closed convex subset of a complete
convex metric space X, T : D — D a nearly asymptotically quasi-nonexpansive
mapping with sequence {(an, uy)} such that >~ >7  an < 00 and Y 074 Up < 00
and let F(T) be a closed set. For arbitrary x1 € D, define the Ishikawa iterative
sequence {xy} by

.%'n+1 = W(.’L’n, Tnyna an)a yn = W(xna Tnxna ﬁn)> ne Na (I)

where {a,} and {B,} are real sequences in [0,1]. Then {x,} converges to a
fized point of T if and only if liminf, . d(z,, F(T) = 0.

Proof. The necessity of the condition is obvious. Thus, we will only prove
the sufficiency. From (3), we have

d(zns1,p) < (1 + Muy)d(zn,p) + M'a, for all n € N,



ITERATIVE SEQUENCES FOR NONLIPSCHITZIAN 315
which implies that
d(zpi1, F(T)) < (1 4+ Muy)d(zp, F(T)) + M'a,, for all n € N.

It follows from Lemma 2.1(b) that lim, o d(x,, F(T)) = 0. For each ¢ > 0,
there exists a natural number ng such that d(x,, F(T)) < § for all n > no.
Then there exists a p’ € F(T') such that d(z,,,p’) < § for all n > ng. Hence
for n,m > ng, we have

Az, 2m) < d(zp, p) + d(zm, ') < g i g .

This shows that {z,} is a Cauchy sequence in D. Let lim, ooz, = v € D.
By limy, o d(zp, F(T)) = 0 and closedness of F(T'), we have that v € F(T).
This completes the proof. [J

Corollary 2.1. Let D be a nonempty closed convex subset of a com-
plete convex metric space X, and let T : D — D be a nearly asymptotically
nonexpansive mapping with sequence {(an,un)} such that > 7 | an < 0o and
> oo up < 00. Let F(T') be a nonempty closed set and let {x,,} be the Ishikawa
iterative sequence defined by (I). Then {x,} converges to a fixed point of T' if
and only if liminf, o d(x,, F(T)) = 0.

Theorem 2.2. Let D be a nonempty closed convex subset of a complete
convexr metric space X and T : D — D an asymptotically quasi-nonexpansive
mapping with sequence {u,} such that > >" ; u, < co. Let {x,} be the Ishikawa
iterative sequence defined by (I), then {x,} converges to a fized point of T if
and only if liminf,, . d(x,, F(T)) = 0.

Proof. As in proof of Theorem 2.1, it can easily shown that {z,} is
Cauchy sequence in D. Let lim,_,~ x, = v. Since every asymptotically quasi-
nonexpansive mapping is quasi L-Lipschitzian, it follows from Lemma 2.3 that
v is a fixed point of T. [

Remark 2.1. Theorem 2.1 extends and improves Theorem 3.1 of Ghosh
and Debnath [6], Theorem 1.1 and 1.1’ of Petryshyn and Williamson [16], and
Theorem 1 of Qihou [17] in the more general space setting.

Theorem 2.3. Let D be a nonempty closed convex subset of a complete
convex metric space X, T : D — D a nearly asymptotically quasi-nonexpansive
mapping with sequence {(an,un)} such that > 7 an < 00 and > 07| Uy < 00.
Suppose that F(T) is closed and {xy} is the Ishikawa iterative sequence defined
by (I) satisfying the following conditions:
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(i) {xn} is an approzimating fized point sequence for T, i.e.,

lim d(xy,, Tx,) =0,

n—oo
(ii) there exists a constant ¢ > 0 such that
d(xp, F(T)) < cd(xy, Tzy), for alln € N.

Then {z,} converges to a fized point of T.

Proof. Since lim, .o d(zy,p) exists for p € F(T), it follows from (i) and
(ii), we have liminf, . d(x,, F(T)) = 0. Therefore, by Theorem 2.1, we
conclude that {z,} converges to a fixed point of 7. [J

Finally, we discuss the problem of approximation of fixed points of nearly
asymptotically nonexpansive mappings in a uniformly convex metric space.

Theorem 2.4. Let D be a nonempty closed convex subset of a complete
and uniformly conver metric space X and T : D — D a nearly asymptoti-
cally nonexpansive mapping with F(T) # ¢ and sequence {(an,u,)} satisfying
Yol an <00 and Yy 7 uy < 00. For arbitrary x1 € D, define the Ishikawa
iterative sequence {xy} by

1 1
7)7yn = W(Tnﬂjn, Tn, 5),77/ € N. (J)

T+l = W(T"ymfb“m 9

Then the following holds:
(a) limy— oo d(zp, T"xy) =0

(b) if T is uniformly continuous and T™ is demi-compact for some m € N,
it follows that {x,} converges to a fixed point of T.

Proof. (a) Let p be a fixed point of T'. Since X is uniformly convex, by
Beg [2, Theorem 4.2], there exists a number ¢ > 0 such that

1
2d%(W (z,y, 5), 2) < d*(z,2) + d*(y, 2) — cd*(x,y) for all z,y,2 € X.  (4)
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From (J)
n 1
d2(xn+17p) - dQ(W(T yn7xn) 5),]7)
L oimm 1o C 2/m
< A (T"n, p) + 5" (0, p) = 5d"(T"Yn, )

1 1
S 5[(1 + un)d(ynap) + an]2 + §d2($n,p)

1 1
= 5[(1 + un)dQ(ynvp) + 2a,(1 + Un)d(ymp) + ai] + §d2(xn,p).
Since lim,, o (2, p) exists by Lemma 2.2, {z,} is bounded. It follows from

(2) that {yn} is bounded. Then there exists a constant K > 0 such that
1 1
d2(£€n+1,p) < 5(1 + un)Zdz(ymp) +anK + §d2($n7p).

It further implies by (4) that
1

1
(1 + un)2d2(W(Tn$n, Tn, i)ap) + §d2(1’n7p) +an K

1 1 c
(]- + un)2[§d2(Tn:L’n,p) + §d2(xn)p) - §d2(:1j‘n,Tn.Z’)]

1
5(12(.%'”, p) +ap K

(1 + [ {0+ un)d(n,p) + an}? + 5, p)

- *dQ(wm Tnxn)] + 7d2(xmp) +a, K

dQ(xn+17p) S

<
<

1 1
(1 + Un)2[§(1 + un)2d2(mn7p) + anK/ + QdZ(xmp)
1
— ng(xn, T"x,)] + §d2(xn,p) +a, K

< (1 + Un)Q[(l + Un)QdQ(J:nap) + anK/

| =

— gdz(acn,T”xn)] + %dz(a:n,p) +an K
< (14 up)d? (2, p) + an K" — gdz(:cn, T x,)
< (14 Muy)d?*(zpn,p) + an K" — ng(xn,T”xn)
for some K', K" > 0. By boundedness of {z,}, we have

d2($n+1ap) < d2(l‘nap) + (an + un)M/ - ng(SCnyTnxn)
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for all n € N and for some M’ > 0.
Therefore,
gdz(xn, Trz),) < dQ(xn,p) — dQ(an,p) + (an + un)M'.

This implies that

m 2 m 2 ’ M
2 n 2 2
Z_:ld (n, T"p) < CE_jI[d (0, p) = d(@ns1,p)] + 2_:1<an+un>
c oM &
= §[d2($1,p) - dz(l‘m-ﬁ-lap)] + Z(an + un)u
n=1

it follows that >°° | d*(zp, T"xy) < 0o. Therefore, limy, oo d(zy, T"xy,) = 0.
(b) By uniform continuity of 7T,
d(xy, T"x,) — 0 implies that d(Tz,, 7" z,) — 0.
Observe that

d($n+1a :En) <

)+ (1 + up)d(@n, yn) + an
(T, T"xy) + (1 4 up)d(xn, T" ) + an — 0 as n — 0.

IAINA
& A
5

S

S

8

3

Also
d(xpn, Txy) < d(zp, Tpt1) + d(Tpy1, T"+137n+1) + al(T”Jrlacn_s_17 T"Hmn)
+d(T" a,,, Ty,
< (24 un)d(xn, Tni1) + d(@per, T2 gr) + (T ey, Tay)
+ ap+1 — 0 as n — oo.
Again by uniform continuity of T'
d(xp, Tzy) — 0= d(Tx,, T?x) — 0= - = d(T'z,, T z,) — 0

fori=20,1,2,---. It follows that

m—1
d(xp, T"xy,) < Z d(T'x,, T z,) — 0 as n — oo,
=0
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ie., lim, oo d(xy, T™xy,) = 0. Since d(zy, T™z,) — 0, demicompactness of
T™, there exists a subsequence {xp,} of {z,} such that lim; . T™x,; = v €
D.

Observe that
d(xn;,v) < d(@p,, T" Ty, ) + d(T"wp,,v) — 0 as j — oo.

Hence x,;, — v, since limy, .o d(zn, Tz,) = 0, we get v € F(T). Since
limy, o0 d(,,v) exists by Lemma 2.2 and lim,, . d(2n;,v) = 0, we conclude
that z,, — v. This completes the proof. [

Remark 2.2. Theorem 2.4 extends the results of Beg [2], Chang [5], Khan
and Takahashi [11], Liu and Kang [14], Osilike and Aniagbosor [15], Rhoades
[18], Schu [20, 21], Tan and Xu [23, 24] and others for a more general class of

non-Lipschitzian mappings in metric space setting.
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