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Abstract. Let E be a uniformly convex Banach space whose norm is Gâteaux differentiable

and which has a weakly continuous duality mapping; for example, every lp (1 < p < ∞)

space has a weakly continuous duality map with gauge function ϕ(t) = tp−1. Let C be a

nonempty closed convex subset of E, T : C → E be a nonexpansive nonself-mapping, and

x0, x, y0, y be elements of C. In this paper, we study the strong convergence of two sequences

generated by
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where {αn} is a real sequence such that 0 ≤ αn ≤ 1, and P is a sunny and nonexpansive

retraction of E onto C.
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1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H and S :
C → C be a nonexpansive mapping such that the set F (S) of all fixed points
of S is nonempty. Recently, Shimizu and Takahashi [15] proved the strong
convergence of an iteration process to a common fixed point of a family of
nonexpansive mappings in a Hilbert space H. Using Shimizu and Takahashi’s
idea in [15], Shioji and Takahashi [16] proved the strong convergence of an
iterative sequence {xn} to an element of F (S) which is nearest to x in the
setting of a Banach space E where for a given sequence {αn} with 0 ≤ αn ≤ 1,

the sequence {xn} is generated from any elements x0, x ∈ C by

xn+1 = αnx + (1− αn)
1

n + 1

n∑
j=0

Sjxn for n = 0, 1, 2, .... (1)

But unfortunately this approximation method is not suitable for some non-
expansive nonself-mappings. On the other hand Matsushita and Kuroiwa [9]
studied the convergence of two sequences generated by

x1 = x ∈ C, xn+1 = αnx + (1− αn)PTxn for n = 1, 2, ..., (2)

y1 = y ∈ C, yn+1 = P (αny + (1− αn)Tyn) for n = 1, 2, ... (3)

where P is the metric projection from H onto C and T is a nonexpansive
nonself-mapping from C into H. They proved that {xn} and {yn} converge
strongly to fixed points of T when F (T ) is nonempty. Furthermore Matsushita
and Kuroiwa [10] studied the new iteration processes which are mixed iteration
processes of (1)-(3) as follows:

xn+1 =
1

n + 1

n∑
j=0

(αnx + (1− αn)(PT )jxn) for n = 0, 1, 2, ..., (4)

yn+1 =
1

n + 1

n∑
j=0

P (αny + (1− αn)(TP )jyn) for n = 0, 1, 2, ..., (5)
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where x0, x, y0, y are elements of C, P is the metric projection from H onto
C and T is a nonexpansive nonself-mapping from C into H. By using the
nowhere normal outward condition given earliest in [7], under the assumption
that F (T ) is nonempty, they proved not only that the sequence {xn} generated
by (4) converges strongly to an element of F (T ) but also that the sequence
{yn} generated by (5) converges strongly to an element of F (T ).

The purpose of this paper is to study the strong convergence of the iteration
processes (4) and (5) in the framework of a Banach space. Let E be a uniformly
convex Banach space whose norm is Gâteaux differentiable and which has a
weakly continuous duality mapping; for example, every lp (1 < p < ∞) space
has a weakly continuous duality map with gauge function ϕ(t) = tp−1. Let C

be a nonempty closed convex subset of E, P be a sunny and nonexpansive
retraction of E onto C, T : C → E be a nonexpansive nonself-mapping such
that F (T ) is nonempty, and {αn} be a real sequence such that 0 ≤ αn ≤ 1.
Firstly by using the property of the sunny and nonexpansive retraction, we
consider the sequence {xn} generated by (4) and prove that {xn} converges
strongly to an element of F (T ). Secondly by using the same property, we
consider the sequence {yn} generated by (5) and prove that {yn} converges
strongly to an element of F (T ).

2. Preliminaries and Notations

Throughout this paper, all vector spaces are real and we denote by N and
N+, the set of all nonnegative integers and the set of all positive integers,
respectively. Let E be a real Banach space and E∗ be the topological dual of
E. By 2E∗ we will denote the power set of E∗. The value of x∗ ∈ E∗ at x ∈ E

will be denoted by 〈x, x∗〉. Let C be a nonempty closed convex subset of E,
and T : C → E be a nonself-mapping. We denote the set of all fixed points of
T by F (T ). T is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

We denote by Br, the closed ball in E with center 0 and radius r. E is
said to be uniformly convex if for each ε > 0, there exists δ > 0 such that
‖(x + y)/2‖ ≤ 1− δ for each x, y ∈ B1 with ‖x− y‖ ≥ ε.

For simplicity, the notation ⇀ denotes weak convergence and the notation
→ denotes strong convergence. By a gauge function we mean a continuous
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strictly increasing function ϕ defined on R+ := [0,∞) such that ϕ(0) = 0 and
limr→∞ ϕ(r) = ∞. The mapping Jϕ : E → 2E∗ defined by

Jϕ(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x∗‖ = ϕ(‖x‖)} for all x ∈ E

is called the duality mapping with gauge function ϕ. In particular, the duality
mapping with gauge function ϕ(t) = t, denoted by J, is referred to as the
normalized duality mapping. Browder [3] initiated the study of certain classes
of nonlinear operators by means of the duality mapping Jϕ. Set for every t ≥ 0,

Φ(t) =
∫ t

0
ϕ(r)dr.

Then it is known [8, p. 1350] that Jϕ(x) is the subdifferential of the convex
functional Φ(‖ · ‖) at x. Thus it is easy to see that the normalized duality
mapping J(x) can also be defined as the subdifferential of the convex functional
Φ(‖x‖) = ‖x‖2/2, that is,

J(x) = ∂Φ(‖x‖) = {f ∈ E∗ : Φ(‖y‖)− Φ(‖x‖)

≥ 〈y − x, f〉,∀y ∈ E} for all x ∈ E.

We will use the following properties of duality mappings, respectively.

Proposition 1 [23, p. 193-194].

(i) J = I (i.e., the identity mapping of E) if and only if E is a Hilbert
space.

(ii) J is surjective if and only if E is reflexive.
(iii) Jϕ(λx) = sign(λ)(ϕ(|λ| · ‖x‖)/‖x‖)J(x) for each x ∈ E \ {0} and each

real number λ. In particular, J(−x) = −J(x) for all x ∈ E.

Recall that a Banach space E is said to satisfy Opial’s condition [12] if for
any sequence {xn} in E the condition that {xn} converges weakly to x ∈ E

implies that
lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

for all y ∈ E, y 6= x. It is known [5] that any separable Banach space can
be equivalently renormed so that it satisfies Opial’s condition. Recall also
that E is said to have a weakly continuous duality mapping if there exists
a gauge function ϕ such that the duality mapping Jϕ is single-valued and
continuous from the weak topology to the weak∗ topology. A space with a
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weakly continuous duality mapping is easily seen to satisfy Opial’s condition;
see [3] for more details. Every lp (1 < p < ∞) space has a weakly continuous
duality mapping with gauge function ϕ(t) = tp−1.

The following proposition plays an important role in our proofs; see [18] for
more details.

Proposition 2 [17, Proposition 1]. Let C be a nonempty closed convex subset
of a uniformly convex Banach space E. Then for each r > 0, R ≥ r and ε > 0,

there exist η > 0 and M ∈ N+ such that for each j ∈ N and for each mapping
T from C into itself satisfying sup{‖Tmx‖ : m ∈ N,x ∈ C ∩ Br} ≤ R and
‖T jx− T jy‖ ≤ (1 + η)‖x− y‖ for each x, y ∈ C, there holds

‖ 1
n + 1

n∑
i=0

T ix− T j(
1

n + 1

n∑
i=0

T ix)‖ ≤ ε

for all n ≥ jM and x ∈ C ∩Br.

Let µ be a continuous linear functional on l∞ and let (a0, a1, · · · ) ∈ l∞. We
write µn(an) instead of µ((a0, a1, · · · )). We call µ a Banach limit [1] when µ

satisfies ‖µ‖ = µn(1) = 1 and µn(an+1) = µn(an) for each (a0, a1, · · · ) ∈ l∞.

For a Banach limit µ, we know that

lim inf
n→∞

an ≤ µn(an) ≤ lim sup
n→∞

an for all (a0, a1, · · · ) ∈ l∞. (6)

Proposition 3 [17, Proposition 2]. Let C be a nonempty closed convex subset
of a uniformly convex Banach space E. Let {xn} be a bounded sequence of E

and µ be a Banach limit. Let g be a real valued function on C defined by

g(y) = µn(‖xn − y‖2) for each y ∈ C.

Then g is continuous, convex and g satisfies lim‖y‖→∞ g(y) = ∞. Moreover,
for each R > 0 and ε > 0, there exists δ > 0 such that

g(
y + z

2
) ≤ g(y) + g(z)

2
− δ

for all y, z ∈ C ∩BR with ‖y − z‖ ≥ ε.
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The following lemma is similar to a result in Hilbert spaces which was proved
by Matsushita and Kuroiwa; see [10, Lemma 1]. The method of their proof
can be found in Shimizu and Takahashi [14].

Lemma 1. Let E be a uniformly convex Banach space which satisfies Opial’s
condition, C be a nonempty closed convex subset of E and S : C → C be
a nonexpansive mapping with F (S) 6= ∅. Let {xn} be a sequence in C such
that {xn+1 − 1

n+1

∑n
j=0 Sjxn} converges strongly to 0, and let {xni} be a

subsequence of {xn} such that {xni} converges weakly to x ∈ C. Then x is a
fixed point of S.

Proof. We claim that {Slx} converges strongly to x. Indeed if this is not
true, then there exist a real number ε > 0 and a subsequence {Slkx} of {Slx}
such that ‖Slkx − x‖ ≥ ε for each k. Since {xni} converges weakly to x, for
each y ∈ C with y 6= x we have

lim inf
i→∞

‖xni − x‖ < lim inf
i→∞

‖xni − y‖.

Let r = lim infi→∞ ‖xni − x‖. Then there exists a subsequence {xmi} of
{xni} such that r = limi→∞ ‖xmi − x‖. Now let µ be a Banach limit and set
R = sup{‖Slx‖ : l ∈ N}. By Proposition 3, there exists δ̂ > 0 such that

µi(‖xmi −
u + v

2
‖2) ≤ 1

2
[µi(‖xmi − u‖2) + µi(‖xmi − v‖2)]− δ̂ (7)

for all u, v ∈ C∩BR with ‖u−v‖ ≥ ε. Choose δ > 0 such that δ <
√

r2 + δ̂−r.
Without loss of generality, we may assume that ‖xmi − x‖ < r + δ/6 for every
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i. On the other hand we have

‖xmi − Slx‖ ≤ ‖xmi − 1
mi

mi−1∑
j=0

Sjxmi−1‖

+‖ 1
mi

mi−1∑
j=0

Sjxmi−1 − Sl(
1

mi

mi−1∑
j=0

Sjxmi−1)‖

+‖Sl( 1
mi

mi−1∑
j=0

Sjxmi−1)− Slx‖

≤ 2‖xmi − 1
mi

mi−1∑
j=0

Sjxmi−1‖+ ‖xmi − x‖

+‖ 1
mi

mi−1∑
j=0

Sjxmi−1 − Sl(
1

mi

mi−1∑
j=0

Sjxmi−1)‖.

In particular,

‖ 1
mi

mi−1∑
j=0

Sjxmi−1 − Sl(
1

mi

mi−1∑
j=0

Sjxmi−1)‖

≤ ‖ 1
mi

mi∑
j=1

Sjxmi−1 − Sl(
1

mi

mi∑
j=1

Sjxmi−1)‖+
1

mi
‖xmi−1 − Smixmi−1‖

+‖Sl( 1
mi

mi∑
j=1

Sjxmi−1)− Sl(
1

mi

mi−1∑
j=0

Sjxmi−1)‖

≤ ‖ 1
mi

mi∑
j=1

Sjxmi−1 − Sl(
1

mi

mi∑
j=1

Sjxmi−1)‖+
2

mi
‖xmi−1 − Smixmi−1‖.

Since {xmi−1} and {Smixmi−1} are bounded, there exists a positive integer i1

such that
1

mi
‖xmi−1 − Smixmi−1‖ <

δ

6

for each i ≥ i1. Since {xmi−1} is bounded, by Proposition 2 there exists a
positive integer L0 such that for every l ≥ L0, there exists a positive integer
il such that for each i ≥ il

‖ 1
mi

mi∑
j=1

Sjxmi−1 − Sl(
1

mi

mi∑
j=1

Sjxmi−1)‖ <
δ

6
.
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Actually let us notice that one may assume that {mi} is strictly increasing to
+∞ and that mi > i. In Proposition 2, put r =: sup{‖xmi−1‖ : i ∈ N}, R =:
sup{‖Smx‖ : m ∈ N,x ∈ C ∩Br} and L0 = M. For each l ≥ L0, take il = lL0.

Since limn→∞ ‖xn+1 − 1
n+1

∑n
j=0 Sjxn‖ = 0, there exists a positive integer

i0 such that for all i ≥ i0

‖xmi −
1

mi

mi−1∑
j=0

Sjxmi−1‖ <
δ

6
.

Hence for any l ≥ L0 and i ≥ max{il, i0, i1}, we have

‖xmi − Slx‖ < 2× δ

6
+ r +

δ

6
+

δ

6
+ 2× δ

6
= r + δ.

Choose lk ≥ L0. Then for i ≥ max{ilk , i0, i1}, we have

1
2
(‖xmi−Slkx‖2+‖xmi−x‖2)−δ̂ <

1
2
((r+δ)2+(r+δ/6)2)−δ̂ < (r+δ)2−δ̂ < r2

which implies that

lim sup
i→∞

[
1
2
(‖xmi − Slkx‖2 + ‖xmi − x‖2)− δ̂] ≤ r2.

Since Slkx and x lie in C ∩BR such that ‖Slkx− x‖ ≥ ε, from (6) and (7) we
obtain

lim inf
i→∞

‖xmi − Slkx+x
2 ‖2 ≤ µi(‖xmi − Slkx+x

2 ‖2)

≤ 1
2 [µi(‖xmi − Slkx‖2) + µi(‖xmi − x‖2))]− δ̂

= µi[12(‖xmi − Slkx‖2 + ‖xmi − x‖2)− δ̂]
≤ lim sup

i→∞
[12(‖xmi − Slkx‖2 + ‖xmi− x‖2)− δ̂]≤r2.

This shows that

lim inf
i→∞

‖xmi −
Slkx + x

2
‖ ≤ r = lim inf

i→∞
‖xmi − x‖.

However we see that Slkx+x
2 6= x from ‖Slkx− x‖ ≥ ε. Thus we obtain

lim inf
i→∞

‖xmi − x‖ < lim inf
i→∞

‖xmi −
Slkx + x

2
‖

which yields a contradiction. Thus {Slx} converges strongly to x. Conse-
quently for each ε > 0, there exists a positive integer l0 such that

‖Slx− x‖ ≤ ε

2
for all l ≥ l0.
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Therefore for all l ≥ l0 + 1 we have

‖Sx− x‖ ≤ ‖Sl−1x− x‖+ ‖Slx− x‖ ≤ ε.

Since ε is arbitrary, we derive Sx = x and the proof is complete. �

Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. The norm of E is said
to be Gâteaux differentiable if the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for each x, y ∈ U. In this case E is said to be smooth. It is known [4]
that if E is smooth then the normalized duality mapping J is single-valued
and continuous from the strong topology to the weak∗ topology.

Lemma 2. Let E be a smooth Banach space. Then there holds

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J(x + y)〉 for all x, y ∈ E.

Proof. Since E is smooth, J is single-valued. Note that J can be equivalently
defined as the subdifferential of the functional Φ(‖x‖) = ‖x‖2/2. Therefore
the conclusion follows immediately from the definition of the subdifferential
of Φ(‖x‖). �

Let C be a convex subset of E, K be a nonempty subset of C and let P be a
retraction from C onto K, i.e., Px = x for each x ∈ K. We say that P is sunny
if P (Px+ t(x−Px)) = Px for each x ∈ C and t ≥ 0 with Px+ t(x−Px) ∈ C.

If there is a sunny and nonexpansive retraction from C onto K, K is said
to be a sunny and nonexpansive retract of C. For a sunny and nonexpansive
retraction, there exists the following useful characterization:

Lemma 3 [17, p. 59, Proposition 4]. Let C be a convex subset of a smooth
Banach space E, K be a nonempty subset of C and let P be a retraction from
C onto K. Then P is sunny and nonexpansive if and only if for all x ∈ C and
y ∈ K,

〈x− Px, J(y − Px)〉 ≤ 0.

Hence there is at most one sunny and nonexpansive retraction from C onto
K.
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More properties regarding sunny and nonexpansive retractions can be found
in [6, 13].

Remark 1. If E is a real Hilbert space H and C is a nonempty closed convex
subset of H, then every nearest point projection of H onto C is a sunny and
nonexpansive retraction of H onto C where mapping PC : H → C is defined
as follows: for each x ∈ H, PCx is the unique element of C that satisfies
‖x − PCx‖ = d(x, C) := infy∈C ‖x − y‖. Indeed it is easy to see that PC is a
retraction of H onto C. Moreover for all x ∈ H and y ∈ C, we have

〈x− PCx, PCx− y〉 ≥ 0.

According to Lemma 3, we know that PC is a sunny and nonexpansive retrac-
tion of H onto C.

Lemma 4 (see [2]). Let {λn} be a sequence in [0, 1) such that limn→∞ λn = 0.

Then

∞∑
n=1

λn = ∞ ⇔
∞∏

n=1

(1− λn) = 0.

Lemma 5 [11, Lemma 2.2]. Let {λn} be a sequence in [0, 1) that satisfies
limn→∞ λn = 0 and

∑∞
n=1 λn = ∞. Let {an} be a sequence of nonnegative

real numbers that satisfies any one of the following conditions:
(a) For all ε > 0, there exists an integer M ≥ 1 such that for all n ≥ M,

an+1 ≤ (1− λn)an + λnε.

(b) an+1 ≤ (1−λn)an+σn, n ≥ 0 where σn ≥ 0 satisfies limn→∞ σn/λn = 0.

(c) an+1 ≤ (1− λn)an + λncn where lim supn→∞ cn ≤ 0.

Then limn→∞ an = 0.

Remark 2. The proof of Lemma 5 can be found in [22].

Lemma 6. Let {αn} be a sequence of nonnegative real numbers with

lim sup
n→∞

αn < ∞
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and {βn} be a sequence of real numbers with lim supn→∞ βn ≤ 0. Then

lim sup
n→∞

αnβn ≤ 0.

Proof. We prove the conclusion in two cases.
Case 1: supj≥n βj ≥ 0 for all n ≥ 0. For any fixed n ≥ 0, observe that

sup
i≥n

αiβi ≤ sup
i≥n

(αi · sup
j≥n

βj) = (sup
i≥n

αi)(sup
j≥n

βj).

Thus taking the limit as n →∞, we obtain the conclusion.
Case 2: β = supn≥m0

βn < 0 for some m0 ≥ 0. It is easy to see that
αnβn ≤ αnβ ≤ 0 for all n ≥ m0. This implies the conclusion. �

Throughout the rest of the paper, we shall use the notation: for any se-
quence {xn} in E, we denote by ωw(xn) the weak ω-limit set of {xn}; that
is,

ωw(xn) := {x ∈ E : xnj ⇀ x for some subsequence {xnj} of {xn}}.

3. Strong Convergence Theorems

Now we can state and prove the main results in this paper. The method
employed in [10, 19, 21] is extended to develop the new technique for proving
our results.

Theorem 1. Let E be a uniformly convex Banach space whose norm is
Gateaux differentiable and which has a weakly continuous duality mapping
Jϕ with gauge function ϕ. Let C be a nonempty closed convex subset of E,
P1 be a sunny and nonexpansive retraction of E onto C, T : C → E be a
nonexpansive nonself-mapping with F (T ) 6= ∅, and {αn} be a sequence in
[0, 1] such that limn→∞ αn = 0 and

∑∞
n=0 αn = ∞. Let {xn} be the sequence

generated by
x0, x ∈ C,

xn+1 = 1
n+1

n∑
j=0

(αnx + (1− αn)(P1T )jxn) for n = 0, 1, 2, ....

Assume that there hold the following conditions:
(i) Tωw(xn) ⊆ C;
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(ii) there exists a sunny and nonexpansive retraction P2 of C onto F (T )
such that

sup{‖xn − P2x‖/ϕ(‖xn − P2x‖) : xn 6= P2x} < ∞.

Then {xn} converges strongly to P2x ∈ F (T ).

Proof. We divide the proof into four steps.
Step 1. We claim that the sequence{xn} is bounded. Indeed let z ∈ F (T )

and D = max{‖x− z‖, ‖x0 − z‖}. Then we have

‖x1 − z‖ = ‖α0x + (1− α0)x0 − z‖ ≤ α0‖x− z‖+ (1− α0) |x0 − z‖ ≤ D.

If ‖xn − z‖ ≤ D for some n ∈ N , then we can show that ‖xn+1 − z‖ ≤ D

similarly. Therefore, by induction we obtain ‖xn − z‖ ≤ D for all n ∈ N and
hence {xn} is bounded.

Step 2. We claim that ‖xn+1− 1
n+1

∑n
j=0(P1T )jxn‖ → 0 as n →∞. Indeed

observe that

‖xn+1 − 1
n+1

n∑
j=0

(P1T )jxn‖

= ‖ 1
n+1

n∑
j=0

(αnx + (1− αn)(P1T )jxn)− 1
n + 1

n∑
j=0

(P1T )jxn‖

≤ αn‖x− 1
n+1

n∑
j=0

(P1T )jxn‖.

Since limn→∞ αn = 0, the sequence {xn+1 − 1
n+1

∑n
j=0(P1T )jxn} converges

strongly to 0 as claimed.
Step 3. We claim that lim supn→∞〈x−P2x, J(xn+1−P2x)〉 ≤ 0. Indeed let

{xnj+1} be a subsequence of {xn} such that

lim sup
n→∞

〈x− P2x, J(xn+1 − P2x)〉 = lim
j→∞

〈x− P2x, J(xnj+1 − P2x)〉.

Since E is uniformly convex, E is reflexive. Hence without loss of generality,
we may further assume that {xnj+1} converges weakly to some u ∈ C due to
the weak closedness of C. From Lemma 1 and Step 2, we obtain u ∈ F (P1T ).
Note that Tωw(xn) ⊆ C. This implies that Tu = P1Tu = u and hence
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u ∈ F (T ). On the other hand by using gauge function ϕ, we define for every
n ≥ 0

ηn :=

{
‖xn−P2x‖

ϕ(‖xn−P2x‖) , if xn 6= P2x,

0, if xn = P2x.

From sup{‖xn − P2x‖/ϕ(‖xn − P2x‖) : xn 6= P2x} < ∞, we obtain
lim supn→∞ ηn < ∞. Also from Proposition 1 (iii), we obtain

J(xn − P2x) = ηnJϕ(xn − P2x) for all n ≥ 0.

Since Jϕ is continuous from the weak topology to the weak∗ topology, we
conclude that

lim
j→∞

〈x− P2x, Jϕ(xnj+1 − P2x)〉 = 〈x− P2x, Jϕ(u− P2x)〉.

It is clear that Proposition 1 (iii) yields

Jϕ(u− P2x) =

{
ϕ(‖u−P2x‖)
‖u−P2x‖ J(u− P2x), if u 6= P2x,

0 if u = P2x,

which implies that

〈x− P2x, Jϕ(u− P2x)〉 =

{
ϕ(‖u−P2x‖)
‖u−P2x‖ 〈x− P2x, J(u− P2x)〉, if u 6= P2x,

0, if u = P2x.

Since P2 is the sunny and nonexpansive retraction of C onto F (T ), from
Lemma 3 we obtain

lim
j→∞

〈x− P2x, Jϕ(xnj+1 − P2x)〉 = 〈x− P2x, Jϕ(u− P2x)〉 ≤ 0,

and hence we infer by Lemma 6 that

lim sup
n→∞

〈x− P2x, J(xn+1 − P2x)〉 = lim
j→∞

〈x− P2x, J(xnj+1 − P2x)〉

= lim
j→∞

ηnj+1〈x− P2x, Jϕ(xnj+1 − P2x)〉 ≤ 0.

Step 4. We claim that xn → P2x. Indeed by Step 3, we have that for any
ε > 0, there exists m ∈ N such that for all n ≥ m

〈x− P2x, J(xn+1 − P2x)〉 <
ε

2
.

Also observe that

xn+1 − P2x + αn(P2x− x) = 1
n+1

∑n
j=0(αnx + (1− αn)(P1T )jxn)

−(αnx + (1− αn)P2x).
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This together with Lemma 2, implies that for all n ≥ m,

‖xn+1 − P2x‖2 ≤ ‖ 1
n + 1

n∑
j=0

(αnx + (1− αn)(P1T )jxn)

− (αnx + (1− αn)P2x)‖2

+ 2αn〈x− P2x, J(xn+1 − P2x)〉

≤ {(1− αn)
1

n + 1

n∑
j=0

‖(P1T )jxn − P2x |}2

+ 2αn〈x− P2x, J(xn+1 − P2x)〉

≤ (1− αn)2‖xn − P2x‖2 + 2αn〈x− P2x, J(xn+1 − P2x)〉

≤ (1− αn)‖xn − P2x‖2 + αnε.

Therefore by Lemma 5, we conclude that xn → P2x. The proof is now com-
plete. �

Theorem 2. Let E be a uniformly convex Banach space whose norm is
Gâteaux differentiable and which has a weakly continuous duality mapping
Jϕ with gauge function ϕ. Let C be a nonempty closed convex subset of E,
P1 be a sunny and nonexpansive retraction of E onto C, T : C → E be a
nonexpansive nonself-mapping with F (T ) 6= ∅, and {αn} be a sequence in
[0, 1] such that limn→∞ αn = 0 and

∑∞
n=0 αn = ∞. Let {yn} be the sequence

generated by{
y0, y ∈ C,

yn+1 = 1
n+1

∑n
j=0 P1(αny + (1− αn)(TP1)jyn) for n = 0, 1, 2, ....

Assume that there hold the following conditions:
(i) Tωw(yn) ⊆ C;
(ii) there exists a sunny and nonexpansive retraction P2 of C onto F (T )

such that

sup{‖yn − P2y‖/ϕ(‖yn − P2y‖) : yn 6= P2y} < ∞.

Then {yn} converges strongly to P2y ∈ F (T ).

Proof. We divide the proof into four steps.
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Step 1. We claim that the sequence {yn} is bounded. Indeed let z ∈ F (T )
and D = max{‖y − z‖, ‖y0 − z‖}. Then we have

‖y1 − z‖ = ‖P1(α0y + (1− α0)y0)− z‖ ≤ ‖α0y + (1− α0)y0 − z‖
≤ α0‖y − z‖+ (1− α0)‖y0 − z‖ ≤ D.

If ‖yn − z‖ ≤ D for some n ∈ N , then we can show that ‖yn+1 − z‖ ≤ D

similarly. Therefore by induction we obtain ‖yn − z‖ ≤ D for all n ∈ N and
hence {yn} is bounded.

Step 2. We claim that ‖yn+1− 1
n+1

∑n
j=0(P1T )jyn‖ → 0 as n →∞. Indeed

observe that

‖yn+1 − 1
n+1

n∑
j=0

(P1T )jyn‖

= ‖ 1
n+1

∑n
j=0 P1(αny + (1− αn)(TP1)jyn)− 1

n+1

∑n
j=0(P1T )jyn‖

≤ 1
n+1

∑n
j=0 ‖P1(αny + (1− αn)(TP1)jyn)− (P1T )jyn‖

= 1
n+1

∑n
j=0 ‖P1(αny + (1− αn)(TP1)jyn)− P1(TP1)jyn‖

≤ 1
n+1

n∑
j=0

‖αny + (1− αn)(TP1)jyn − (TP1)jyn‖

≤ αn
1

n+1

n∑
j=0

‖y − (TP1)jyn‖.

Since limn→∞ αn = 0, it follows that {yn+1 − 1
n+1

∑n
j=0(P1T )jyn} converges

strongly to 0.
Step 3. We claim that lim supn→∞〈y − P2y, J(yn+1 − P2y)〉 ≤ 0. Indeed let

{ynj+1} be a subsequence of {yn} such that

lim sup
n→∞

〈y − P2y, J(yn+1 − P2y)〉 = lim
j→∞

〈y − P2y, J(ynj+1 − P2y)〉.

Since E is uniformly convex, E is reflexive. Hence without loss of generality,
we may further assume that {ynj+1} converges weakly to some u ∈ C. From
Lemma 1 and Step 2, we obtain u ∈ F (P1T ). Note that Tωw(yn) ⊆ C. This
implies that Tu = P1Tu = u and hence u ∈ F (T ). On the other hand by
using gauge function ϕ, we define for every n ≥ 0

ηn :=

{
‖yn−P2y‖

ϕ(‖yn−P2y‖) , if yn 6= P2y,

0, if yn = P2y.
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From sup{‖yn − P2y‖/ϕ(‖yn − P2y‖) : yn 6= P2y} < ∞, we obtain
lim supn→∞ ηn < ∞. Also from Proposition 1 (iii), we obtain

J(yn − P2y) = ηnJϕ(yn − P2y) for all n ≥ 0.

Since Jϕ is continuous from the weak topology to the weak∗ topology, we
conclude that

lim
j→∞

〈y − P2y, Jϕ(ynj+1 − P2y)〉 = 〈y − P2y, Jϕ(u− P2y)〉.

It is clear that Proposition 1 (iii) yields

Jϕ(u− P2y) =

{
ϕ(‖u−P2y‖)
‖u−P2y‖ J(u− P2y), if u 6= P2y,

0, if u = P2y

which implies that

〈y − P2y, Jϕ(u− P2y)〉 =

{
ϕ(‖u−P2y‖)
‖u−P2y‖ 〈y − P2y, J(u− P2y)〉, if u 6= P2y,

0, if u = P2y.

Since P2 is the sunny and nonexpansive retraction of C onto F (T ), from
Lemma 3, we obtain

lim
j→∞

〈y − P2y, Jϕ(ynj+1 − P2y)〉 = 〈y − P2y, Jϕ(u− P2y)〉 ≤ 0

and hence we infer by Lemma 6 that

lim sup
n→∞

〈y − P2y, J(yn+1 − P2y)〉 = lim
j→∞

〈y − P2y, J(ynj+1 − P2y)〉

= lim
j→∞

ηnj+1〈y − P2y, Jϕ(ynj+1 − P2y)〉 ≤ 0.

Step 4. We claim that yn → P2y. Indeed by Step 3 we have that for any
ε > 0, there exists m ∈ N such that for all n ≥ m

〈y − P2y, J(yn+1 − P2y)〉 <
ε

2
.

Also observe that

yn+1 − P2y + αn(P2y − y) = 1
n+1

∑n
j=0 P1(αny + (1− αn)(TP1)jyn)

−P1(αny + (1− αn)P2y).
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This together with Lemma 2 implies that for all n ≥ m,

‖yn+1 − P2y‖2 ≤ ‖ 1
n+1

n∑
j=0

P1(αny + (1− αn)(TP1)jyn)

−P1(αny + (1− αn)P2y)‖2 + 2αn〈y − P2y, J(yn+1 − P2y)〉

≤ { 1
n+1

n∑
j=0

‖P1(αny + (1− αn)(TP1)jyn)

−P1(αny + (1− αn)P2y)‖}2 + 2αn〈y − P2y, J(yn+1 − P2y)〉

≤ {(1− αn) 1
n+1

n∑
j=0

‖(TP1)jyn − P2y‖}2

+2αn〈y − P2y, J(yn+1 − P2y)〉
≤ (1− αn)2‖yn − P2y‖2 + 2αn〈y − P2y, J(yn+1 − P2y)〉
≤ (1− αn)‖yn − P2y‖2 + αnε.

Therefore by Lemma 5, we obtain yn → P2y and the proof is complete. �
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